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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
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At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
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fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
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our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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need to understand time evolution 
of critical fluctuations

• Possible signature in heavy-ion 
collisions: critical fluctuations
Stephanov, Rajagopal, Shuryak, PRD 60 (1999) 114028
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Figure 2: Behavior of the correlation length for cooling through the critical
point along the h-axis of Figure 1. The equilibrium correlation length is
shown as a dashed line. The true correlation length is shown for (bottom
to top) a = 25, 50, 100. Our units, described in the text, are such that
h = →0.2,→0.1, 0, 0.1 corresponds to T = 180, 160, 140, 120 MeV, and ξ is
measured in units of ξ0 = 1.4 fm.

finite time and critical slowing down) imposes the more stringent constraint
on ξ. We have analyzed this nonequilibrium effect as if the system were
spatially homogeneous. Had we found correlation lengths growing beyond
6 fm, we would have to do a much more complicated analysis, taking both
the finite time and the inhomogeneous spatial dynamics into account. Since
we find that ξ only grows to about 3 fm, this is not necessary.

Fourth, just as critical slowing down prevents ξ from growing as fast as
ξeq does, it also prevents ξ from shrinking as fast as ξeq does after E has
been passed. Whether we estimate Tfreezeout ∼ 130 MeV (corresponding to
h = .05) or ∼ 120 MeV (h = 0.1) for trajectories passing near E, one finds
ξfreezeout ∼ 2ξ0. We can also argue that even if an a as large as 1000 were
possible, our conclusions would be little affected: If a = 1000, and ξ follows
ξeq closely enough that it increases to 4ξ0, ξ also tracks ξeq more closely as
it decreases below TE . If a = 1000, it turns out that ξ is quite close to ξeq
by the time h = .05. Thus, although increasing a to a ridiculous extent does
increase the maximum value of ξ, it has little effect on ξfreezeout. This is further
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⤳ Critical mode falls out 
  of (local) equilibrium!
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Figure 2: Behavior of the correlation length for cooling through the critical
point along the h-axis of Figure 1. The equilibrium correlation length is
shown as a dashed line. The true correlation length is shown for (bottom
to top) a = 25, 50, 100. Our units, described in the text, are such that
h = →0.2,→0.1, 0, 0.1 corresponds to T = 180, 160, 140, 120 MeV, and ξ is
measured in units of ξ0 = 1.4 fm.

finite time and critical slowing down) imposes the more stringent constraint
on ξ. We have analyzed this nonequilibrium effect as if the system were
spatially homogeneous. Had we found correlation lengths growing beyond
6 fm, we would have to do a much more complicated analysis, taking both
the finite time and the inhomogeneous spatial dynamics into account. Since
we find that ξ only grows to about 3 fm, this is not necessary.

Fourth, just as critical slowing down prevents ξ from growing as fast as
ξeq does, it also prevents ξ from shrinking as fast as ξeq does after E has
been passed. Whether we estimate Tfreezeout ∼ 130 MeV (corresponding to
h = .05) or ∼ 120 MeV (h = 0.1) for trajectories passing near E, one finds
ξfreezeout ∼ 2ξ0. We can also argue that even if an a as large as 1000 were
possible, our conclusions would be little affected: If a = 1000, and ξ follows
ξeq closely enough that it increases to 4ξ0, ξ also tracks ξeq more closely as
it decreases below TE . If a = 1000, it turns out that ξ is quite close to ξeq
by the time h = .05. Thus, although increasing a to a ridiculous extent does
increase the maximum value of ξ, it has little effect on ξfreezeout. This is further
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• group theories by equations of motion for critical modes


• critical mode arbitrarily slow ⤳ hydrodynamic theory 
(form depends on: order parameter conserved or not, which other 
quantities are conserved, etc.)
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Static universality classes split up into dynamic universality classes:
Hohenberg & Halperin, Rev. Mod. Phys. 49, 435 (1977)
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Model B Model C

Model H
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Son and Stephanov, PRD 70, 056001 (2004)

Dynamic universality class 
of QCD’s critical point
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Static universality classes split up into dynamic universality classes:
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chiral SU(2)L ⇥ SU(2)R '
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chiral SU(2)L ⇥ SU(2)R '

This work: predict dynamic universal properties of hot and dense QCD matter 
by studying simpler system from same dynamic universality class
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1. Dynamic universality classes: 
QCD’s critical point, chiral phase transition


2. Functional renormalization group (FRG) flow 
for systems with reversible mode couplings


3. Results for fixed points & dynamic critical exponents



 

 

CRC -  TR 

Benasque Science CenterUniversal critical dynamics in QCDJohannes Roth

Dynamic universality class of critical point

7

Order parameter:
<latexit sha1_base64="aQ4c2IfU+7LFlwb8tN0YfPRrxC4=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IR6qUmIlU8Fbx4rGA/oAlls9m2SzebsLsRSij4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzLwg4Uxpx/m2Ciura+sbxc3S1vbO7p69f9BScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6nfrtRyoVi8WDHifUj/BAsD4jWBupZx95yZAhT7EIeSHlGlfUuTjr2WWn6syAlombkzLkaPTsLy+MSRpRoQnHSnVdJ9F+hqVmhNNJyUsVTTAZ4QHtGipwRJWfzc6foFOjhKgfS1NCo5n6eyLDkVLjKDCdEdZDtehNxf+8bqr7137GRJJqKsh8UT/lSMdomgUKmaRE87EhmEhmbkVkiCUm2iRWMiG4iy8vk9ZF1a1Va/eX5fpNHkcRjuEEKuDCFdThDhrQBAIZPMMrvFlP1ov1bn3MWwtWPnMIf2B9/gDklpTJ</latexit>

� ⇠ �(s/n) (entropy per baryon) Son and Stephanov,

PRD 70, 056001 (2004)

FRG: 
Chen, Tan, Fu, arXiv:2406.00679

JR, Ye, Schlichting, von Smekal, arXiv:2409.14470
Classical-statistical simulations: 
Chattopadhyay, Ott, Schaefer, Skokov, PRL 133, 032301 (2024) 
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� ⇠ �(s/n) (entropy per baryon) Son and Stephanov,

PRD 70, 056001 (2004)

FRG: 
Chen, Tan, Fu, arXiv:2406.00679

JR, Ye, Schlichting, von Smekal, arXiv:2409.14470
Classical-statistical simulations: 
Chattopadhyay, Ott, Schaefer, Skokov, PRL 133, 032301 (2024) 

diffusion noise

diffusion noise

fluctuation-dissipation relation (FDR)
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� = (�,~⇡) Rajagopal and Wilczek,

NPB 399 (1993) 395-425

FRG: 
JR, Ye, Schlichting, von Smekal, JHEP 01, 118 (2025) 

Classical-statistical simulations: 
Florio, Grossi, Soloviev, Teaney, PRD 105, 054512 (2022) 
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(�a�a)

2 +
1

4�
nabnab

�

Chiral order parameter:
<latexit sha1_base64="lX7NUXkl/7uNiv3CEp2vhm014DM=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlEakiCAU3LivYBzShTKaTdujMZJiZFErIxl9x40IRt36GO//GaZuFth64cDjnXu69JxSUKO2631ZhZXVtfaO4Wdra3tnds/cPWipOJMJNFNNYdkKoMCUcNzXRFHeExJCFFLfD0d3Ub4+xVCTmj3oicMDggJOIIKiN1LOPfDEktxVfkQGD5/4Yo9QXJDvr2WW36s7gLBMvJ2WQo9Gzv/x+jBKGuUYUKtX1XKGDFEpNEMVZyU8UFhCN4AB3DeWQYRWkswcy59QofSeKpSmunZn6eyKFTKkJC00ng3qoFr2p+J/XTXR0HaSEi0RjjuaLooQ6OnamaTh9IjHSdGIIRJKYWx00hBIibTIrmRC8xZeXSeui6tWqtYfLcv0mj6MIjsEJqAAPXIE6uAcN0AQIZOAZvII368l6sd6tj3lrwcpnDsEfWJ8/KCKWHw==</latexit>

� = (�,~⇡) Rajagopal and Wilczek,

NPB 399 (1993) 395-425

FRG: 
JR, Ye, Schlichting, von Smekal, JHEP 01, 118 (2025) 

Classical-statistical simulations: 
Florio, Grossi, Soloviev, Teaney, PRD 105, 054512 (2022) 

damping noise

diffusion noise

FDR

<latexit sha1_base64="nMpKgaKWEFUd9UhE4G/OOaqFKf8="></latexit>| {z } <latexit sha1_base64="I/iG/dAxnU9NmpAvFxNDu8J8lmY=">AAACInicbZDLSsNAFIYn9VbrrerSzWARXGhJRKouhKIblxXsBZoSTqbTduhkEmYmQgl5Fje+ihsXiroSfBinaUFt/WHg5zvncOb8fsSZ0rb9aeUWFpeWV/KrhbX1jc2t4vZOQ4WxJLROQh7Klg+KciZoXTPNaSuSFAKf06Y/vB7Xm/dUKhaKOz2KaCeAvmA9RkAb5BUv3MSNBsyDI+ElPkndFF/ijPjY7VKuwUuApMcZIj/IT71iyS7bmfC8caamhKaqecV3txuSOKBCEw5KtR070p0EpGaE07TgxopGQIbQp21jBQRUdZLsxBQfGNLFvVCaJzTO6O+JBAKlRoFvOgPQAzVbG8P/au1Y9847CRNRrKkgk0W9mGMd4nFeuMskJZqPjAEimfkrJgOQQLRJtWBCcGZPnjeNk7JTKVduT0vVq2kcebSH9tEhctAZqqIbVEN1RNADekIv6NV6tJ6tN+tj0pqzpjO76I+sr2+Y+KRb</latexit>

{�a, nbc} = �b�ac � �c�ab

ideal time evolution, 
reflect Poisson brackets:

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>

�a

Larmor precession
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Equations of motion:

order parameter

iso-(axial-)vector 
charge densities

<latexit sha1_base64="qTEKZikGHuBVPIpaLLanFjz+Rp0="></latexit>
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��a
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g
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2
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<latexit sha1_base64="HL5DMpsLLckrUwsG1cAvNqrf4g8="></latexit>

F =

Z
ddx
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�a�a +

�

4!N
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nabnab

�

<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)Statics:         Landau-Ginzburg-Wilson (LGW) free energy
<latexit sha1_base64="HL5DMpsLLckrUwsG1cAvNqrf4g8="></latexit>

F =

Z
ddx

⇢
1

2
(@i�a)(@

i�a) +
m2

2
�a�a +

�

4!N
(�a�a)

2 +
1

4�
nabnab

�

Chiral order parameter:
<latexit sha1_base64="lX7NUXkl/7uNiv3CEp2vhm014DM=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlEakiCAU3LivYBzShTKaTdujMZJiZFErIxl9x40IRt36GO//GaZuFth64cDjnXu69JxSUKO2631ZhZXVtfaO4Wdra3tnds/cPWipOJMJNFNNYdkKoMCUcNzXRFHeExJCFFLfD0d3Ub4+xVCTmj3oicMDggJOIIKiN1LOPfDEktxVfkQGD5/4Yo9QXJDvr2WW36s7gLBMvJ2WQo9Gzv/x+jBKGuUYUKtX1XKGDFEpNEMVZyU8UFhCN4AB3DeWQYRWkswcy59QofSeKpSmunZn6eyKFTKkJC00ng3qoFr2p+J/XTXR0HaSEi0RjjuaLooQ6OnamaTh9IjHSdGIIRJKYWx00hBIibTIrmRC8xZeXSeui6tWqtYfLcv0mj6MIjsEJqAAPXIE6uAcN0AQIZOAZvII368l6sd6tj3lrwcpnDsEfWJ8/KCKWHw==</latexit>

� = (�,~⇡) Rajagopal and Wilczek,

NPB 399 (1993) 395-425

FRG: 
JR, Ye, Schlichting, von Smekal, JHEP 01, 118 (2025) 

Classical-statistical simulations: 
Florio, Grossi, Soloviev, Teaney, PRD 105, 054512 (2022) 

damping noise

diffusion noise

FDR

<latexit sha1_base64="nMpKgaKWEFUd9UhE4G/OOaqFKf8="></latexit>| {z } <latexit sha1_base64="I/iG/dAxnU9NmpAvFxNDu8J8lmY=">AAACInicbZDLSsNAFIYn9VbrrerSzWARXGhJRKouhKIblxXsBZoSTqbTduhkEmYmQgl5Fje+ihsXiroSfBinaUFt/WHg5zvncOb8fsSZ0rb9aeUWFpeWV/KrhbX1jc2t4vZOQ4WxJLROQh7Klg+KciZoXTPNaSuSFAKf06Y/vB7Xm/dUKhaKOz2KaCeAvmA9RkAb5BUv3MSNBsyDI+ElPkndFF/ijPjY7VKuwUuApMcZIj/IT71iyS7bmfC8caamhKaqecV3txuSOKBCEw5KtR070p0EpGaE07TgxopGQIbQp21jBQRUdZLsxBQfGNLFvVCaJzTO6O+JBAKlRoFvOgPQAzVbG8P/au1Y9847CRNRrKkgk0W9mGMd4nFeuMskJZqPjAEimfkrJgOQQLRJtWBCcGZPnjeNk7JTKVduT0vVq2kcebSH9tEhctAZqqIbVEN1RNADekIv6NV6tJ6tN+tj0pqzpjO76I+sr2+Y+KRb</latexit>

{�a, nbc} = �b�ac � �c�ab

ideal time evolution, 
reflect Poisson brackets:

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>

�a

Larmor precession

reversibility
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Equations of motion:

order parameter

iso-(axial-)vector 
charge densities

<latexit sha1_base64="qTEKZikGHuBVPIpaLLanFjz+Rp0="></latexit>
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<latexit sha1_base64="l7Yigp7Ookge1iQ5fFiLHTtbnrY="></latexit>
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Model G

        Heisenberg antiferromagnet
<latexit sha1_base64="Hdl2q4bWps5QsfSjOmFnCa8AnIc=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzTDT1nG6K7hxZwX7gHYomTRtQ5PMkGSEMvQX3LhQxK0/5M6/MdNWUNEDFw7n3Mu994Qxo0o7zoeVW1vf2NzKbxd2dvf2D4qHR20VJRKTFo5YJLshUoRRQVqaaka6sSSIh4x0wulV5nfuiVQ0End6FpOAo7GgI4qRzqSbcu18UCw5tuv4F3UPOrZXdf1K1RDX8yp1H7q2s0AJrNAcFN/7wwgnnAiNGVKq5zqxDlIkNcWMzAv9RJEY4Skak56hAnGignRx6xyeGWUIR5E0JTRcqN8nUsSVmvHQdHKkJ+q3l4l/eb1Ej/wgpSJONBF4uWiUMKgjmD0Oh1QSrNnMEIQlNbdCPEESYW3iKZgQvj6F/5N2xcRie7e1UqO2iiMPTsApKAMXXIIGuAZN0AIYTMADeALPFrcerRfrddmas1Yzx+AHrLdPWpaNxw==</latexit>

O(4)

