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Fundament

top-10 most cited hep-ph theoretical papers from last 20 years

Kharzeev, McLerran, Warringa, The Effects of topological charge change in heavy ion
collisions: 'Event by event P and CP violation’, Nucl.Phys.A 803 (2008) 227-253

Fukushima, Kharzeev, Warringa, The Chiral Magnetic Effect, Phys.Rev.D 78 (2008)
074033
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Appetizer

first fully non-perturbative determination
of in-equilibrium anomalous transport coefficients

chiral separation effect (local) chiral magnetic effect
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introduction: anomalous transport phenomena
in-equilibrium chiral magnetic effect
in-equilibrium chiral separation effect

local in-equilibrium chiral magnetic effect
out-of-equilibrium chiral magnetic effect

summary
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Introduction



Quarks and gluons in extreme conditions

> heavy ion collisions T < 10'2°C = 200 MeV, n < 0.12 fm~3
B <10 G =0.3 GeV?/e

final detected
particle distributions

Initil energy
N density

i
1
3
’

pre-
equilibrium hydrod
Jynamics_ viscous hydrodynamics | free streaming
collision evolution ]
t~0fm/c t~1fm/c

©~10 fm/c T ~10% fm/c
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Quarks and gluons in extreme conditions
> heavy ion collisions T < 10'2°C = 200 MeV, n < 0.12 fm~3
B <10 G =0.3 GeV?/e

> neutron stars T <1 MeV, n <2 fm™3
magnetars B < 1015 G

Outer crust: nuclei

Inner crust: nuclei + neutron gas
Rod- and plate-like structures

Uniform nuclear matter
Condensates of

nKZ,..?
Quarks?

~03km ~0.6 km ~10 km

& Lattimer, Nature Astronomy 2019
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Quarks and gluons in extreme conditions
> heavy ion collisions T < 10'2°C = 200 MeV, n < 0.12 fm~3
B <10 G =0.3 GeV?/e

> neutron stars T <1 MeV, n <2 fm™3
magnetars B < 1015 G

» neutron star mergers T < 50 MeV

Phase

Inspiral Dynamical Accretion Remnant

ﬁv J”V‘ m»

GW-chirp”

Short GRB

X-ray extended
emission/plateau

Coalescence

TAAAVAY ”v\ AVATAVAVAVAN

GWs from remnant NS2

Signal

g
g
&
NS
Seconds  Milliseconds 10ms  100ms  Minutes-hours Hours-days  Days-weeks  Months-years

& astro.uni-frankfurt.de/rezzolla 4/ 28
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Quarks and gluons in extreme conditions
> heavy ion collisions T < 10'2°C = 200 MeV, n < 0.12 fm~3
B <10 G =0.3 GeV?/e

> neutron stars T <1 MeV, n <2 fm™3
magnetars B < 1015 G

» neutron star mergers T < 50 MeV

» eary universe, QCD epoch T < 200 MeV, standard scenario: n~ 0
B from electroweak epoch & Vachaspati '91 & Enquist, Olesen '93
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Magnetic fields impact on

> many lattice groups & D’Elia, Bonati et al. & Braguta, Chernodub et al. & Cea et al
& Alexandru et al. & Ding et al. & Buividovich et al. @ Yamamoto ¢ Detmold et al. and more

> phase diagram 150 L deconfinement transition fine ]
— i'wv prediction Z
& Endrédi, JHEP 07 (2015) Fuol ]
Ty "‘._C_T_ssw s 4 I
> equation Of state wl i e Al 5 [ finite giff. method
L L [ = integral method
# Bali et al. JHEP 07 (2020) oo g2f
RS
» fluctuations N e o s =
200 Sty = T T
# Ding et al. PRL 132 (2024) " 100 1%0 Tfjjv) 250 s
P transport phenomena NiE } %
0.00 0.02 0.04 006 0.08 010 0.12 0.14 @
eB [GeV?] 06 g, B

& Astrakhantsev et al. PRD 102 (2020)

Ao /(TCem)

00140

» anomalous transport phenomena e /28



https://inspirehep.net/literature/1365560
https://inspirehep.net/literature/1791784
https://inspirehep.net/literature/2737007
https://inspirehep.net/literature/1759695

Anomalous transport



Anomalous transport

» usual transport:
vector current due to electric field

(Jy=0-E

» chiral magnetic effect (CME)
& Fukushima, Kharzeev, Warringa, PRD 78 (2008)
vector current due to chirality and magnetic field