<latexit sha1_base64="5acVxEYmmnfvqiOe38bs4b2xSN8=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFZNWYyoIBTcuK5i20IYymUzaoZNJmJkINfQb3LhQxK0f5M6/cfoQVPTAhcM593LvPUHKqFSW9WEUlpZXVteK66WNza3tnfLuXksmmcDEwwlLRCdAkjDKiaeoYqSTCoLigJF2MLqa+u07IiRN+K0ap8SP0YDTiGKktOTdX4Yn1X65Ypm25Z7VHWiZTs12qzVNbMep1l1om9YMFbBAs19+74UJzmLCFWZIyq5tpcrPkVAUMzIp9TJJUoRHaEC6mnIUE+nns2Mn8EgrIYwSoYsrOFO/T+QolnIcB7ozRmoof3tT8S+vm6nI9XPK00wRjueLooxBlcDp5zCkgmDFxpogLKi+FeIhEggrnU9Jh/D1KfyftKo6FtO5Oa00LhZxFMEBOATHwAbnoAGuQRN4AAMKHsATeDa48Wi8GK/z1oKxmNkHP2C8fQKCIo5/</latexit>

z = d/2

<latexit sha1_base64="HL5DMpsLLckrUwsG1cAvNqrf4g8="></latexit>
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�

<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)Statics:         Landau-Ginzburg-Wilson (LGW) free energy
<latexit sha1_base64="HL5DMpsLLckrUwsG1cAvNqrf4g8="></latexit>

F =

Z
ddx
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(@i�a)(@
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m2

2
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Chiral order parameter:
<latexit sha1_base64="lX7NUXkl/7uNiv3CEp2vhm014DM=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlEakiCAU3LivYBzShTKaTdujMZJiZFErIxl9x40IRt36GO//GaZuFth64cDjnXu69JxSUKO2631ZhZXVtfaO4Wdra3tnds/cPWipOJMJNFNNYdkKoMCUcNzXRFHeExJCFFLfD0d3Ub4+xVCTmj3oicMDggJOIIKiN1LOPfDEktxVfkQGD5/4Yo9QXJDvr2WW36s7gLBMvJ2WQo9Gzv/x+jBKGuUYUKtX1XKGDFEpNEMVZyU8UFhCN4AB3DeWQYRWkswcy59QofSeKpSmunZn6eyKFTKkJC00ng3qoFr2p+J/XTXR0HaSEi0RjjuaLooQ6OnamaTh9IjHSdGIIRJKYWx00hBIibTIrmRC8xZeXSeui6tWqtYfLcv0mj6MIjsEJqAAPXIE6uAcN0AQIZOAZvII368l6sd6tj3lrwcpnDsEfWJ8/KCKWHw==</latexit>

� = (�,~⇡) Rajagopal and Wilczek,

NPB 399 (1993) 395-425

FRG: 
JR, Ye, Schlichting, von Smekal, JHEP 01, 118 (2025) 

Classical-statistical simulations: 
Florio, Grossi, Soloviev, Teaney, PRD 105, 054512 (2022) 

damping noise

diffusion noise

FDR

<latexit sha1_base64="nMpKgaKWEFUd9UhE4G/OOaqFKf8="></latexit>| {z } <latexit sha1_base64="I/iG/dAxnU9NmpAvFxNDu8J8lmY=">AAACInicbZDLSsNAFIYn9VbrrerSzWARXGhJRKouhKIblxXsBZoSTqbTduhkEmYmQgl5Fje+ihsXiroSfBinaUFt/WHg5zvncOb8fsSZ0rb9aeUWFpeWV/KrhbX1jc2t4vZOQ4WxJLROQh7Klg+KciZoXTPNaSuSFAKf06Y/vB7Xm/dUKhaKOz2KaCeAvmA9RkAb5BUv3MSNBsyDI+ElPkndFF/ijPjY7VKuwUuApMcZIj/IT71iyS7bmfC8caamhKaqecV3txuSOKBCEw5KtR070p0EpGaE07TgxopGQIbQp21jBQRUdZLsxBQfGNLFvVCaJzTO6O+JBAKlRoFvOgPQAzVbG8P/au1Y9847CRNRrKkgk0W9mGMd4nFeuMskJZqPjAEimfkrJgOQQLRJtWBCcGZPnjeNk7JTKVduT0vVq2kcebSH9tEhctAZqqIbVEN1RNADekIv6NV6tJ6tN+tj0pqzpjO76I+sr2+Y+KRb</latexit>

{�a, nbc} = �b�ac � �c�ab

ideal time evolution, 
reflect Poisson brackets:

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>

�a

Larmor precession

reversibility



 

 

CRC -  TR 

Benasque Science CenterUniversal critical dynamics in QCDJohannes Roth

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc
<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

Temporal gauge symmetry (here for Model G)

9

• Equations of motion in Poisson-bracket formulation
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• Apply external ‘magnetic’ field         :

‘magnetization’
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• Apply external ‘magnetic’ field         :

‘magnetization’

<latexit sha1_base64="TBQP/MKGWypOBhSaDwMio4r5RbA=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQtJqTF0V3HRZwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//G6UNQ0QMDh3Pu5Z45YcqoVLb9Yaytb2xubZd2yrt7+weH5tFxRyaZwKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh5Hbud6dESJrwezVLiR+jEacRxUhpKTDNQYzUGCOWN4sgR2ERmBXbcmzvqu5C23JrjletaeK4brXuQceyF6iAFVqB+T4YJjiLCVeYISn7jp0qP0dCUcxIUR5kkqQIT9CI9DXlKCbSzxfJC3iulSGMEqEfV3Chft/IUSzlLA715Dyn/O3Nxb+8fqYiz88pTzNFOF4eijIGVQLnNcAhFQQrNtMEYUF1VojHSCCsdFllXcLXT+H/pFPVtVju3WWlcbOqowROwRm4AA64Bg3QBC3QBhhMwQN4As9GbjwaL8brcnTNWO2cgB8w3j4BcD2UMg==</latexit>
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• Equations of motion in Poisson-bracket formulation

<latexit sha1_base64="FIaOBYffCqxsBWwDBJ6q3Zm1JBg=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwFM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEYMpUc</latexit>

� Hab

<latexit sha1_base64="3sbhpWZmsfdtlfgiy4cKg5IfRoU=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/CzAM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEbPZUe</latexit>
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<latexit sha1_base64="WYzmyr8x9ELqX8nopARmQKwkPPY=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwPZr5eMQ3LdM7rNjQNu2Y51Zoilm1X6w60DHOOClii5evv7iDGaUgiiRkSom+ZifQyxCXFjMxKbipIgvAEjUhf0QiFRHjZPPwMHitlAIcxVy+ScK5+38hQKMQ0DNRknlP89nLxL6+fyqHjZTRKUkkivDg0TBmUMcybgAPKCZZsqgjCnKqsEI8RR1iqvkqqhK+fwv9Jp6pqMeybs0rjallHERyCI3ACLHABGqAJWqANMJiCB/AEnrV77VF70V4XowVtuVMGP6C9fQIeSJUg</latexit>
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<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�
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�F

�ncd

Temporal gauge symmetry (here for Model G)

9

• Apply external ‘magnetic’ field         :

‘magnetization’

<latexit sha1_base64="TBQP/MKGWypOBhSaDwMio4r5RbA=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQtJqTF0V3HRZwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//G6UNQ0QMDh3Pu5Z45YcqoVLb9Yaytb2xubZd2yrt7+weH5tFxRyaZwKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh5Hbud6dESJrwezVLiR+jEacRxUhpKTDNQYzUGCOWN4sgR2ERmBXbcmzvqu5C23JrjletaeK4brXuQceyF6iAFVqB+T4YJjiLCVeYISn7jp0qP0dCUcxIUR5kkqQIT9CI9DXlKCbSzxfJC3iulSGMEqEfV3Chft/IUSzlLA715Dyn/O3Nxb+8fqYiz88pTzNFOF4eijIGVQLnNcAhFQQrNtMEYUF1VojHSCCsdFllXcLXT+H/pFPVtVju3WWlcbOqowROwRm4AA64Bg3QBC3QBhhMwQN4As9GbjwaL8brcnTNWO2cgB8w3j4BcD2UMg==</latexit>

Hab

<latexit sha1_base64="2FqXFocwBc7z2K9cuvmL2wuZN/0="></latexit>

F ! F �
1

2

Z
ddxHabnab

• Equations of motion in Poisson-bracket formulation

<latexit sha1_base64="FIaOBYffCqxsBWwDBJ6q3Zm1JBg=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwFM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEYMpUc</latexit>

� Hab

<latexit sha1_base64="3sbhpWZmsfdtlfgiy4cKg5IfRoU=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/CzAM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEbPZUe</latexit>

� Hbc

<latexit sha1_base64="WYzmyr8x9ELqX8nopARmQKwkPPY=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwPZr5eMQ3LdM7rNjQNu2Y51Zoilm1X6w60DHOOClii5evv7iDGaUgiiRkSom+ZifQyxCXFjMxKbipIgvAEjUhf0QiFRHjZPPwMHitlAIcxVy+ScK5+38hQKMQ0DNRknlP89nLxL6+fyqHjZTRKUkkivDg0TBmUMcybgAPKCZZsqgjCnKqsEI8RR1iqvkqqhK+fwv9Jp6pqMeybs0rjallHERyCI3ACLHABGqAJWqANMJiCB/AEnrV77VF70V4XowVtuVMGP6C9fQIeSJUg</latexit>

� Hcd

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�
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<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="FIaOBYffCqxsBWwDBJ6q3Zm1JBg=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwFM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEYMpUc</latexit>

� Hab

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="WYzmyr8x9ELqX8nopARmQKwkPPY=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwPZr5eMQ3LdM7rNjQNu2Y51Zoilm1X6w60DHOOClii5evv7iDGaUgiiRkSom+ZifQyxCXFjMxKbipIgvAEjUhf0QiFRHjZPPwMHitlAIcxVy+ScK5+38hQKMQ0DNRknlP89nLxL6+fyqHjZTRKUkkivDg0TBmUMcybgAPKCZZsqgjCnKqsEI8RR1iqvkqqhK+fwv9Jp6pqMeybs0rjallHERyCI3ACLHABGqAJWqANMJiCB/AEnrV77VF70V4XowVtuVMGP6C9fQIeSJUg</latexit>

� Hcd

<latexit sha1_base64="3sbhpWZmsfdtlfgiy4cKg5IfRoU=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/CzAM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEbPZUe</latexit>

� Hbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc
<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

• Equations of motion in Poisson-bracket formulation

• Apply external ‘magnetic’ field         :

‘magnetization’

<latexit sha1_base64="TBQP/MKGWypOBhSaDwMio4r5RbA=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQtJqTF0V3HRZwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//G6UNQ0QMDh3Pu5Z45YcqoVLb9Yaytb2xubZd2yrt7+weH5tFxRyaZwKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh5Hbud6dESJrwezVLiR+jEacRxUhpKTDNQYzUGCOWN4sgR2ERmBXbcmzvqu5C23JrjletaeK4brXuQceyF6iAFVqB+T4YJjiLCVeYISn7jp0qP0dCUcxIUR5kkqQIT9CI9DXlKCbSzxfJC3iulSGMEqEfV3Chft/IUSzlLA715Dyn/O3Nxb+8fqYiz88pTzNFOF4eijIGVQLnNcAhFQQrNtMEYUF1VojHSCCsdFllXcLXT+H/pFPVtVju3WWlcbOqowROwRm4AA64Bg3QBC3QBhhMwQN4As9GbjwaL8brcnTNWO2cgB8w3j4BcD2UMg==</latexit>

Hab

<latexit sha1_base64="2FqXFocwBc7z2K9cuvmL2wuZN/0="></latexit>

F ! F �
1

2

Z
ddxHabnab



 

 

CRC -  TR 

Benasque Science CenterUniversal critical dynamics in QCDJohannes Roth

Temporal gauge symmetry (here for Model G)

10

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="FIaOBYffCqxsBWwDBJ6q3Zm1JBg=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwFM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEYMpUc</latexit>

� Hab

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="WYzmyr8x9ELqX8nopARmQKwkPPY=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwPZr5eMQ3LdM7rNjQNu2Y51Zoilm1X6w60DHOOClii5evv7iDGaUgiiRkSom+ZifQyxCXFjMxKbipIgvAEjUhf0QiFRHjZPPwMHitlAIcxVy+ScK5+38hQKMQ0DNRknlP89nLxL6+fyqHjZTRKUkkivDg0TBmUMcybgAPKCZZsqgjCnKqsEI8RR1iqvkqqhK+fwv9Jp6pqMeybs0rjallHERyCI3ACLHABGqAJWqANMJiCB/AEnrV77VF70V4XowVtuVMGP6C9fQIeSJUg</latexit>

� Hcd

<latexit sha1_base64="3sbhpWZmsfdtlfgiy4cKg5IfRoU=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/CzAM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEbPZUe</latexit>

� Hbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc
<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

• Equations of motion in Poisson-bracket formulation

• Apply external ‘magnetic’ field         :

<latexit sha1_base64="DWqTm93dWahgu+2eIcG2SZ2cVbQ="></latexit>

@t�a � g(H�)a

<latexit sha1_base64="/hE+LEDRh+JXMMUt4bCB8qAnUN0="></latexit>

@tnab � g[H, n]ab

‘magnetization’

<latexit sha1_base64="TBQP/MKGWypOBhSaDwMio4r5RbA=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQtJqTF0V3HRZwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//G6UNQ0QMDh3Pu5Z45YcqoVLb9Yaytb2xubZd2yrt7+weH5tFxRyaZwKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh5Hbud6dESJrwezVLiR+jEacRxUhpKTDNQYzUGCOWN4sgR2ERmBXbcmzvqu5C23JrjletaeK4brXuQceyF6iAFVqB+T4YJjiLCVeYISn7jp0qP0dCUcxIUR5kkqQIT9CI9DXlKCbSzxfJC3iulSGMEqEfV3Chft/IUSzlLA715Dyn/O3Nxb+8fqYiz88pTzNFOF4eijIGVQLnNcAhFQQrNtMEYUF1VojHSCCsdFllXcLXT+H/pFPVtVju3WWlcbOqowROwRm4AA64Bg3QBC3QBhhMwQN4As9GbjwaL8brcnTNWO2cgB8w3j4BcD2UMg==</latexit>

Hab

<latexit sha1_base64="2FqXFocwBc7z2K9cuvmL2wuZN/0="></latexit>

F ! F �
1

2

Z
ddxHabnab
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<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="FIaOBYffCqxsBWwDBJ6q3Zm1JBg=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwFM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEYMpUc</latexit>

� Hab

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="WYzmyr8x9ELqX8nopARmQKwkPPY=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwPZr5eMQ3LdM7rNjQNu2Y51Zoilm1X6w60DHOOClii5evv7iDGaUgiiRkSom+ZifQyxCXFjMxKbipIgvAEjUhf0QiFRHjZPPwMHitlAIcxVy+ScK5+38hQKMQ0DNRknlP89nLxL6+fyqHjZTRKUkkivDg0TBmUMcybgAPKCZZsqgjCnKqsEI8RR1iqvkqqhK+fwv9Jp6pqMeybs0rjallHERyCI3ACLHABGqAJWqANMJiCB/AEnrV77VF70V4XowVtuVMGP6C9fQIeSJUg</latexit>

� Hcd

<latexit sha1_base64="3sbhpWZmsfdtlfgiy4cKg5IfRoU=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/CzAM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEbPZUe</latexit>

� Hbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc
<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

• Equations of motion in Poisson-bracket formulation

• Apply external ‘magnetic’ field         :

<latexit sha1_base64="DWqTm93dWahgu+2eIcG2SZ2cVbQ="></latexit>

@t�a � g(H�)a

<latexit sha1_base64="/hE+LEDRh+JXMMUt4bCB8qAnUN0="></latexit>

@tnab � g[H, n]ab

Covariant time-derivatives, 
in which        = zero-component

of external          gauge field

<latexit sha1_base64="AFlSXl49lADXoT5cvFOWQ8d+Sak=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZJWY7oruOmygn1AG8JkOmmHTiZhZlIooX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCVNGpbLtD6O0sbm1vVPereztHxwemccnXZlkApMOTlgi+iGShFFOOooqRvqpICgOGemF09vC782IkDTh92qeEj9GY04jipHSUmCawxipCUYsby2CHIWLwKzalmN71w0X2pZbd7xaXRPHdWsNDzqWvUQVrNEOzPfhKMFZTLjCDEk5cOxU+TkSimJGFpVhJkmK8BSNyUBTjmIi/XyZfAEvtDKCUSL04wou1e8bOYqlnMehnixyyt9eIf7lDTIVeX5OeZopwvHqUJQxqBJY1ABHVBCs2FwThAXVWSGeIIGw0mVVdAlfP4X/k25N12K5d1fVprOuowzOwDm4BA64AU3QAm3QARjMwAN4As9GbjwaL8brarRkrHdOwQ8Yb59tiJQp</latexit>

Hab
<latexit sha1_base64="qXJOfEf7cPYVvX5lvDpEBRrPf4A=">AAAB+nicdVDNS8MwHE3n15xfnR69BIcwL6XdZu1uAy/enOA2YSsjTdMtLP0gSZVR96d48aCIV/8Sb/43ptsEFX0Q8njv9yMvz0sYFdI0P7TCyura+kZxs7S1vbO7p5f3uyJOOSYdHLOY33hIEEYj0pFUMnKTcIJCj5GeNznP/d4t4YLG0bWcJsQN0SiiAcVIKmmolwdezHwxDdWVXVYbJ7OhXjENy3ROmzY0DbtuObW6IpZt15oOtAxzjgpYoj3U3wd+jNOQRBIzJETfMhPpZohLihmZlQapIAnCEzQifUUjFBLhZvPoM3isFB8GMVcnknCuft/IUCjydGoyRHIsfnu5+JfXT2XguBmNklSSCC8eClIGZQzzHqBPOcGSTRVBmFOVFeIx4ghL1VZJlfD1U/g/6dZULYZ91ai0rGUdRXAIjkAVWOAMtMAFaIMOwOAOPIAn8Kzda4/ai/a6GC1oy50D8APa2ydOiZQC</latexit>

O(4)

‘magnetization’

<latexit sha1_base64="TBQP/MKGWypOBhSaDwMio4r5RbA=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQtJqTF0V3HRZwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//G6UNQ0QMDh3Pu5Z45YcqoVLb9Yaytb2xubZd2yrt7+weH5tFxRyaZwKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh5Hbud6dESJrwezVLiR+jEacRxUhpKTDNQYzUGCOWN4sgR2ERmBXbcmzvqu5C23JrjletaeK4brXuQceyF6iAFVqB+T4YJjiLCVeYISn7jp0qP0dCUcxIUR5kkqQIT9CI9DXlKCbSzxfJC3iulSGMEqEfV3Chft/IUSzlLA715Dyn/O3Nxb+8fqYiz88pTzNFOF4eijIGVQLnNcAhFQQrNtMEYUF1VojHSCCsdFllXcLXT+H/pFPVtVju3WWlcbOqowROwRm4AA64Bg3QBC3QBhhMwQN4As9GbjwaL8brcnTNWO2cgB8w3j4BcD2UMg==</latexit>

Hab

<latexit sha1_base64="2FqXFocwBc7z2K9cuvmL2wuZN/0="></latexit>

F ! F �
1

2

Z
ddxHabnab
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<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="FIaOBYffCqxsBWwDBJ6q3Zm1JBg=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwFM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEYMpUc</latexit>

� Hab

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="WYzmyr8x9ELqX8nopARmQKwkPPY=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwPZr5eMQ3LdM7rNjQNu2Y51Zoilm1X6w60DHOOClii5evv7iDGaUgiiRkSom+ZifQyxCXFjMxKbipIgvAEjUhf0QiFRHjZPPwMHitlAIcxVy+ScK5+38hQKMQ0DNRknlP89nLxL6+fyqHjZTRKUkkivDg0TBmUMcybgAPKCZZsqgjCnKqsEI8RR1iqvkqqhK+fwv9Jp6pqMeybs0rjallHERyCI3ACLHABGqAJWqANMJiCB/AEnrV77VF70V4XowVtuVMGP6C9fQIeSJUg</latexit>

� Hcd

<latexit sha1_base64="3sbhpWZmsfdtlfgiy4cKg5IfRoU=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/CzAM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEbPZUe</latexit>

� Hbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc
<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

• Equations of motion in Poisson-bracket formulation

• Equations of motion invariant under time-gauged         transformations
<latexit sha1_base64="oDBFrrJibG4Dc41fXSqPgf4nH6U="></latexit>

�(t, ~x) ! O(t)�(t, ~x)

n(t, ~x) ! O(t)n(t, ~x)OT (t)

H(t, ~x) ! O(t)H(t, ~x)OT (t) +
1

g
O(t)@tO

T (t)

<latexit sha1_base64="oDBFrrJibG4Dc41fXSqPgf4nH6U="></latexit>

�(t, ~x) ! O(t)�(t, ~x)

n(t, ~x) ! O(t)n(t, ~x)OT (t)

H(t, ~x) ! O(t)H(t, ~x)OT (t) +
1

g
O(t)@tO

T (t)

<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)

Homogeneous term

drops out here

• Apply external ‘magnetic’ field         :

<latexit sha1_base64="DWqTm93dWahgu+2eIcG2SZ2cVbQ="></latexit>

@t�a � g(H�)a

<latexit sha1_base64="/hE+LEDRh+JXMMUt4bCB8qAnUN0="></latexit>

@tnab � g[H, n]ab

Covariant time-derivatives, 
in which        = zero-component

of external          gauge field

<latexit sha1_base64="AFlSXl49lADXoT5cvFOWQ8d+Sak=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZJWY7oruOmygn1AG8JkOmmHTiZhZlIooX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCVNGpbLtD6O0sbm1vVPereztHxwemccnXZlkApMOTlgi+iGShFFOOooqRvqpICgOGemF09vC782IkDTh92qeEj9GY04jipHSUmCawxipCUYsby2CHIWLwKzalmN71w0X2pZbd7xaXRPHdWsNDzqWvUQVrNEOzPfhKMFZTLjCDEk5cOxU+TkSimJGFpVhJkmK8BSNyUBTjmIi/XyZfAEvtDKCUSL04wou1e8bOYqlnMehnixyyt9eIf7lDTIVeX5OeZopwvHqUJQxqBJY1ABHVBCs2FwThAXVWSGeIIGw0mVVdAlfP4X/k25N12K5d1fVprOuowzOwDm4BA64AU3QAm3QARjMwAN4As9GbjwaL8brarRkrHdOwQ8Yb59tiJQp</latexit>

Hab
<latexit sha1_base64="qXJOfEf7cPYVvX5lvDpEBRrPf4A=">AAAB+nicdVDNS8MwHE3n15xfnR69BIcwL6XdZu1uAy/enOA2YSsjTdMtLP0gSZVR96d48aCIV/8Sb/43ptsEFX0Q8njv9yMvz0sYFdI0P7TCyura+kZxs7S1vbO7p5f3uyJOOSYdHLOY33hIEEYj0pFUMnKTcIJCj5GeNznP/d4t4YLG0bWcJsQN0SiiAcVIKmmolwdezHwxDdWVXVYbJ7OhXjENy3ROmzY0DbtuObW6IpZt15oOtAxzjgpYoj3U3wd+jNOQRBIzJETfMhPpZohLihmZlQapIAnCEzQifUUjFBLhZvPoM3isFB8GMVcnknCuft/IUCjydGoyRHIsfnu5+JfXT2XguBmNklSSCC8eClIGZQzzHqBPOcGSTRVBmFOVFeIx4ghL1VZJlfD1U/g/6dZULYZ91ai0rGUdRXAIjkAVWOAMtMAFaIMOwOAOPIAn8Kzda4/ai/a6GC1oy50D8APa2ydOiZQC</latexit>

O(4)

‘magnetization’

<latexit sha1_base64="TBQP/MKGWypOBhSaDwMio4r5RbA=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAiuQtJqTF0V3HRZwT6gDWEynbRDJ5MwMymUkD9x40IRt/6JO//G6UNQ0QMDh3Pu5Z45YcqoVLb9Yaytb2xubZd2yrt7+weH5tFxRyaZwKSNE5aIXogkYZSTtqKKkV4qCIpDRrrh5Hbud6dESJrwezVLiR+jEacRxUhpKTDNQYzUGCOWN4sgR2ERmBXbcmzvqu5C23JrjletaeK4brXuQceyF6iAFVqB+T4YJjiLCVeYISn7jp0qP0dCUcxIUR5kkqQIT9CI9DXlKCbSzxfJC3iulSGMEqEfV3Chft/IUSzlLA715Dyn/O3Nxb+8fqYiz88pTzNFOF4eijIGVQLnNcAhFQQrNtMEYUF1VojHSCCsdFllXcLXT+H/pFPVtVju3WWlcbOqowROwRm4AA64Bg3QBC3QBhhMwQN4As9GbjwaL8brcnTNWO2cgB8w3j4BcD2UMg==</latexit>

Hab

<latexit sha1_base64="2FqXFocwBc7z2K9cuvmL2wuZN/0="></latexit>

F ! F �
1

2

Z
ddxHabnab
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<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="FIaOBYffCqxsBWwDBJ6q3Zm1JBg=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwFM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEYMpUc</latexit>

� Hab

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="WYzmyr8x9ELqX8nopARmQKwkPPY=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/AwPZr5eMQ3LdM7rNjQNu2Y51Zoilm1X6w60DHOOClii5evv7iDGaUgiiRkSom+ZifQyxCXFjMxKbipIgvAEjUhf0QiFRHjZPPwMHitlAIcxVy+ScK5+38hQKMQ0DNRknlP89nLxL6+fyqHjZTRKUkkivDg0TBmUMcybgAPKCZZsqgjCnKqsEI8RR1iqvkqqhK+fwv9Jp6pqMeybs0rjallHERyCI3ACLHABGqAJWqANMJiCB/AEnrV77VF70V4XowVtuVMGP6C9fQIeSJUg</latexit>

� Hcd

<latexit sha1_base64="3sbhpWZmsfdtlfgiy4cKg5IfRoU=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgxpC0GlPcFN10WcE+oAlhMp22QycPZiZCCfVX3LhQxK0f4s6/cdJWUNEDA4dz7uWeOUHCqJCm+aEVVlbX1jeKm6Wt7Z3dPX3/oCPilGPSxjGLeS9AgjAakbakkpFewgkKA0a6weQ697t3hAsaR7dymhAvRKOIDilGUkm+Xj51L90QyTFGLGvO/CzAM1+vmIZlOud1G5qGXbOcak0Ry7ardQdahjlHBSzR8vV3dxDjNCSRxAwJ0bfMRHoZ4pJiRmYlNxUkQXiCRqSvaIRCIrxsHn4Gj5UygMOYqxdJOFe/b2QoFGIaBmoyzyl+e7n4l9dP5dDxMholqSQRXhwapgzKGOZNwAHlBEs2VQRhTlVWiMeIIyxVXyVVwtdP4f+kU1W1GPbNWaVxtayjCA7BETgBFrgADdAELdAGGEzBA3gCz9q99qi9aK+L0YK23CmDH9DePgEbPZUe</latexit>

� Hbc

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc
<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="KMSQrVxDALLkspqTAF6j+GTEquM="></latexit>

@t�a = ��0
�F

��a
+ ✓a +

g

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="jNbAS+f/nmpaL/aOT4ra8sRfv3U="></latexit>

@tnab = �~r2 �F

�nab
+ ~r · ~⇣ab + g {nab,�c}

�F

��c
+

g

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="M4ViiClFjFaUrVVtrH6LlV7zi+s=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANJTJdJKOncyEmYlQSv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE2WMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJSYtLJiQ3QgpwignLU01I91MEpRGjHSi0dXM79wTqajgt3qckTBFCacxxUgbqd2LaJIE/XLFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYIlmv/zeGwicp4RrzJBSgetkOpwgqSlmZFrq5YpkCI9QQgJDOUqJCifza6fwxCgDGAtpims4V79PTFCq1DiNTGeK9FD99mbiX16Q69gPJ5RnuSYcLxbFOYNawNnrcEAlwZqNDUFYUnMrxEMkEdYmoJIJ4etT+D9pV00stndzVmlcLuMogiNwDE6BCy5AA1yDJmgBDO7AA3gCz5awHq0X63XRWrCWM4fgB6y3T+qbj10=</latexit> <latexit sha1_base64="LtNtbSJXf5M9scwqRyFwM1/RJRQ=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZJWY+qq4MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbpw9BRQ9cOJxzL/feE6aMKu04H1ZhZXVtfaO4Wdra3tndK+8ftJXIJCYtLJiQ3RApwignLU01I91UEpSEjHTC8dXM79wTqajgt3qSkiBBMacRxUgbqd0PaRwHg3LFsV3HP6970LG9mutXa4a4nlet+9C1nTkqYInmoPzeHwqcJYRrzJBSPddJdZAjqSlmZFrqZ4qkCI9RTHqGcpQQFeTza6fwxChDGAlpims4V79P5ChRapKEpjNBeqR+ezPxL6+X6cgPcsrTTBOOF4uijEEt4Ox1OKSSYM0mhiAsqbkV4hGSCGsTUMmE8PUp/J+0qyYW27s5qzQul3EUwRE4BqfABRegAa5BE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ+2jj18=</latexit>�

• Equations of motion in Poisson-bracket formulation

• Equations of motion invariant under time-gauged         transformations
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n(t, ~x) ! O(t)n(t, ~x)OT (t)

H(t, ~x) ! O(t)H(t, ~x)OT (t) +
1

g
O(t)@tO

T (t)
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O(4)

Homogeneous term

drops out here

• Apply external ‘magnetic’ field         :
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@t�a � g(H�)a
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@tnab � g[H, n]ab

Covariant time-derivatives, 
in which        = zero-component

of external          gauge field
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‘magnetization’

• Goal: preserve during FRG flow (next)
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2. Functional renormalization group (FRG) flow 
for systems with reversible mode couplings
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�Sk =

Z

xx0
�(x)Rk(x, x

0)�(x0)

• Wilson: introduce infrared cutof to suppress fluctuations  p ≲ k



 

 

CRC -  TR 

Benasque Science CenterUniversal critical dynamics in QCDJohannes Roth

Idea of the functional renormalization group (FRG)