<J> = OCME - B

» chiral separation effect (CSE)
& Son, Zhitnitsky, PRD 70 (2004) & Metlitski, Zhitnitsky, PRD 72 (2005)
axial current due to baryon number and magnetic field

(J5) = ocse - B
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https://inspirehep.net/literature/793742
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https://inspirehep.net/literature/682277

Phenomenological and theoretical relevance

» experimental observation of CME in condensed matter systems
& Li, Kharzeev, Zhan et al., Nature Phys. 12 (2016)

P experimental searches for CME and related observables in heavy-ion collisions
& STAR collaboration, PRC 105 (2022)

P serves as indirect way to probe topological fluctuations and CP-odd domains in
heavy-ion collisions

P recent reviews: &£ Kharzeev, Liao, Voloshin, Wang, PPNP 88 (2016)
# Kharzeev, Liao, Tribedy, 2405.05427
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Phenomenological and theoretical relevance

>

>

experimental observation of CME in condensed matter systems
& Li, Kharzeev, Zhan et al., Nature Phys. 12 (2016)

experimental searches for CME and related observables in heavy-ion collisions
& STAR collaboration, PRC 105 (2022)

serves as indirect way to probe topological fluctuations and CP-odd domains in
heavy-ion collisions

recent reviews: £ Kharzeev, Liao, Voloshin, Wang, PPNP 88 (2016)
# Kharzeev, Liao, Tribedy, 2405.05427

disclaimer 1: this talk is not about feasibility of experimental detection,
but about the theory of anomalous transport
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Phenomenological and theoretical relevance

>

>

experimental observation of CME in condensed matter systems
& Li, Kharzeev, Zhan et al., Nature Phys. 12 (2016)

experimental searches for CME and related observables in heavy-ion collisions
& STAR collaboration, PRC 105 (2022)

serves as indirect way to probe topological fluctuations and CP-odd domains in
heavy-ion collisions

recent reviews: £ Kharzeev, Liao, Voloshin, Wang, PPNP 88 (2016)
# Kharzeev, Liao, Tribedy, 2405.05427

disclaimer 1: this talk is not about feasibility of experimental detection,
but about the theory of anomalous transport

disclaimer 2: this talk is about QCD and not chiral gauge theories
(c.f. holography # Rebhan et al. 2010 )
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General (handwaving) argument

» spin, momentum  chiral magnetic effect
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P spin, momentum
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General (handwaving) argument — issues

P> quantum theory requires ultraviolet regularization
P> massless vs. massive fermions
P strong interactions between fermions

» in-equilibrium vs. out-of-equilibrium nature
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In-equilibrium vs. out-of-equilibrium

» example: charge transport due to electric field E || e;

00~ <00~

10/ 28



In-equilibrium vs. out-of-equilibrium
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In-equilibrium vs. out-of-equilibrium

» example: charge transport due to electric field E || e;
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In-equilibrium vs. out-of-equilibrium

> example: charge transport due to E| e

00 OO
o0 o®

» out-of equilibrium linear response:
time-dependent response to time-dependent perturbation (electric conductivity)
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In-equilibrium vs. out-of-equilibrium

> example: charge transport due to E| e

00 OO
o0 o®

» out-of equilibrium linear response:
time-dependent response to time-dependent perturbation (electric conductivity)

» leading to an equilibrium distribution (electric polarization/susceptibility)
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In-equilibrium vs. out-of-equilibrium

> example: charge transport due to E| e

-

00 OO
o0 o®

» out-of equilibrium linear response:
time-dependent response to time-dependent perturbation (electric conductivity)

» leading to an equilibrium distribution (electric polarization/susceptibility)

P> same story can be told for CME 10/ 28



No currents in equilibrium

> Bloch’s theorem: # Bohm Phys. Rev. 75 (1949) & N. Yamamoto, PRD 92 (2015)
persistent electric currents do not exist in ground state of quantum systems

» applies to conserved currents
» applies to global (spatially averaged) currents
» applies in the thermodynamic limit (V — o0)
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» in-equilibrium CME is not possible
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No currents in equilibrium

v

Bloch’s theorem: # Bohm Phys. Rev. 75 (1949) & N. Yamamoto, PRD 92 (2015)
persistent electric currents do not exist in ground state of quantum systems

applies to conserved currents
applies to global (spatially averaged) currents
applies in the thermodynamic limit (V — oo)

in-equilibrium CME is not possible
in-equilibrium CSE is possible

in-equilibrium local CME currents are possible
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Chiral magnetic effect in equilibrium



CME and inconsistencies

» parameterize chiral imbalance Jys = f@ho%w by a chiral chemical potential us
& Fukushima, Kharzeev, Warringa, PRD 78 (2008)