12

<latexit sha1_base64="dAQopv2H9CD4Uyz3/vuzT5Wp1NA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJREpLos6sJlpfYBTQiT6U07dPJgZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/yEM6ks69soLC2vrK4V10sbm1vbO+buXkvGqaDQpDGPRccnEjiLoKmY4tBJBJDQ59D2h9cTv/0AQrI4ulejBNyQ9CMWMEqUljzzoIEdFeMGPsXODXBFcMMbembZqlhT4EVi56SMctQ988vpxTQNIVKUEym7tpUoNyNCMcphXHJSCQmhQ9KHrqYRCUG62fT6MT7WSg8HsdAVKTxVf09kJJRyFPq6MyRqIOe9ifif101VcOlmLEpSBRGdLQpSjvW/kyhwjwmgio80IVQwfSumAyIIVTqwkg7Bnn95kbTOKna1Ur07L9eu8jiK6BAdoRNkowtUQ7eojpqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH9ank5E=</latexit>

S ! S +�Sk

<latexit sha1_base64="Z9dgYKaulK5kvfQXwQ67QWi5xJU=">AAACG3icbVBNS8NAEN3U7/pV9ehlsUhbkJKIqBehoAeP9aNWaErYbLft0s0m7E4kJfR/ePGvePGgiCfBg//Gbc1BrQ8GHu/NMDPPjwTXYNufVm5mdm5+YXEpv7yyurZe2Ni80WGsKGvQUITq1ieaCS5ZAzgIdhspRgJfsKY/OB37zTumNA/lNQwj1g5IT/IupwSM5BX23TMmgOArb4BPsMsleGmSlEbYjfq8nFTwpTcoJ3tJqZIppYpXKNpVewI8TZyMFFGGuld4dzshjQMmgQqidcuxI2inRAGngo3ybqxZROiA9FjLUEkCptvp5LcR3jVKB3dDZUoCnqg/J1ISaD0MfNMZEOjrv95Y/M9rxdA9bqdcRjEwSb8XdWOBIcTjoHCHK0ZBDA0hVHFzK6Z9oggFE2fehOD8fXma3OxXncPq4cVBsXacxbGIttEOKiMHHaEaOkd11EAU3aNH9IxerAfryXq13r5bc1Y2s4V+wfr4AsYdnrg=</latexit>

�Sk =

Z

xx0
�(x)Rk(x, x

0)�(x0)

• Wilson: introduce infrared cutof to suppress fluctuations  p ≲ k

• Exact flow equation: integrate out fluctuations

‘momentum shell by momentum shell’

Diagrammatically, the flow equation has the form of a 1-loop integral,

∂kΓk =
i

2
tr

"
∂kRk ◦

)
Rk + Γ

(2)
k

*−1
#

= − i

2
, (2.22)

where we used the color-coding conventions of Ref. [11] which we explain in more detail be-

low. Eq. (2.22) can be used to derive the flow equations for higher order n-point functions by

functional differentiation [13].

The starting point for our flow (2.19) is given by choosing the initial scale k = Λ very large where

all quantum and thermal fluctuations are effectively suppressed, and the effective average action

ΓΛ = S equals the bare action (which can be shown via a saddle-point approximation [7, 11]).

One then chooses a finite subset of couplings as a truncation for the full effective average action

and allows these couplings to acquire thermal and quantum fluctuations momentum shell by

momentum shell when solving (2.19).

2.1 Relativistic Z2 Theory

We consider the following microscopically defined bare action S, describing a dissipative one-

component (N = 1) self-interacting real scalar field theory in d spatial dimensions on the closed

time path, which reads
2

S[φ] =
1

2

!
dDp

(2π)D
φT (−ω,−p)

'
0 ω2 − p2 − iγω −m2

ω2 − p2 + iγω −m2 2iγω F (ω)

(
φ(ω,p)

−
!

dDx

+
λ

12
φc(x)φc(x)φc(x)φq(x) +

λ

12
φc(x)φq(x)φq(x)φq(x)

,
, (2.23)

with the quartic coupling constant λ, and the negative squared mass m2 < 0 to spontaneously

break the Z2 symmetry. The latter determines its static universality class to be the one of

the d-dimensional Ising model. The finite damping γ > 0 models a dissipative coupling to an

external heat bath in thermal equilibrium at temperature T . We define the statistical function

F (ω) = coth (ωβ/2) = 1+2nB(ω) with the Bose-Einstein distribution nB(ω) = 1/(eβω − 1) and

the inverse temperature β = 1/T . The lower right ‘Keldysh’ component of the correlation matrix

in (2.23) is set by the Fluctuation-Dissipation-relation (FDR), which follows from the Kubo-

Martin-Schwinger (KMS) condition [40, 41], and relates the 2-point functions and propagators

according to

GK
k (ω,p) = F (ω)

%
GR

k (ω,p)−GA
k (ω,p)

&
, and (2.24)

Γqq
k (ω,p) = F (ω)

%
Γqc
k (ω,p)− Γcq

k (ω,p)
&
, (2.25)

remaining valid at all FRG scales k, if the regulator is chosen appropriately, see Eq. (3.49) in

the following section. Similar relations for higher n-point functions are given in Ref. [42]. We

2We use the combined notation φ = (φc,φq)T .

16

C. Wetterich, Phys. Lett. B 301 (1993) 90-94

1PI effective action ‘bare’ action
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�Sk =

Z

xx0
�(x)Rk(x, x

0)�(x0)

• Wilson: introduce infrared cutof to suppress fluctuations  p ≲ k

• Exact flow equation: integrate out fluctuations

‘momentum shell by momentum shell’

Diagrammatically, the flow equation has the form of a 1-loop integral,

∂kΓk =
i

2
tr

"
∂kRk ◦

)
Rk + Γ

(2)
k

*−1
#

= − i

2
, (2.22)

where we used the color-coding conventions of Ref. [11] which we explain in more detail be-

low. Eq. (2.22) can be used to derive the flow equations for higher order n-point functions by

functional differentiation [13].

The starting point for our flow (2.19) is given by choosing the initial scale k = Λ very large where

all quantum and thermal fluctuations are effectively suppressed, and the effective average action

ΓΛ = S equals the bare action (which can be shown via a saddle-point approximation [7, 11]).

One then chooses a finite subset of couplings as a truncation for the full effective average action

and allows these couplings to acquire thermal and quantum fluctuations momentum shell by

momentum shell when solving (2.19).

2.1 Relativistic Z2 Theory

We consider the following microscopically defined bare action S, describing a dissipative one-

component (N = 1) self-interacting real scalar field theory in d spatial dimensions on the closed

time path, which reads
2

S[φ] =
1

2

!
dDp

(2π)D
φT (−ω,−p)

'
0 ω2 − p2 − iγω −m2

ω2 − p2 + iγω −m2 2iγω F (ω)

(
φ(ω,p)

−
!

dDx

+
λ

12
φc(x)φc(x)φc(x)φq(x) +

λ

12
φc(x)φq(x)φq(x)φq(x)

,
, (2.23)

with the quartic coupling constant λ, and the negative squared mass m2 < 0 to spontaneously

break the Z2 symmetry. The latter determines its static universality class to be the one of

the d-dimensional Ising model. The finite damping γ > 0 models a dissipative coupling to an

external heat bath in thermal equilibrium at temperature T . We define the statistical function

F (ω) = coth (ωβ/2) = 1+2nB(ω) with the Bose-Einstein distribution nB(ω) = 1/(eβω − 1) and

the inverse temperature β = 1/T . The lower right ‘Keldysh’ component of the correlation matrix

in (2.23) is set by the Fluctuation-Dissipation-relation (FDR), which follows from the Kubo-

Martin-Schwinger (KMS) condition [40, 41], and relates the 2-point functions and propagators

according to

GK
k (ω,p) = F (ω)

%
GR

k (ω,p)−GA
k (ω,p)

&
, and (2.24)

Γqq
k (ω,p) = F (ω)

%
Γqc
k (ω,p)− Γcq

k (ω,p)
&
, (2.25)

remaining valid at all FRG scales k, if the regulator is chosen appropriately, see Eq. (3.49) in

the following section. Similar relations for higher n-point functions are given in Ref. [42]. We

2We use the combined notation φ = (φc,φq)T .

16

C. Wetterich, Phys. Lett. B 301 (1993) 90-94

1PI effective action ‘bare’ action

• Quantitative results for (e.g.) critical exponents & amplitude ratios
Balog et al., PRL 123, 240604 (2019), Dupuis et al., Phys. Rept. 910 (2021) 1-114



 

 

CRC -  TR 

Benasque Science CenterUniversal critical dynamics in QCDJohannes Roth

Idea of the functional renormalization group (FRG)

12

<latexit sha1_base64="dAQopv2H9CD4Uyz3/vuzT5Wp1NA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCIJREpLos6sJlpfYBTQiT6U07dPJgZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/yEM6ks69soLC2vrK4V10sbm1vbO+buXkvGqaDQpDGPRccnEjiLoKmY4tBJBJDQ59D2h9cTv/0AQrI4ulejBNyQ9CMWMEqUljzzoIEdFeMGPsXODXBFcMMbembZqlhT4EVi56SMctQ988vpxTQNIVKUEym7tpUoNyNCMcphXHJSCQmhQ9KHrqYRCUG62fT6MT7WSg8HsdAVKTxVf09kJJRyFPq6MyRqIOe9ifif101VcOlmLEpSBRGdLQpSjvW/kyhwjwmgio80IVQwfSumAyIIVTqwkg7Bnn95kbTOKna1Ur07L9eu8jiK6BAdoRNkowtUQ7eojpqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH9ank5E=</latexit>

S ! S +�Sk

<latexit sha1_base64="Z9dgYKaulK5kvfQXwQ67QWi5xJU=">AAACG3icbVBNS8NAEN3U7/pV9ehlsUhbkJKIqBehoAeP9aNWaErYbLft0s0m7E4kJfR/ePGvePGgiCfBg//Gbc1BrQ8GHu/NMDPPjwTXYNufVm5mdm5+YXEpv7yyurZe2Ni80WGsKGvQUITq1ieaCS5ZAzgIdhspRgJfsKY/OB37zTumNA/lNQwj1g5IT/IupwSM5BX23TMmgOArb4BPsMsleGmSlEbYjfq8nFTwpTcoJ3tJqZIppYpXKNpVewI8TZyMFFGGuld4dzshjQMmgQqidcuxI2inRAGngo3ybqxZROiA9FjLUEkCptvp5LcR3jVKB3dDZUoCnqg/J1ISaD0MfNMZEOjrv95Y/M9rxdA9bqdcRjEwSb8XdWOBIcTjoHCHK0ZBDA0hVHFzK6Z9oggFE2fehOD8fXma3OxXncPq4cVBsXacxbGIttEOKiMHHaEaOkd11EAU3aNH9IxerAfryXq13r5bc1Y2s4V+wfr4AsYdnrg=</latexit>

�Sk =

Z

xx0
�(x)Rk(x, x

0)�(x0)

• Wilson: introduce infrared cutof to suppress fluctuations  p ≲ k

• Scale invariance at critical point ⤳ fixed point of FRG flow

• Exact flow equation: integrate out fluctuations

‘momentum shell by momentum shell’

Diagrammatically, the flow equation has the form of a 1-loop integral,

∂kΓk =
i

2
tr

"
∂kRk ◦

)
Rk + Γ

(2)
k

*−1
#

= − i

2
, (2.22)

where we used the color-coding conventions of Ref. [11] which we explain in more detail be-

low. Eq. (2.22) can be used to derive the flow equations for higher order n-point functions by

functional differentiation [13].

The starting point for our flow (2.19) is given by choosing the initial scale k = Λ very large where

all quantum and thermal fluctuations are effectively suppressed, and the effective average action

ΓΛ = S equals the bare action (which can be shown via a saddle-point approximation [7, 11]).

One then chooses a finite subset of couplings as a truncation for the full effective average action

and allows these couplings to acquire thermal and quantum fluctuations momentum shell by

momentum shell when solving (2.19).

2.1 Relativistic Z2 Theory

We consider the following microscopically defined bare action S, describing a dissipative one-

component (N = 1) self-interacting real scalar field theory in d spatial dimensions on the closed

time path, which reads
2

S[φ] =
1

2

!
dDp

(2π)D
φT (−ω,−p)

'
0 ω2 − p2 − iγω −m2

ω2 − p2 + iγω −m2 2iγω F (ω)

(
φ(ω,p)

−
!

dDx

+
λ

12
φc(x)φc(x)φc(x)φq(x) +

λ

12
φc(x)φq(x)φq(x)φq(x)

,
, (2.23)

with the quartic coupling constant λ, and the negative squared mass m2 < 0 to spontaneously

break the Z2 symmetry. The latter determines its static universality class to be the one of

the d-dimensional Ising model. The finite damping γ > 0 models a dissipative coupling to an

external heat bath in thermal equilibrium at temperature T . We define the statistical function

F (ω) = coth (ωβ/2) = 1+2nB(ω) with the Bose-Einstein distribution nB(ω) = 1/(eβω − 1) and

the inverse temperature β = 1/T . The lower right ‘Keldysh’ component of the correlation matrix

in (2.23) is set by the Fluctuation-Dissipation-relation (FDR), which follows from the Kubo-

Martin-Schwinger (KMS) condition [40, 41], and relates the 2-point functions and propagators

according to

GK
k (ω,p) = F (ω)

%
GR

k (ω,p)−GA
k (ω,p)

&
, and (2.24)

Γqq
k (ω,p) = F (ω)

%
Γqc
k (ω,p)− Γcq

k (ω,p)
&
, (2.25)

remaining valid at all FRG scales k, if the regulator is chosen appropriately, see Eq. (3.49) in

the following section. Similar relations for higher n-point functions are given in Ref. [42]. We

2We use the combined notation φ = (φc,φq)T .
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C. Wetterich, Phys. Lett. B 301 (1993) 90-94

1PI effective action ‘bare’ action

• Quantitative results for (e.g.) critical exponents & amplitude ratios
Balog et al., PRL 123, 240604 (2019), Dupuis et al., Phys. Rept. 910 (2021) 1-114
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�
<latexit sha1_base64="eg4zKFaKtZx2znLNFK3JJ8wiE6g="></latexit>

introduce sources J for  ̃ and J̃ for  

<latexit sha1_base64="NizZeVzG4dK48/aZihfGazvYXdc=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0UQhJKIVHFVcCNdVWofkIQymUzaoZNJmJkIJfQ33Pgrblwo4lJX/o2TNgttPTBw7jn3MvceP2FUKsv6Nkorq2vrG+XNytb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/vsn93gMRksb8Xk0S4kVoyGlIMVJaGphWG7oqhm14Bl3KFXR0SVlAsubUTSTVcrMQ8nIKvYFZtWrWDHCZ2AWpggKtgfnpBjFOI8IVZkhKx7YS5WVIKIoZmVbcVJIE4TEaEkdTjiIivWx22RSeaCWAYSz009vN1N8TGYqknES+7oyQGslFLxf/85xUhVdeRnmSKsLx/KMwZVBnkccEAyoIVmyiCcKC6l0hHiGBsNJhVnQI9uLJy6R7XrPrtfrdRbVxXcRRBkfgGJwCG1yCBrgFLdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/QDKnZ74</latexit>

S ! S +

Z
[J̃ + J ̃]

• Problem: preserve temporal gauge symmetry during FRG flow
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• for every classical field    : introduce ‘response’ field
<latexit sha1_base64="O6yuUe3QsKjyNik/k4GVKUMMdLM=">AAACJXicbVDLSgMxFM34rPU16tJNsAgupMyIVBcKRV24rGgf2Kklk962oZkHSUYow/yMG3/FjQuLCK78FTPtLGzrgcDJufdw7z1uyJlUlvVtLCwuLa+s5tby6xubW9vmzm5NBpGgUKUBD0TDJRI486GqmOLQCAUQz+VQdwfXab3+DEKywH9QwxBaHun5rMsoUVpqmxeP+BI7zFfY8YjqU8Ljm8QJJZv6K8Y7EKdy4hzDU8zuE22z22bBKlpj4HliZ6SAMlTa5sjpBDTywFeUEymbthWqVkyEYpRDknciCSGhA9KDpqY+8UC24vGVCT7USgd3A6Gf3nes/nXExJNy6Lm6M11dztZS8b9aM1Ld81bM/DBS4NPJoG7EsQpwGhnuMAFU8aEmhAqmd8W0TwShSgeb1yHYsyfPk9pJ0S4VS3enhfJVFkcO7aMDdIRsdIbK6BZVUBVR9ILe0AcaGa/Gu/FpfE1aF4zMs4emYPz8AimgpRM=</latexit>

Z =

Z
D D ̃ eiS = 1

<latexit sha1_base64="G/rBiy5U7Too/hqY8ZM3lMohFEg=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVPFU8OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPpg4PHeDDPzwkRwYz3vC5XW1jc2t8rblZ3dvf2D6uFRx8SppqxNYxHrXkgME1yxtuVWsF6iGZGhYN1wepv73UemDY/Vg50lLJBkrHjEKbG5NEgMH1ZrXt1bAP8lfkFqUKA1rH4ORjFNJVOWCmJM3/cSG2REW04Fm1cGqWEJoVMyZn1HFZHMBNni1jk+c8oIR7F2pSxeqD8nMiKNmcnQdUpiJ2bVy8X/vH5qo+sg4ypJLVN0uShKBbYxzh/HI64ZtWLmCKGau1sxnRBNqHXxVFwI/urLf0nnou436o37y1rzpoijDCdwCufgwxU04Q5a0AYKE3iCF3hFEj2jN/S+bC2hYuYYfgF9fAMlaY5N</latexit>

 
<latexit sha1_base64="iqyKtrDg77kHY8S+SaiCBTugohg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiVTwVvHisYD+gCWWz2bZLN5tldyKU0L/hxYMiXv0z3vw3btsctPpg4PHeDDPzIiW4Qc/7ckpr6xubW+Xtys7u3v5B9fCoY9JMU9amqUh1LyKGCS5ZGzkK1lOakSQSrBtNbud+95Fpw1P5gFPFwoSMJB9yStBKQYBcxCwPlOGzQbXm1b0F3L/EL0gNCrQG1c8gTmmWMIlUEGP6vqcwzIlGTgWbVYLMMEXohIxY31JJEmbCfHHzzD2zSuwOU21LortQf07kJDFmmkS2MyE4NqveXPzP62c4vA5zLlWGTNLlomEmXEzdeQBuzDWjKKaWEKq5vdWlY6IJRRtTxYbgr778l3Qu6n6j3ri/rDVvijjKcAKncA4+XEET7qAFbaCg4Ale4NXJnGfnzXlftpacYuYYfsH5+AaMmZID</latexit>

 ̃
<latexit sha1_base64="UlWRfWkvHVex777y1YeLaGaCqgY="></latexit>

S =

Z ⇥
�  ̃

⇣
@t + (� � g{ , })�F

� 

⌘
+ i�T  ̃2

⇤
(schematically)

<latexit sha1_base64="ysS/QVsI8xnC05+NaeQyyETy0sQ=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBjSURqS6LQhFXFewDmlAm00k7dDIJMxOhhIK/4saFIm79Dnf+jdM2C209MHA4517m3BMknCntON/W0vLK6tp6YaO4ubW9s2vv7TdVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQxvJn7rkUrFYvGgRwn1I9wXLGQEayN17cMa8nSMaugMeUxodIe8RLGuXXLKzhRokbg5KUGOetf+8noxSSMqNOFYqY7rJNrPsNSMcDoueqmiCSZD3KcdQwWOqPKzafwxOjFKD4WxNM9EmKq/NzIcKTWKAjMZYT1Q895E/M/rpDq88jMmklRTQWYfhSlH5uBJF6jHJCWajwzBRDKTFZEBlpho01jRlODOn7xImudlt1Ku3F+Uqtd5HQU4gmM4BRcuoQq3UIcGEMjgGV7hzXqyXqx362M2umTlOwfwB9bnD13vk9k=</latexit>

F ! F �
Z

J one step earlier:

instead of:

• Path-integral formulation: Martin-Siggia-Rose (MSR) technique

• Effective MSR action    :
<latexit sha1_base64="nIagtetzeuSpLepKreWzB76zeaU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKJ4CHvQYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWjm6nfeqLaMCUf7DihocADyWJGsHVSs3uLhcC9Utmv+DOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNKUK1U7y/Ktes8jgIcwwmcQQCXUIM7qEMDCDzCM7zCm6e8F+/d+5i3rnj5zBH8gff5A1cVjvg=</latexit>

�
<latexit sha1_base64="eg4zKFaKtZx2znLNFK3JJ8wiE6g="></latexit>

introduce sources J for  ̃ and J̃ for  

<latexit sha1_base64="NizZeVzG4dK48/aZihfGazvYXdc=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0UQhJKIVHFVcCNdVWofkIQymUzaoZNJmJkIJfQ33Pgrblwo4lJX/o2TNgttPTBw7jn3MvceP2FUKsv6Nkorq2vrG+XNytb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/vsn93gMRksb8Xk0S4kVoyGlIMVJaGphWG7oqhm14Bl3KFXR0SVlAsubUTSTVcrMQ8nIKvYFZtWrWDHCZ2AWpggKtgfnpBjFOI8IVZkhKx7YS5WVIKIoZmVbcVJIE4TEaEkdTjiIivWx22RSeaCWAYSz009vN1N8TGYqknES+7oyQGslFLxf/85xUhVdeRnmSKsLx/KMwZVBnkccEAyoIVmyiCcKC6l0hHiGBsNJhVnQI9uLJy6R7XrPrtfrdRbVxXcRRBkfgGJwCG1yCBrgFLdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/QDKnZ74</latexit>

S ! S +

Z
[J̃ + J ̃] vs.

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>=)

<latexit sha1_base64="kZ6bB3CFdn3ksqz/KDMnPGLan2E="></latexit>

S ! S +

Z ⇥
J̃ + J(� + g{ , }) ̃

⇤

⤳ physical sources      couple to ‘composite’ response fields
<latexit sha1_base64="E3bC+sfHwnXH6HIocyuNbkbzv54=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ2b6mLoruBFXLdgHtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh7W2vrG5tZ3bye/u7R8cFo6O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NPpWKxuNXThPoRHgkWMoK1kZo3g0IR2ejS85AHke16tVLJNaTsVstuBTo2WqAIVmgMCu/9YUzSiApNOFaq56BE+xmWmhFOZ/l+qmiCyQSPaM9QgSOq/Gxx6AyeG2UIw1iaEhou1O8TGY6UmkaB6YywHqvf3lz8y+ulOqz5GRNJqqkgy0VhyqGO4fxrOGSSEs2nhmAimbkVkjGWmGiTTd6E8PUp/J+0Xdup2tVmuVivrOLIgVNwBi6AAzxQB9egAVqAAAoewBN4tu6sR+vFel22rlmrmRPwA9bbJxFejRo=</latexit>

J
<latexit sha1_base64="aYC2eDsrLVA+fiBin5OEfGlDiWk=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFabpI3VXcOOygn1AE8pkMmmHTiZhZiKU0N9w40IRt/6MO//G6UNQ0QMXDufcy733BClnSiP0YRU2Nre2d4q7pb39g8Oj8vFJTyWZJLRLEp7IQYAV5UzQrmaa00EqKY4DTvvB9Hrh9++pVCwRd3qWUj/GY8EiRrA2kudpxkOaex3F5qNyBdnoynWRC5HtuK1azTGk7jTrTgNWbbREBazRGZXfvTAhWUyFJhwrNayiVPs5lpoRTuclL1M0xWSKx3RoqMAxVX6+vHkOL4wSwiiRpoSGS/X7RI5jpWZxYDpjrCfqt7cQ//KGmY5afs5EmmkqyGpRlHGoE7gIAIZMUqL5zBBMJDO3QjLBEhNtYiqZEL4+hf+TnmNXm3bztl5pN9ZxFMEZOAeXoApc0AY3oAO6gIAUPIAn8Gxl1qP1Yr2uWgvWeuYU/ID19gnLXZIs</latexit>

 ̃

<latexit sha1_base64="U4Ykji1EwZwFlYZanDIpTD49e6M="></latexit>| {z }

• Problem: preserve temporal gauge symmetry during FRG flow
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✓ Problem solved: temporal gauge symmetry becomes extended 
symmetry of effective MSR action

Floerchinger, Grossi, PRD 105 (2022) 8, 085015
see also Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101

<latexit sha1_base64="nIagtetzeuSpLepKreWzB76zeaU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKJ4CHvQYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWjm6nfeqLaMCUf7DihocADyWJGsHVSs3uLhcC9Utmv+DOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNKUK1U7y/Ktes8jgIcwwmcQQCXUIM7qEMDCDzCM7zCm6e8F+/d+5i3rnj5zBH8gff5A1cVjvg=</latexit>

�

• for every classical field    : introduce ‘response’ field
<latexit sha1_base64="O6yuUe3QsKjyNik/k4GVKUMMdLM=">AAACJXicbVDLSgMxFM34rPU16tJNsAgupMyIVBcKRV24rGgf2Kklk962oZkHSUYow/yMG3/FjQuLCK78FTPtLGzrgcDJufdw7z1uyJlUlvVtLCwuLa+s5tby6xubW9vmzm5NBpGgUKUBD0TDJRI486GqmOLQCAUQz+VQdwfXab3+DEKywH9QwxBaHun5rMsoUVpqmxeP+BI7zFfY8YjqU8Ljm8QJJZv6K8Y7EKdy4hzDU8zuE22z22bBKlpj4HliZ6SAMlTa5sjpBDTywFeUEymbthWqVkyEYpRDknciCSGhA9KDpqY+8UC24vGVCT7USgd3A6Gf3nes/nXExJNy6Lm6M11dztZS8b9aM1Ld81bM/DBS4NPJoG7EsQpwGhnuMAFU8aEmhAqmd8W0TwShSgeb1yHYsyfPk9pJ0S4VS3enhfJVFkcO7aMDdIRsdIbK6BZVUBVR9ILe0AcaGa/Gu/FpfE1aF4zMs4emYPz8AimgpRM=</latexit>

Z =

Z
D D ̃ eiS = 1

<latexit sha1_base64="G/rBiy5U7Too/hqY8ZM3lMohFEg=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVPFU8OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPpg4PHeDDPzwkRwYz3vC5XW1jc2t8rblZ3dvf2D6uFRx8SppqxNYxHrXkgME1yxtuVWsF6iGZGhYN1wepv73UemDY/Vg50lLJBkrHjEKbG5NEgMH1ZrXt1bAP8lfkFqUKA1rH4ORjFNJVOWCmJM3/cSG2REW04Fm1cGqWEJoVMyZn1HFZHMBNni1jk+c8oIR7F2pSxeqD8nMiKNmcnQdUpiJ2bVy8X/vH5qo+sg4ypJLVN0uShKBbYxzh/HI64ZtWLmCKGau1sxnRBNqHXxVFwI/urLf0nnou436o37y1rzpoijDCdwCufgwxU04Q5a0AYKE3iCF3hFEj2jN/S+bC2hYuYYfgF9fAMlaY5N</latexit>

 
<latexit sha1_base64="iqyKtrDg77kHY8S+SaiCBTugohg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiVTwVvHisYD+gCWWz2bZLN5tldyKU0L/hxYMiXv0z3vw3btsctPpg4PHeDDPzIiW4Qc/7ckpr6xubW+Xtys7u3v5B9fCoY9JMU9amqUh1LyKGCS5ZGzkK1lOakSQSrBtNbud+95Fpw1P5gFPFwoSMJB9yStBKQYBcxCwPlOGzQbXm1b0F3L/EL0gNCrQG1c8gTmmWMIlUEGP6vqcwzIlGTgWbVYLMMEXohIxY31JJEmbCfHHzzD2zSuwOU21LortQf07kJDFmmkS2MyE4NqveXPzP62c4vA5zLlWGTNLlomEmXEzdeQBuzDWjKKaWEKq5vdWlY6IJRRtTxYbgr778l3Qu6n6j3ri/rDVvijjKcAKncA4+XEET7qAFbaCg4Ale4NXJnGfnzXlftpacYuYYfsH5+AaMmZID</latexit>

 ̃
<latexit sha1_base64="UlWRfWkvHVex777y1YeLaGaCqgY="></latexit>

S =

Z ⇥
�  ̃

⇣
@t + (� � g{ , })�F

� 

⌘
+ i�T  ̃2

⇤
(schematically)

<latexit sha1_base64="ysS/QVsI8xnC05+NaeQyyETy0sQ=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBjSURqS6LQhFXFewDmlAm00k7dDIJMxOhhIK/4saFIm79Dnf+jdM2C209MHA4517m3BMknCntON/W0vLK6tp6YaO4ubW9s2vv7TdVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQxvJn7rkUrFYvGgRwn1I9wXLGQEayN17cMa8nSMaugMeUxodIe8RLGuXXLKzhRokbg5KUGOetf+8noxSSMqNOFYqY7rJNrPsNSMcDoueqmiCSZD3KcdQwWOqPKzafwxOjFKD4WxNM9EmKq/NzIcKTWKAjMZYT1Q895E/M/rpDq88jMmklRTQWYfhSlH5uBJF6jHJCWajwzBRDKTFZEBlpho01jRlODOn7xImudlt1Ku3F+Uqtd5HQU4gmM4BRcuoQq3UIcGEMjgGV7hzXqyXqx362M2umTlOwfwB9bnD13vk9k=</latexit>

F ! F �
Z

J one step earlier:

instead of:

• Path-integral formulation: Martin-Siggia-Rose (MSR) technique

• Effective MSR action    :
<latexit sha1_base64="nIagtetzeuSpLepKreWzB76zeaU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKJ4CHvQYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWjm6nfeqLaMCUf7DihocADyWJGsHVSs3uLhcC9Utmv+DOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNKUK1U7y/Ktes8jgIcwwmcQQCXUIM7qEMDCDzCM7zCm6e8F+/d+5i3rnj5zBH8gff5A1cVjvg=</latexit>

�
<latexit sha1_base64="eg4zKFaKtZx2znLNFK3JJ8wiE6g="></latexit>

introduce sources J for  ̃ and J̃ for  

<latexit sha1_base64="NizZeVzG4dK48/aZihfGazvYXdc=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0UQhJKIVHFVcCNdVWofkIQymUzaoZNJmJkIJfQ33Pgrblwo4lJX/o2TNgttPTBw7jn3MvceP2FUKsv6Nkorq2vrG+XNytb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/vsn93gMRksb8Xk0S4kVoyGlIMVJaGphWG7oqhm14Bl3KFXR0SVlAsubUTSTVcrMQ8nIKvYFZtWrWDHCZ2AWpggKtgfnpBjFOI8IVZkhKx7YS5WVIKIoZmVbcVJIE4TEaEkdTjiIivWx22RSeaCWAYSz009vN1N8TGYqknES+7oyQGslFLxf/85xUhVdeRnmSKsLx/KMwZVBnkccEAyoIVmyiCcKC6l0hHiGBsNJhVnQI9uLJy6R7XrPrtfrdRbVxXcRRBkfgGJwCG1yCBrgFLdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/QDKnZ74</latexit>

S ! S +

Z
[J̃ + J ̃] vs.