» CME for weak chiral imbalance (B = Bes)
(J3) = oome B = Comp s B + O(12)
» from Bloch's theorem it follows that in equilibrium
Ccme =0V

> several results in the literature give incorrectly

CeME = ¢

272
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CME and inconsistencies

| 2

parameterize chiral imbalance Jps = f@ho%w by a chiral chemical potential us
& Fukushima, Kharzeev, Warringa, PRD 78 (2008)

CME for weak chiral imbalance (B = Bes)
(J3) = oome B = Comp s B + O(12)
from Bloch's theorem it follows that in equilibrium
Ccme =0V

several results in the literature give incorrectly

CeME = ¢

272

careful regularization is required
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Perturbation theory

P triangle diagram

> gives in-equilibrium CME coefficient

. 1
Ceve = lim —T9%0v(p+9,p, 9)
P,g—0 g1

P also gives the axial anomaly & Peskin-Schroeder 19.2

(Ouds) ~ (p+@)ulavy(p+a,p,9)AA,
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Regularization sensitivity — anomaly

> naive regularization

(p+q)uTn (p+ g, p, q)ALA, = mPs(p, q) ¢

» Pauli-Villars regularization
(regulator particles s = 1,2,3 with ¢ = £1 and ms — o)

3
(p+ q)ulh (P + a.p, @)ALA, = mPs(p,q) + > cmsPg(p, q)ALA,

s=1
PP, Fy,
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Regulator sensitivity — CME

» naive regularization

1
Ccve= lim =T%,(p+qp.q) ==
CME piaspH—0 g1 aw(p+a,p,q) 52

» Pauli-Villars regularization
3
1 1 C
Cove= lim  —T1%3 P, q) = — S _ov
CME p,q,pl-l—q—>0 p avv(p+a,p,q) 52 =+ 2 o2

» in equilibrium, Ccme vanishes due to anomalous contribution
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CME in equilibrium — lattice simulations



Regularization sensitivity on the lattice: quenched Wilson

» seminal lattice determination of (J3) at B# 0, us # 0 # A. Yamamoto, PRL 107 (2011)

0.06 T T 0.03
aus =05 —e—
aug= 0 —a— %
$
0.04 - b
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Lo _*
S, F o o
- 002 _— % B
&
_— 0.01 |
-
—
R T T
I
| | L 1 0 . . . . .
0 0.2 0.4 0.6 0.8 1 0 0.02 0.04 0.06 0.08 0.1 0.12
g8 a7 a [fm]

> coefficient Conmp & 0.025 ~ 1/(472) #
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Regularization sensitivity on the lattice: quenched Wilson

» seminal lattice determination of (J3) at B# 0, us # 0 # A. Yamamoto, PRL 107 (2011)

0.06

0.04

J @Y

0.02

> coefficient Conmp & 0.025 ~ 1/(472) #
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P> £ A. Yamamoto, PRL 107 (2011) used a non-conserved electric current

Jyon e = d(n)ya(n)

0.12
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Regularization sensitivity on the lattice: quenched Wilson

» seminal lattice determination of (J3) at B# 0, us # 0 # A. Yamamoto, PRL 107 (2011)

0.06 T T 0.03 T T T
aus =05 —e—
aug= 0 —a— %
[
0.04 - b
- 0.02 -
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1 1 L I 0 L I 1 L 1
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g8 a7 a [fm]

> coefficient Conmp & 0.025 ~ 1/(472) #

P> £ A. Yamamoto, PRL 107 (2011) used a non-conserved electric current

Jlr}onfcons _ 1;(”)’%1/](”) JﬁOnS ~ Qﬁ(n)’yy Uy(n)¢(n + 19)

16/ 28


https://inspirehep.net/literature/897763
https://inspirehep.net/literature/897763
https://inspirehep.net/literature/2787022

Regularization sensitivity on the lattice: quenched Wilson

» seminal lattice determination of (J3) at B# 0, us # 0 # A. Yamamoto, PRL 107 (2011)

0.06 T T 0.05
aus =05 —e— -
aug= 0 —a—
0.04F
0.04 - B
_ /Q// Cemg 0.03F
& _— Caot
< I 0.02f
- 002 /Q/// {) E ’ ;
/é//// 0.01F
_— 1
0= = % b 0.00 e — r:
0 0'2 OI 2 0' 5 0‘8 1 000 002 004 006 008 010 012
0B [ a [fm]

> coefficient Conmp &~ 0.025 ~ 1/(472) #

> 2 A. Yamamoto, PRL 107 (2011) used a non-conserved electric current

Jlr}onfcons _ 1/_)(”)7”1/](”) Jﬁons ~ &(n)’y,, U,,(n)w(n + 19)

» conserved current: Coyig = 0 V' @ Brandt, Endrédi, Garnacho, Marké, JHEP 09 (2024) 16/ 28
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More on lattice currents

> conserved vector current (J3) = (Tr(F3M~1))
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More on lattice currents

> conserved vector current (J3) = (Tr(F3M~1))
» CME coefficient Wilson:
0(J3)

= (Tr(TasM ) Tr(TsM™1)) — (Tr(FasM1F3M 1))
au5 1s=0

Comi - B =
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More on lattice currents

> conserved vector current (J3) = (Tr(F3M~1))
» CME coefficient Wilson:

a(J _ _ _ _
Come - B = a< ) = (Tr(TasM ) Tr(FsM 1)) — (Tr(FasM~FsM 1))
K5 1s=0
staggered:
or
Comp - B = (Tr(TasM HTr(MM™1)) — (Tr(Fas MMM 1)) + (Tr(—auz M~1))
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More on lattice currents

> conserved vector current (J3) = (Tr(F3M~1))
» CME coefficient Wilson:

o(J B 3 B -
Come - B = OlJs) = (Tr(Tas M) Tr(FsM 1)) — (Tr(Fas M3 ML)
6M5 pus=0
staggered:
_ _ _ _ or
Conte+ B = (Te{Tas M) Te(T3M 1)) = (T(TasM1F5M ) + (T2 M)

0.06

Coup 004 | m/T =4 S adnote

Caot E BiTiee ::1 LT =4
0.02 ilson LT = 4,loc
0.00 ----Mi----ﬁ----a--_

0.000 0.025 0.050 0.075 0.100

1/N,
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CME in equilibrium — final result

» quenched, heavier-than-physical Wilson quarks
> full QCD simulations with dynamical staggered quarks
at physical quark masses, extrapolated to the continuum limit
employing the conserved electric current

» global CME current vanishes in equilibrium
& Brandt, Endrédi, Garnacho, Marké, JHEP 09 (2024)
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Chiral separation effect in equilibrium



Chiral separation effect

» axial current due to magnetic field and baryon density
& Son, Zhitnitsky, PRD 70 (2004) & Metlitski, Zhitnitsky, PRD 72 (2005)

P parameterize baryon density Jy = f&’yod) by chemical potential p
» CSE for small density (B = Bes)

(J5) = ocsE B = Cosp uB + O(12?)

» Bloch's theorem allows in-equilibrium CSE (9, J,5 # 0)
P regularization less intricate, but conserved vector current on lattice is important

» previous lattice efforts 2 Puhr, Buividovich, PRL 118 (2017)
& Buividovich, Smith, von Smekal, PRD 104 (2021)
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CSE in equilibrium — final result

» quenched, heavier-than-physical Wilson quarks

> full QCD simulations with staggered quarks
at physical quark masses, extrapolated to the continuum limit
employing the conserved electric current
# Brandt, Endrédi, Garnacho, Marké, JHEP 02 (2024)
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P comparison to baryon gas model at low T 20/ 28
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Local chiral magnetic effect



Inhomogeneous magnetic fields

» up to now: homogeneous magnetic background

> off-central heavy-ion collisions: inhomogeneous fields # Deng et al., PRC 85 (2012)

5
e<B,>

y (fm)

.

4
e<(B,f>

y (fm)

- dh o4 |
-15-10-5 0 5 10 1815-10-5 0 5 10 1815-10-5 0 5 10 1

x (fm) x(fm) x(fm)
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» up to now: homogeneous magnetic background

> off-central heavy-ion collisions: inhomogeneous fields # Deng et al., PRC 85 (2012)

5
e<B,>

y (fm)

.

4
e<(B,f>

y (fm)

-0.4 -0.2 0.0 0.2 0.4
x1/L

- dh o4 |
-15-10-5 0 5 10 1815-10-5 0 5 10 1815-10-5 0 5 10 1

x (fm) x(fm) x(fm)

> consider profile B(x) = Bcosh™2(x/€) & Dunne, hep-th/0406216
with € ~ 0.6 fm
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Inhomogeneous magnetic fields

» up to now: homogeneous magnetic background

> off-central heavy-ion collisions: inhomogeneous fields # Deng et al., PRC 85 (2012)

5
e<B,>

y (fm)

.