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>=)

<latexit sha1_base64="kZ6bB3CFdn3ksqz/KDMnPGLan2E="></latexit>

S ! S +

Z ⇥
J̃ + J(� + g{ , }) ̃

⇤

⤳ physical sources      couple to ‘composite’ response fields
<latexit sha1_base64="E3bC+sfHwnXH6HIocyuNbkbzv54=">AAAB6HicdVDLSgMxFM34rPVVdekmWARXQ2b6mLoruBFXLdgHtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh7W2vrG5tZ3bye/u7R8cFo6O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NPpWKxuNXThPoRHgkWMoK1kZo3g0IR2ejS85AHke16tVLJNaTsVstuBTo2WqAIVmgMCu/9YUzSiApNOFaq56BE+xmWmhFOZ/l+qmiCyQSPaM9QgSOq/Gxx6AyeG2UIw1iaEhou1O8TGY6UmkaB6YywHqvf3lz8y+ulOqz5GRNJqqkgy0VhyqGO4fxrOGSSEs2nhmAimbkVkjGWmGiTTd6E8PUp/J+0Xdup2tVmuVivrOLIgVNwBi6AAzxQB9egAVqAAAoewBN4tu6sR+vFel22rlmrmRPwA9bbJxFejRo=</latexit>

J
<latexit sha1_base64="aYC2eDsrLVA+fiBin5OEfGlDiWk=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFabpI3VXcOOygn1AE8pkMmmHTiZhZiKU0N9w40IRt/6MO//G6UNQ0QMXDufcy733BClnSiP0YRU2Nre2d4q7pb39g8Oj8vFJTyWZJLRLEp7IQYAV5UzQrmaa00EqKY4DTvvB9Hrh9++pVCwRd3qWUj/GY8EiRrA2kudpxkOaex3F5qNyBdnoynWRC5HtuK1azTGk7jTrTgNWbbREBazRGZXfvTAhWUyFJhwrNayiVPs5lpoRTuclL1M0xWSKx3RoqMAxVX6+vHkOL4wSwiiRpoSGS/X7RI5jpWZxYDpjrCfqt7cQ//KGmY5afs5EmmkqyGpRlHGoE7gIAIZMUqL5zBBMJDO3QjLBEhNtYiqZEL4+hf+TnmNXm3bztl5pN9ZxFMEZOAeXoApc0AY3oAO6gIAUPIAn8Gxl1qP1Yr2uWgvWeuYU/ID19gnLXZIs</latexit>

 ̃

<latexit sha1_base64="U4Ykji1EwZwFlYZanDIpTD49e6M="></latexit>| {z }

• Problem: preserve temporal gauge symmetry during FRG flow
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• Similarly, add regulators also on level of LGW free energy:

14

<latexit sha1_base64="IZCiHh5ihn0ybL7u0vCfgzamPd0=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxCQShJkaq7glBcVrEXaEKYTCft0MkkzEyEEvIKbnwVNy4UcevOnW/jNM1CW38Y+PjPOcw5vx8zKpVlfRsrq2vrG5ulrfL2zu7evnlw2JVRIjDp4IhFou8jSRjlpKOoYqQfC4JCn5GeP7me1XsPREga8Xs1jYkbohGnAcVIacszqy3oqAi24Bl0AoFwamdpPYMO5Qo6saTwzpvk4JkVq2blgstgF1ABhdqe+eUMI5yEhCvMkJQD24qVmyKhKGYkKzuJJDHCEzQiA40chUS6aX5RBk+1M4RBJPTTm+Tu74kUhVJOQ193hkiN5WJtZv5XGyQquHRTyuNEEY7nHwUJgzqDWTxwSAXBik01ICyo3hXiMdLBKB1iWYdgL568DN16zW7UGrfnleZVEUcJHIMTUAU2uABNcAPaoAMweATP4BW8GU/Gi/FufMxbV4xi5gj8kfH5A3v4m5E=</latexit>

F ! F +
1

2

Z
 Rk 

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)
<latexit sha1_base64="Zc1piHI9anzhGU1NnEX+WmSWn5A=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSCyWpUIGtEgtjofQiNVHkOE5r1XEi20GqojwGC6/CwgBCrN14G9w2A7T8kqVf/zlHPufzE0alsqxvY2V1bX1js7RV3t7Z3ds3Dw47Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHt9N694kISWP+qMYJcSM04DSkGCkdeeZFCzoqhi14Dp1QIJzZeVbLHcqVzikLSOY0Jc3hgzeCTiKpZ1asqjUTXDZ2YSqgUNMzJ04Q4zQiXGGGpOzbVqLcDAlFMSN52UklSRAeoQHpa8tRRKSbzQ7L4alOAhjGQj+90Sz9PZGhSMpx5OvOCKmhXKxNw/9q/VSF125GeZIqwvH8ozBlUKOYUoIBFQQrNtYGYUH1rhAPkeajNMuyhmAvnrxsOrWqXa/W7y8rjZsCRwkcgxNwBmxwBRrgDjRBG2DwDF7BO/gwXow349P4mreuGMXMEfgjY/ID53CfGQ==</latexit>

S ! S � 1

2

Z
 ̃Rk 
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• Similarly, add regulators also on level of LGW free energy:

14

<latexit sha1_base64="IZCiHh5ihn0ybL7u0vCfgzamPd0=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxCQShJkaq7glBcVrEXaEKYTCft0MkkzEyEEvIKbnwVNy4UcevOnW/jNM1CW38Y+PjPOcw5vx8zKpVlfRsrq2vrG5ulrfL2zu7evnlw2JVRIjDp4IhFou8jSRjlpKOoYqQfC4JCn5GeP7me1XsPREga8Xs1jYkbohGnAcVIacszqy3oqAi24Bl0AoFwamdpPYMO5Qo6saTwzpvk4JkVq2blgstgF1ABhdqe+eUMI5yEhCvMkJQD24qVmyKhKGYkKzuJJDHCEzQiA40chUS6aX5RBk+1M4RBJPTTm+Tu74kUhVJOQ193hkiN5WJtZv5XGyQquHRTyuNEEY7nHwUJgzqDWTxwSAXBik01ICyo3hXiMdLBKB1iWYdgL568DN16zW7UGrfnleZVEUcJHIMTUAU2uABNcAPaoAMweATP4BW8GU/Gi/FufMxbV4xi5gj8kfH5A3v4m5E=</latexit>

F ! F +
1

2

Z
 Rk 

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)
<latexit sha1_base64="Zc1piHI9anzhGU1NnEX+WmSWn5A=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSCyWpUIGtEgtjofQiNVHkOE5r1XEi20GqojwGC6/CwgBCrN14G9w2A7T8kqVf/zlHPufzE0alsqxvY2V1bX1js7RV3t7Z3ds3Dw47Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHt9N694kISWP+qMYJcSM04DSkGCkdeeZFCzoqhi14Dp1QIJzZeVbLHcqVzikLSOY0Jc3hgzeCTiKpZ1asqjUTXDZ2YSqgUNMzJ04Q4zQiXGGGpOzbVqLcDAlFMSN52UklSRAeoQHpa8tRRKSbzQ7L4alOAhjGQj+90Sz9PZGhSMpx5OvOCKmhXKxNw/9q/VSF125GeZIqwvH8ozBlUKOYUoIBFQQrNtYGYUH1rhAPkeajNMuyhmAvnrxsOrWqXa/W7y8rjZsCRwkcgxNwBmxwBRrgDjRBG2DwDF7BO/gwXow349P4mreuGMXMEfgjY/ID53CfGQ==</latexit>

S ! S � 1

2

Z
 ̃Rk 

symmetries intact: 
thermal equilibrium symmetry, 
temporal (non-Abelian) gauge symmetry, 
BRST symmetry Crossley, Glorioso, Liu, JHEP 09 (2017) 095  

Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101

Sieberer et al., PRB 92 (2015) 13, 134307
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• Similarly, add regulators also on level of LGW free energy:

14

• Exact results: 

- Ward identities: flow of  vanishes


- Flow of LGW free energy independent of dynamics

g

<latexit sha1_base64="IZCiHh5ihn0ybL7u0vCfgzamPd0=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxCQShJkaq7glBcVrEXaEKYTCft0MkkzEyEEvIKbnwVNy4UcevOnW/jNM1CW38Y+PjPOcw5vx8zKpVlfRsrq2vrG5ulrfL2zu7evnlw2JVRIjDp4IhFou8jSRjlpKOoYqQfC4JCn5GeP7me1XsPREga8Xs1jYkbohGnAcVIacszqy3oqAi24Bl0AoFwamdpPYMO5Qo6saTwzpvk4JkVq2blgstgF1ABhdqe+eUMI5yEhCvMkJQD24qVmyKhKGYkKzuJJDHCEzQiA40chUS6aX5RBk+1M4RBJPTTm+Tu74kUhVJOQ193hkiN5WJtZv5XGyQquHRTyuNEEY7nHwUJgzqDWTxwSAXBik01ICyo3hXiMdLBKB1iWYdgL568DN16zW7UGrfnleZVEUcJHIMTUAU2uABNcAPaoAMweATP4BW8GU/Gi/FufMxbV4xi5gj8kfH5A3v4m5E=</latexit>

F ! F +
1

2

Z
 Rk 

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)
<latexit sha1_base64="Zc1piHI9anzhGU1NnEX+WmSWn5A=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSCyWpUIGtEgtjofQiNVHkOE5r1XEi20GqojwGC6/CwgBCrN14G9w2A7T8kqVf/zlHPufzE0alsqxvY2V1bX1js7RV3t7Z3ds3Dw47Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHt9N694kISWP+qMYJcSM04DSkGCkdeeZFCzoqhi14Dp1QIJzZeVbLHcqVzikLSOY0Jc3hgzeCTiKpZ1asqjUTXDZ2YSqgUNMzJ04Q4zQiXGGGpOzbVqLcDAlFMSN52UklSRAeoQHpa8tRRKSbzQ7L4alOAhjGQj+90Sz9PZGhSMpx5OvOCKmhXKxNw/9q/VSF125GeZIqwvH8ozBlUKOYUoIBFQQrNtYGYUH1rhAPkeajNMuyhmAvnrxsOrWqXa/W7y8rjZsCRwkcgxNwBmxwBRrgDjRBG2DwDF7BO/gwXow349P4mreuGMXMEfgjY/ID53CfGQ==</latexit>

S ! S � 1

2

Z
 ̃Rk 

symmetries intact: 
thermal equilibrium symmetry, 
temporal (non-Abelian) gauge symmetry, 
BRST symmetry Crossley, Glorioso, Liu, JHEP 09 (2017) 095  

Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101

Sieberer et al., PRB 92 (2015) 13, 134307
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• Similarly, add regulators also on level of LGW free energy:

14

• Exact results: 

- Ward identities: flow of  vanishes


- Flow of LGW free energy independent of dynamics

g

<latexit sha1_base64="IZCiHh5ihn0ybL7u0vCfgzamPd0=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxCQShJkaq7glBcVrEXaEKYTCft0MkkzEyEEvIKbnwVNy4UcevOnW/jNM1CW38Y+PjPOcw5vx8zKpVlfRsrq2vrG5ulrfL2zu7evnlw2JVRIjDp4IhFou8jSRjlpKOoYqQfC4JCn5GeP7me1XsPREga8Xs1jYkbohGnAcVIacszqy3oqAi24Bl0AoFwamdpPYMO5Qo6saTwzpvk4JkVq2blgstgF1ABhdqe+eUMI5yEhCvMkJQD24qVmyKhKGYkKzuJJDHCEzQiA40chUS6aX5RBk+1M4RBJPTTm+Tu74kUhVJOQ193hkiN5WJtZv5XGyQquHRTyuNEEY7nHwUJgzqDWTxwSAXBik01ICyo3hXiMdLBKB1iWYdgL568DN16zW7UGrfnleZVEUcJHIMTUAU2uABNcAPaoAMweATP4BW8GU/Gi/FufMxbV4xi5gj8kfH5A3v4m5E=</latexit>

F ! F +
1

2

Z
 Rk 

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)
<latexit sha1_base64="Zc1piHI9anzhGU1NnEX+WmSWn5A=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSCyWpUIGtEgtjofQiNVHkOE5r1XEi20GqojwGC6/CwgBCrN14G9w2A7T8kqVf/zlHPufzE0alsqxvY2V1bX1js7RV3t7Z3ds3Dw47Mk4FJm0cs1j0fCQJo5y0FVWM9BJBUOQz0vVHt9N694kISWP+qMYJcSM04DSkGCkdeeZFCzoqhi14Dp1QIJzZeVbLHcqVzikLSOY0Jc3hgzeCTiKpZ1asqjUTXDZ2YSqgUNMzJ04Q4zQiXGGGpOzbVqLcDAlFMSN52UklSRAeoQHpa8tRRKSbzQ7L4alOAhjGQj+90Sz9PZGhSMpx5OvOCKmhXKxNw/9q/VSF125GeZIqwvH8ozBlUKOYUoIBFQQrNtYGYUH1rhAPkeajNMuyhmAvnrxsOrWqXa/W7y8rjZsCRwkcgxNwBmxwBRrgDjRBG2DwDF7BO/gwXow349P4mreuGMXMEfgjY/ID53CfGQ==</latexit>

S ! S � 1

2

Z
 ̃Rk 

symmetries intact: 
thermal equilibrium symmetry, 
temporal (non-Abelian) gauge symmetry, 
BRST symmetry Crossley, Glorioso, Liu, JHEP 09 (2017) 095  

Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101

Sieberer et al., PRB 92 (2015) 13, 134307

• Truncation:
<latexit sha1_base64="2KCjrxzyExrlp4vkcWeaPp6i7HY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUsVTwYvHCvYD2m3Jptk2NMmuSbZQlv4OLx4U8eqP8ea/MW33oK0PBh7vzTAzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aeooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjO/mfmtClWaRfDTTmPoCDyULGcHGSr7oVVDXREj0x71Kv1hyy+4CaJ14GSlBhnq/+NUdRCQRVBrCsdYdz42Nn2JlGOF0VugmmsaYjPGQdiyVWFDtp4ujZ+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRIT3vgpk3FiqCTLRWHCkX1zngAaMEWJ4VNLMFHM3orICCtMjM2pYEPwVl9eJ81K2auWqw9XpdptFkcezuAcLsGDa6jBPdShAQSe4Ble4c2ZOC/Ou/OxbM052cwp/IHz+QN8QJFC</latexit>

m2 ! m2
k

<latexit sha1_base64="h7Cu6g2iU2taasO+hfYSKILAiGA=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUlEqrgquHFZwT6gCWEymbRDJ5MwMxFKKPgrblwo4tbvcOffOG2z0NYDA4dzzmXuPWHGmdKO822trK6tb2xWtqrbO7t7+/bBYUeluSS0TVKeyl6IFeVM0LZmmtNeJilOQk674eh26ncfqVQsFQ96nFE/wQPBYkawNlJgH3vchCOMPJ2ikgejwK45dWcGtEzcktSgRCuwv7woJXlChSYcK9V3nUz7BZaaEU4nVS9XNMNkhAe0b6jACVV+MVt/gs6MEqE4leYJjWbq74kCJ0qNk9AkE6yHatGbiv95/VzH137BRJZrKsj8ozjnyJw67QJFTFKi+dgQTCQzuyIyxBITbRqrmhLcxZOXSeei7jbqjfvLWvOmrKMCJ3AK5+DCFTThDlrQBgIFPMMrvFlP1ov1bn3MoytWOXMEf2B9/gCeqpVD</latexit>

� ! �k

<latexit sha1_base64="WglMVQQR5qm5fXmR3PnHSqX/MSg=">AAAB/HicbZDNSsNAFIVv6l+tf9Eu3QwWwVVJRKq4KrhxWcHWQhPCZDpph04mYWYihFBfxY0LRdz6IO58G6dtFtp6YODj3HuZe0+Ycqa043xblbX1jc2t6nZtZ3dv/8A+POqpJJOEdknCE9kPsaKcCdrVTHPaTyXFccjpQzi5mdUfHqlULBH3Ok+pH+ORYBEjWBsrsOueYqMYI08naIHBJLAbTtOZC62CW0IDSnUC+8sbJiSLqdCEY6UGrpNqv8BSM8LptOZliqaYTPCIDgwKHFPlF/Plp+jUOEMUJdI8odHc/T1R4FipPA5NZ4z1WC3XZuZ/tUGmoyu/YCLNNBVk8VGUcWQunSWBhkxSonluABPJzK6IjLHERJu8aiYEd/nkVeidN91Ws3V30Whfl3FU4RhO4AxcuIQ23EIHukAgh2d4hTfryXqx3q2PRWvFKmfq8EfW5w9UjZSP</latexit>

� ! �k
<latexit sha1_base64="1PkG5Oho+0ej4yF2gcXg0txtcgc=">AAAB+HicbZDNSsNAFIUn9a/Wn0ZduhksgquSiFRxVXDjsoKthSaEyXTSDp1MwsyNUEOfxI0LRdz6KO58GydtFtp6YODj3HuZe0+YCq7Bcb6tytr6xuZWdbu2s7u3X7cPDns6yRRlXZqIRPVDopngknWBg2D9VDESh4I9hJObov7wyJTmibyHacr8mIwkjzglYKzArnsMCPYgwQUEk8BuOE1nLrwKbgkNVKoT2F/eMKFZzCRQQbQeuE4Kfk4UcCrYrOZlmqWETsiIDQxKEjPt5/PFZ/jUOEMcJco8CXju/p7ISaz1NA5NZ0xgrJdrhflfbZBBdOXnXKYZMEkXH0WZwObOIgU85IpREFMDhCpudsV0TBShYLKqmRDc5ZNXoXfedFvN1t1Fo31dxlFFx+gEnSEXXaI2ukUd1EUUZegZvaI368l6sd6tj0VrxSpnjtAfWZ8/GeWSuQ==</latexit>⌘ ! ⌘k

<latexit sha1_base64="8icIJmcr5cu2mnupOi+o0CAHFy0=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJSxVXBhS4r2Ac0MdxMJ+3QmSTMTIQSunbjr7hxoYhbv8Cdf+P0sbCtBwYO59zLnXPClDOlHefHWlpeWV1bL2wUN7e2d3btvf2GSjJJaJ0kPJGtEBTlLKZ1zTSnrVRSECGnzbB/PfKbj1QqlsT3epBSX0A3ZhEjoI0U2EfeDQgBD7mX9tgQezrBM0rQD+ySU3bGwIvEnZISmqIW2N9eJyGZoLEmHJRqu06q/RykZoTTYdHLFE2B9KFL24bGIKjy83GUIT4xSgdHiTQv1nis/t3IQSg1EKGZFKB7at4bif957UxHl37O4jTTNCaTQ1HGsQk86gV3mKRE84EhQCQzf8WkBxKINu0VTQnufORF0jgru5Vy5e68VL2a1lFAh+gYnSIXXaAqukU1VEcEPaEX9IberWfr1fqwPiejS9Z05wDNwPr6BUq2mqU=</latexit>
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(  protected from renormalization)g, χ, ρ



/ #S

3. Results for fixed points & dynamic critical exponents
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fH / T kd�4

�k⌘k
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<latexit sha1_base64="jJpDgUWbzzYPw7m7pmJPlAlxvPM=">AAACB3icbVDLSgMxFM3UV62vUZeCBFvBVZkRqS4LblxWsA9oh5JJM21oJjMkd8QydOfGX3HjQhG3/oI7/8ZMOwttPRA4nHtuknP8WHANjvNtFVZW19Y3ipulre2d3T17/6Clo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9fZ/P2PVOaR/IOJjHzQjKUPOCUgJH69nEP2APoINWxUYjAAx4ymdlxZVCZ9u2yU3VmwMvEzUkZ5Wj07a/eIKKJuQOoIFp3XScGLyUKOBVsWuolmsWEjsmQdQ2VJGTaS2c5pvjUKAMcRMocCXim/t5ISaj1JPSNMyQw0ouzTPxv1k0guPJSLuMEmKTzh4JEYIhwVooJrRgFMTGEUMXNXzEdEUUomOpKpgR3MfIyaZ1X3Vq1dntRrrt5HUV0hE7QGXLRJaqjG9RATUTRI3pGr+jNerJerHfrY24tWPnOIfoD6/MHFfWZYw==</latexit>

spatial dimension d
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<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�
<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘
<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��
<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

(  heat conductivity)∝ (shear viscosity)(order-parameter 
damping rate)

(charge mobility)

Model G Model H
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• Model H :(d = 3)
xσ ≈ 0.949 0.942 0.922
xη ≈ 0.051 0.058 0.034
zϕ ≈ 3.051 3.058 3.034

ϕ4 LPA, ϕ = 0 LPA', ϕ = ϕmin
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<latexit sha1_base64="jJpDgUWbzzYPw7m7pmJPlAlxvPM=">AAACB3icbVDLSgMxFM3UV62vUZeCBFvBVZkRqS4LblxWsA9oh5JJM21oJjMkd8QydOfGX3HjQhG3/oI7/8ZMOwttPRA4nHtuknP8WHANjvNtFVZW19Y3ipulre2d3T17/6Clo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9fZ/P2PVOaR/IOJjHzQjKUPOCUgJH69nEP2APoINWxUYjAAx4ymdlxZVCZ9u2yU3VmwMvEzUkZ5Wj07a/eIKKJuQOoIFp3XScGLyUKOBVsWuolmsWEjsmQdQ2VJGTaS2c5pvjUKAMcRMocCXim/t5ISaj1JPSNMyQw0ouzTPxv1k0guPJSLuMEmKTzh4JEYIhwVooJrRgFMTGEUMXNXzEdEUUomOpKpgR3MfIyaZ1X3Vq1dntRrrt5HUV0hE7QGXLRJaqjG9RATUTRI3pGr+jNerJerHfrY24tWPnOIfoD6/MHFfWZYw==</latexit>

spatial dimension d
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<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�
<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘
<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��
<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

(  heat conductivity)∝ (shear viscosity)(order-parameter 
damping rate)

(charge mobility)

Model G Model H
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• Model H :(d = 3)
xσ ≈ 0.949 0.942 0.922
xη ≈ 0.051 0.058 0.034
zϕ ≈ 3.051 3.058 3.034

ϕ4 LPA, ϕ = 0 LPA', ϕ = ϕmin
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<latexit sha1_base64="jJpDgUWbzzYPw7m7pmJPlAlxvPM=">AAACB3icbVDLSgMxFM3UV62vUZeCBFvBVZkRqS4LblxWsA9oh5JJM21oJjMkd8QydOfGX3HjQhG3/oI7/8ZMOwttPRA4nHtuknP8WHANjvNtFVZW19Y3ipulre2d3T17/6Clo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9fZ/P2PVOaR/IOJjHzQjKUPOCUgJH69nEP2APoINWxUYjAAx4ymdlxZVCZ9u2yU3VmwMvEzUkZ5Wj07a/eIKKJuQOoIFp3XScGLyUKOBVsWuolmsWEjsmQdQ2VJGTaS2c5pvjUKAMcRMocCXim/t5ISaj1JPSNMyQw0ouzTPxv1k0guPJSLuMEmKTzh4JEYIhwVooJrRgFMTGEUMXNXzEdEUUomOpKpgR3MfIyaZ1X3Vq1dntRrrt5HUV0hE7QGXLRJaqjG9RATUTRI3pGr+jNerJerHfrY24tWPnOIfoD6/MHFfWZYw==</latexit>

spatial dimension d
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<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�
<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘
<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��
<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

(  heat conductivity)∝ (shear viscosity)(order-parameter 
damping rate)

(charge mobility)

Model G Model H

• weak-scaling relation:
<latexit sha1_base64="7ZigSf64iWnQu0jWWqMgPSrpxnE="></latexit>

x�� + x� = x� + x⌘ = 4� d� ⌘? (both Model G & H)
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• Model H :(d = 3)
xσ ≈ 0.949 0.942 0.922
xη ≈ 0.051 0.058 0.034
zϕ ≈ 3.051 3.058 3.034

ϕ4 LPA, ϕ = 0 LPA', ϕ = ϕmin
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<latexit sha1_base64="jJpDgUWbzzYPw7m7pmJPlAlxvPM=">AAACB3icbVDLSgMxFM3UV62vUZeCBFvBVZkRqS4LblxWsA9oh5JJM21oJjMkd8QydOfGX3HjQhG3/oI7/8ZMOwttPRA4nHtuknP8WHANjvNtFVZW19Y3ipulre2d3T17/6Clo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9fZ/P2PVOaR/IOJjHzQjKUPOCUgJH69nEP2APoINWxUYjAAx4ymdlxZVCZ9u2yU3VmwMvEzUkZ5Wj07a/eIKKJuQOoIFp3XScGLyUKOBVsWuolmsWEjsmQdQ2VJGTaS2c5pvjUKAMcRMocCXim/t5ISaj1JPSNMyQw0ouzTPxv1k0guPJSLuMEmKTzh4JEYIhwVooJrRgFMTGEUMXNXzEdEUUomOpKpgR3MfIyaZ1X3Vq1dntRrrt5HUV0hE7QGXLRJaqjG9RATUTRI3pGr+jNerJerHfrY24tWPnOIfoD6/MHFfWZYw==</latexit>

spatial dimension d
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<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�
<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘
<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��
<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

(  heat conductivity)∝ (shear viscosity)(order-parameter 
damping rate)

(charge mobility)

Model G Model H

• weak-scaling relation:
<latexit sha1_base64="7ZigSf64iWnQu0jWWqMgPSrpxnE="></latexit>

x�� + x� = x� + x⌘ = 4� d� ⌘? (both Model G & H)

• strong-scaling relation:
<latexit sha1_base64="f6l2IeVz3XGyfyZrLsPxiZlNdEg=">AAACFnicbVDLSgMxFM34tr6qLt0EiyCIZUZE3QiCC11WsCp0armT3rbBZCYkGbEM8xVu/BU3LhRxK+78GzNtF74OBA7nnMvNPZES3Fjf//TGxicmp6ZnZktz8wuLS+XllQuTpJphnSUi0VcRGBQ8xrrlVuCV0ggyEngZ3RwX/uUtasOT+Nz2FTYldGPe4Qysk1rl7btWFp6AlHCdharH85xu0RAtOFmhVjk9pEWkW0TyVrniV/0B6F8SjEiFjFBrlT/CdsJSibFlAoxpBL6yzQy05UxgXgpTgwrYDXSx4WgMEk0zG5yV0w2ntGkn0e7Flg7U7xMZSGP6MnJJCbZnfnuF+J/XSG3noJnxWKUWYzZc1EkFtQktOqJtrpFZ0XcEmObur5T1QAOzrsmSKyH4ffJfcrFTDfaqe2e7laP9UR0zZI2sk00SkH1yRE5JjdQJI/fkkTyTF+/Be/JevbdhdMwbzaySH/DevwBsoJ+E</latexit>

x�� + ⌘? = x� (only Model G)
<latexit sha1_base64="+5Alx4gXZk96CdBi76ui/Kq6qLc=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqs4Uad0IBTcuK9gHdIYhk0nb0CQzJBmhDl258VfcuFDErd/gzr8xbWehrQcSDufcy733hAmjSjvOt1VYWV1b3yhulra2d3b37P2DtopTiUkLxyyW3RApwqggLU01I91EEsRDRjrh6Hrqd+6JVDQWd3qcEJ+jgaB9ipE2UmAfe5SbOUTBhyDzkiGdwCtDhfmj82pgl52KMwNcJm5OyiBHM7C/vCjGKSdCY4aU6rlOov0MSU0xI5OSlyqSIDxCA9IzVCBOlJ/NzpjAU6NEsB9L84SGM/V3R4a4UmMemkqO9FAtelPxP6+X6v6ln1GRpJoIPB/UTxnUMZxmAiMqCdZsbAjCkppdIR4iibA2yZVMCO7iycukXa24tUrt9qLcqOdxFMEROAFnwAV10AA3oAlaAINH8AxewZv1ZL1Y79bHvLRg5T2H4A+szx9MUpew</latexit>

=) z� = zn = d/2
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Summary: 

• FRG flow for systems with reversible mode couplings 
Model G: JR, Ye, Schlichting, von Smekal, JHEP 01, 118 (2025) 
Model H: JR, Ye, Schlichting, von Smekal, arXiv:2409.14470 

Outlook: 

• dynamics of Model G for non-vanishing external fields (quark masses)


• dynamic universal scaling functions of Model H


• real-time dynamics of the quark-meson model 
JR, Ye, Schlichting, von Smekal, in prep.
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16.9 Critical domain: Universality, ε-expansion 413

The zero g̃→(ω) of the ε-function then is

g̃→(ω) =
6ω

(N + 8)

[
1 +

3(3N + 14)

(N + 8)2
ω+

(
18(3N + 14)2

(N + 8)4

→33N2 + 922N + 2960 + 96(5N + 22)ϑ(3)

8(N + 8)3

)
ω2
]
+O

(
ω4
)
. (16.133)

The values of the critical exponents η, γ and the correction exponent ς,

η = η(g̃→), γ =
2→ η

2 + η2(g̃→)
, ς = ε′(g̃→),

follow:

η =
ω2(N + 2)

2(N + 8)2

{
1 +

(→N2 + 56N + 272)

4(N + 8)2
ω+

1

16(N + 8)4
[
→5N4 → 230N3

+1124N2 + 17920N + 46144→ 384(5N + 22)(N + 8)ϑ(3)
]
ω2
}
+O

(
ω5
)
,

(16.134)

γ = 1 +
(N + 2)

2(N + 8)
ω+

(N + 2)

4(N + 8)3
(
N2 + 22N + 52

)
ω2 +

(N + 2)

8(N + 8)5

×
[
N4 + 44N3 + 664N2 + 2496N + 3104→ 48(5N + 22)(N + 8)ϑ(3)

]
ω3

+O
(
ω4
)
, (16.135)

ς = ω→ 3(3N + 14)

(N + 8)2
ω2 +

[
33N2 + 922N + 2960 + 96(5N + 22)ϑ(3)

]

4(N + 8)3
ω3

→ 18
(3N + 14)2

(N + 8)4
ω3 +O

(
ω4
)
. (16.136)

All other exponents can be obtained from the scaling relations derived in Sections 16.3–
16.5. Note that the ε function at order g4 involves ϑ(3). At higher orders ϑ(5) and ϑ(7)
successively appear. In Table 40.3, we give the values of the critical exponents γ and η
obtained by simply adding the successive terms of the ω expansion for ω = 1 and N = 1.
We immediately observe a striking phenomenon: the sums first seem to settle near some
reasonable value, and then begin to diverge with increasing oscillations.