4
e<(B,f>

y (fm)

-0.4 -0.2 0.0 0.2 0.4
x1/L

- dh o4 |
-15-10-5 0 5 10 1815-10-5 0 5 10 1815-10-5 0 5 10 1

x (fm) x(fm) x(fm)

> consider profile B(x) = Bcosh™2(x/€) & Dunne, hep-th/0406216
with € ~ 0.6 fm

» impact on thermodynamic observables in QCD and phase diagram

& Brandt, Endrédi, Marké, Valois, JHEP 07 (2024)
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Local currents

» response for weak ps for homogeneous B

() = Comg usB
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Local currents
> response for weak p5 for homogeneous and inhomogeneous B
(J3) = Conp 5B (h(x)) = ns [ dxf Contnloa — x0)B(x)

G(x1)

» Bloch's theorem allows local currents if [ dxi(J3(x1)) =0
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Local currents

> response for weak p5 for homogeneous and inhomogeneous B

($3) = ComE s B (S3(x1)) = s /dX{ Comp(x1 — x1)B(x1)

G(Xl)
» Bloch's theorem allows local currents if [ dxi(J3(x1)) =0

» local current in the absence of color interactions
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Local currents in QCD

» full QCD simulations with staggered quarks
at physical quark masses, extrapolated to the continuum limit
employing the conserved electric current

» non-trivial localized CME signal ¢ Brandt, Endrédi, Garnacho, Marks, Valois, 2409.17616

103

eB (GeV?)
-2 1 . 0.1
B 0.2

54 ) , 03
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Local currents in QCD

» full QCD simulations with staggered quarks

at physical quark masses, extrapolated to the continuum limit
employing the conserved electric current

» non-trivial localized CME signal ¢ Brandt, Endrédi, Garnacho, Marks, Valois, 2409.17616
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> may guide experimental efforts to detect CME
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Out-of-equilibrium phenomena



Out-of-equilibrium transport in real time

» linear response theory for time-dependent chirality perturbation 6 us(t)
in static magnetic field B

» retarded correlator

GEe (1) = i0(t) ([Jas(t), J3(0)])
» spectral function
peME(w) = %'m GEvp(w)

» Kubo formula for out-of-equilibrium CME coefficient

. . peme(w)
4. B = |im =2l
CME w—0 w
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Out-of-equilibrium transport from Euclidean time

» Euclidean correlator and spectral function

Gonl) = [ P ), K = e LD

» ill-posed problem with long history
Backus-Gilbert, MEM, Tikhonov, Gaussian processes, ..
> alternative for a first estimate: midpoint & Buividovich, PRD 110 (2024)

sinh[w/(2T)]

K(xs = 1/(2T),w) 29 227 . 5(w)

pinches out the CME coefficient at low T
Conie |+ B = Geme(xa =1/(27))/T
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Out-of-equilibrium CME and static CSE

» for free fermions (1-loop perturbation theory)
# Brandt, Endrddi, Garnacho, Marké, Valois, 2502.01155

peme(w) = B [a(m/T)wd(w) + B(m/T) O(w? — m?)]
pese(w) = Bla(m/T)wd(w)]

> midpoint estimate

) = 5 [ ap [1+ o o2+ (|

> we observe that
Contig "(m/T) = Cese(m/T)
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Lattice results

» correlators for quenched
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Lattice results

» correlators for quenched Wilson and dynamical staggered
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Lattice results

» correlators for quenched Wilson and dynam
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ical staggered

6
Gt 1 w
1072
00 02 04 06 08 00 02 04 06 08
T

7T

» midpoint coefficient for quenched Wilson and dynamical staggered
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> qualitative agreement Ciifi " (T) ~ Ccsg seems to hold in QCD 27/ 28
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Summary

» CME subtleties:

©e Gl0)
in- / out-of-equilibrium ©o C
» careful regularization crucial ar it .
in-equilibrium global CME vanishes . -
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> in-equilibrium local CME in full QCD |’

eB (GeV?)
-0
02
03
0.4

34

» in-equilibrium CSE in full QCD
and first results for out-of-eq. CME
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Benchmarks in the free case

» equilibrium CME
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Chiral density

P chiral density Jos is parameterized by chiral chemical potential us

2
Jos(115) = x5 s + O(1d) _ T 07lgZ
05\M5) = X5 H5 M5 ), X5 =7, B
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—= xs/T? =0
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Inhomogeneous chiral imbalance

» inhomogeneous B(x1) and inhomogeneous pi5(x)

(o)) = / dxd At/ o — X xt — xt') BO<) 1s(x)

H(z1,a4)/eB - Oy}
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