We argue in Chapter 40 that the ω expansion is divergent for all values of ω.

Remark. The definition of the ε function by minimal subtraction has an intrinsic
meaning, unlike other definitions, since then ε(g) can be expressed in terms of ς(ω).
Setting

ε(g) = g
(
→ω+ s(g)

)
,

then

g(s) =
s

ε2
exp

[∫ s

0
ds′
(

1

ς(s′)
→ 1

s′

)]
.

Zinn-Justin, Quantum Field Theory and Critical Phenomena, Oxford University Press (2021)

Result from ϵ-expansion:
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7

SUPPLEMENTAL MATERIAL

In this supplement we illustrate in more detail how one translates the real-time FRG formalism for Model G
developed in Ref. [19] to Model H. The stochastic equations of motion (10) of Model H are described by the MSR
partition function

Z =

Z
D�D�̃DjDj̃ eiS = 1 (28)

with MSR action

S =

Z

x

⇢
� �̃

✓
@�

@t
� �~r2 �F

��
� g{�,~j} · �F

�~j

◆

� j̃l

✓
@jl
@t

� Tlm

⌘~r2 �F

�jm
+ g{jm,�}�F

��
+ g{jm, jn}

�F

�jn

�◆

� iT �̃�~r2�̃� iT j̃l⌘Tlm~r2j̃m

�
(29)

As explained in the main text, by adding physical source terms to the free energy F ! F � J (instead of adding
S ! S+ J ̃ to the MSR action), and unphysical source terms to the MSR action S ! S+ J̃ as usual, the partition
function (28) is promoted to a generating functional for multi-time correlation functions,

Z[H, H̃, ~A, ~̃A] =

Z
D�D�̃DnDñ exp

⇢
iS + i

Z

x

�
H̃�+ Ãljl

�
+ (30)

i

Z

x

H
�
� �k ~r2�̃+ g{�, jm}Tmoj̃o

�
+ i

Z

x

Al

�
� ⌘k ~r2Tloj̃o + gTlm{jm,�}�̃+ gTlm{jm, jn}Tnoj̃o

��

We see from (30) that the physical sources H and ~A couple to the following composite operators

�̃ ⌘ ��k ~r2�̃+ g{�, jm}Tmoj̃o (31a)

J̃l ⌘ �⌘k ~r2Tloj̃o + gTlm{jm,�}�̃+ gTlm{jm, jn}Tnoj̃o (31b)

Since these are proportional to the standard MSR response fields �̃ and ~̃j, we refer to �̃ and ~̃J as ‘composite’
response fields. (The transversal operators T in (31) ensure that only the transversal part of the momentum densities
contribute.)

By adding regulator terms of the form F ! F + 1
2 Rk to the free energy, the generating functional (30) becomes

dependent on the FRG scale k, Z ! Zk. As in the standard FRG approach by Wetterich [32], we define the e↵ective
average MSR action �k as the modified Legendre transform of the associated scale-dependent Schwinger functional
�i logZk,

�k[�, �̃,~j, ~̃J ] ⌘ sup
H,H̃, ~A, ~̃A

�
� i logZk[H, H̃, ~A, Ã]�

Z

x

�
H̃�+H�̃+ Ãljl +AlJ̃l

� 
(32)

�k then satisfies the (exact) real-time flow equation (12) [33].
For the scope of this work, our truncation of the full flow equation (12) is to simply promote the couplings appearing

already in the bare MSR action (29) to depend on the FRG scale k, i.e. m2 ! m2
k
, � ! �k, � ! �k, and ⌘ ! ⌘k.

This allows for an analytical treatment of the flow equations.

The full propagator Gk is related to the inverse of the 2-point function, Gk = �(�(2)
k

�Rk)�1, where �(2)
k

denotes
the second functional derivative of �k. In particular, the dynamic retarded/advanced response functions (at vanishing
field expectation values) read (in the notation of Ref. [19])

GR/A

�,k
(!, ~p) = � �k~p2

±i! � �k~p2(m2
k
+ ~p2 +R�

k
(~p))

, GR/A

j,k
(!, ~p) = � ⌘k~p2

±i! � ⌘k~p2(1/⇢+Rj

k
(~p))

. (33)

Since the symmetry of thermal equilibrium is preserved during the FRG flow, the statistical functions are set by the
FDR

iF�/j,k(!, ~p) =
T

!

⇣
GR

�/j,k
(!, ~p)�GA

�/j,k
(!, ~p)

⌘
(34)
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Since these are proportional to the standard MSR response fields �̃ and ~̃j, we refer to �̃ and ~̃J as ‘composite’
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2 Rk to the free energy, the generating functional (30) becomes

dependent on the FRG scale k, Z ! Zk. As in the standard FRG approach by Wetterich [32], we define the e↵ective
average MSR action �k as the modified Legendre transform of the associated scale-dependent Schwinger functional
�i logZk,
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�k then satisfies the (exact) real-time flow equation (12) [33].
For the scope of this work, our truncation of the full flow equation (12) is to simply promote the couplings appearing

already in the bare MSR action (29) to depend on the FRG scale k, i.e. m2 ! m2
k
, � ! �k, � ! �k, and ⌘ ! ⌘k.

This allows for an analytical treatment of the flow equations.

The full propagator Gk is related to the inverse of the 2-point function, Gk = �(�(2)
k

�Rk)�1, where �(2)
k

denotes
the second functional derivative of �k. In particular, the dynamic retarded/advanced response functions (at vanishing
field expectation values) read (in the notation of Ref. [19])

GR/A

�,k
(!, ~p) = � �k~p2
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k
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, GR/A

j,k
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k
(~p))

. (33)

Since the symmetry of thermal equilibrium is preserved during the FRG flow, the statistical functions are set by the
FDR

iF�/j,k(!, ~p) =
T

!

⇣
GR

�/j,k
(!, ~p)�GA

�/j,k
(!, ~p)

⌘
(34)
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function (28) is promoted to a generating functional for multi-time correlation functions,

Z[H, H̃, ~A, ~̃A] =
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D�D�̃DnDñ exp
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We see from (30) that the physical sources H and ~A couple to the following composite operators

�̃ ⌘ ��k ~r2�̃+ g{�, jm}Tmoj̃o (31a)

J̃l ⌘ �⌘k ~r2Tloj̃o + gTlm{jm,�}�̃+ gTlm{jm, jn}Tnoj̃o (31b)

Since these are proportional to the standard MSR response fields �̃ and ~̃j, we refer to �̃ and ~̃J as ‘composite’
response fields. (The transversal operators T in (31) ensure that only the transversal part of the momentum densities
contribute.)

By adding regulator terms of the form F ! F + 1
2 Rk to the free energy, the generating functional (30) becomes

dependent on the FRG scale k, Z ! Zk. As in the standard FRG approach by Wetterich [32], we define the e↵ective
average MSR action �k as the modified Legendre transform of the associated scale-dependent Schwinger functional
�i logZk,
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(32)

�k then satisfies the (exact) real-time flow equation (12) [33].
For the scope of this work, our truncation of the full flow equation (12) is to simply promote the couplings appearing

already in the bare MSR action (29) to depend on the FRG scale k, i.e. m2 ! m2
k
, � ! �k, � ! �k, and ⌘ ! ⌘k.

This allows for an analytical treatment of the flow equations.

The full propagator Gk is related to the inverse of the 2-point function, Gk = �(�(2)
k

�Rk)�1, where �(2)
k

denotes
the second functional derivative of �k. In particular, the dynamic retarded/advanced response functions (at vanishing
field expectation values) read (in the notation of Ref. [19])

GR/A

�,k
(!, ~p) = � �k~p2

±i! � �k~p2(m2
k
+ ~p2 +R�

k
(~p))

, GR/A

j,k
(!, ~p) = � ⌘k~p2

±i! � ⌘k~p2(1/⇢+Rj

k
(~p))

. (33)

Since the symmetry of thermal equilibrium is preserved during the FRG flow, the statistical functions are set by the
FDR

iF�/j,k(!, ~p) =
T

!

⇣
GR

�/j,k
(!, ~p)�GA

�/j,k
(!, ~p)

⌘
(34)

• Generating functional

• MSR action

• Composite operators
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S ! S+ J ̃ to the MSR action), and unphysical source terms to the MSR action S ! S+ J̃ as usual, the partition
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We see from (30) that the physical sources H and ~A couple to the following composite operators
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Since these are proportional to the standard MSR response fields �̃ and ~̃j, we refer to �̃ and ~̃J as ‘composite’
response fields. (The transversal operators T in (31) ensure that only the transversal part of the momentum densities
contribute.)

By adding regulator terms of the form F ! F + 1
2 Rk to the free energy, the generating functional (30) becomes
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�k then satisfies the (exact) real-time flow equation (12) [33].
For the scope of this work, our truncation of the full flow equation (12) is to simply promote the couplings appearing

already in the bare MSR action (29) to depend on the FRG scale k, i.e. m2 ! m2
k
, � ! �k, � ! �k, and ⌘ ! ⌘k.

This allows for an analytical treatment of the flow equations.

The full propagator Gk is related to the inverse of the 2-point function, Gk = �(�(2)
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response fields. (The transversal operators T in (31) ensure that only the transversal part of the momentum densities
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response fields. (The transversal operators T in (31) ensure that only the transversal part of the momentum densities
contribute.)
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already in the bare MSR action (29) to depend on the FRG scale k, i.e. m2 ! m2
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This allows for an analytical treatment of the flow equations.
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We compute the relevant 1PI vertex functions of Model H via functional derivatives of the truncated e↵ective average
MSR action (evaluated at vanishing field expectation values),
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(35d)

with the notation (T~p~q)l ⌘ Tlm(~p)qm, i.e. T~p~q denotes the component of ~q that is transverse to ~p.

Since the symmetry of thermal equilibrium is preserved during the FRG flow, the flow of the LGW free energy (1)
decouples from the rest [19] and satisfies the standard d-dimensional Euclidean flow equation [32]. Hence, the flow of
the static couplings m2

k
and �k assume standard forms and can be investigated separately from the rest. As mentioned

in the main text, we employ the optimized regulator R�

k
(~p) = (k2 � ~p2)✓(k2 � ~p2) for the order parameter, and set

the regulator for the momentum density Rj

k
(~p) = 0 to zero. With this regulator choice, the flow of the dimensionless

static couplings m̄2
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k
and �̄k ⌘ kd�4�k is given by (here for arbitrary N to cover also the case of O(N)

Model G)
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where the case N = 1 corresponds the Z2 symmetry of Model H.

Since the temporal gauge symmetry is preserved, corresponding Ward identities of the e↵ective average MSR action
imply that the mode coupling g is protected from renormalization. This was shown explicitly for Model G in Ref. [19],
and the proof directly translates to Model H.

We project the real-time FRG flow onto the kinetic coe�cients �k and ⌘k by di↵erentiating (13) and (14) with
respect to the FRG scale k, which results in
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The corresponding second functional derivatives in (38) and (39) can be expressed as a sum over 1-loop Feynman
diagrams. Inserting the 1PI vertex functions (35a)–(35d), evaluating the frequency integrals via the residue theorem
and the momentum integrals analytically (which is possible due to the choice of the optimized regulator), we obtain
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The flow equations for the kinetic coe�cients ��

k
and �k in O(N) Model G can be obtained from Ref. [19] by

neglecting the non-trivial momentum dependence of �n,k(~p) ⇡ �k~p2 there, using again the optimized regulator R�

k
(~p)

for the order parameter as above, and setting the regulator Rn

k
(~p) = 0 for the charge densities nab to zero. With these

choices, the momentum integrals on the right-hand sides of the flow equations for the kinetic coe�cients ��

k
and �k

• effective average MSR action

• full (truncated) propagators

• (truncated) 1PI vertex functions
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We compute the relevant 1PI vertex functions of Model H via functional derivatives of the truncated e↵ective average
MSR action (evaluated at vanishing field expectation values),
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with the notation (T~p~q)l ⌘ Tlm(~p)qm, i.e. T~p~q denotes the component of ~q that is transverse to ~p.

Since the symmetry of thermal equilibrium is preserved during the FRG flow, the flow of the LGW free energy (1)
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where the case N = 1 corresponds the Z2 symmetry of Model H.

Since the temporal gauge symmetry is preserved, corresponding Ward identities of the e↵ective average MSR action
imply that the mode coupling g is protected from renormalization. This was shown explicitly for Model G in Ref. [19],
and the proof directly translates to Model H.
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The corresponding second functional derivatives in (38) and (39) can be expressed as a sum over 1-loop Feynman
diagrams. Inserting the 1PI vertex functions (35a)–(35d), evaluating the frequency integrals via the residue theorem
and the momentum integrals analytically (which is possible due to the choice of the optimized regulator), we obtain
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with the notation (T~p~q)l ⌘ Tlm(~p)qm, i.e. T~p~q denotes the component of ~q that is transverse to ~p.

Since the symmetry of thermal equilibrium is preserved during the FRG flow, the flow of the LGW free energy (1)
decouples from the rest [19] and satisfies the standard d-dimensional Euclidean flow equation [32]. Hence, the flow of
the static couplings m2
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and �k assume standard forms and can be investigated separately from the rest. As mentioned
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where the case N = 1 corresponds the Z2 symmetry of Model H.

Since the temporal gauge symmetry is preserved, corresponding Ward identities of the e↵ective average MSR action
imply that the mode coupling g is protected from renormalization. This was shown explicitly for Model G in Ref. [19],
and the proof directly translates to Model H.

We project the real-time FRG flow onto the kinetic coe�cients �k and ⌘k by di↵erentiating (13) and (14) with
respect to the FRG scale k, which results in
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The corresponding second functional derivatives in (38) and (39) can be expressed as a sum over 1-loop Feynman
diagrams. Inserting the 1PI vertex functions (35a)–(35d), evaluating the frequency integrals via the residue theorem
and the momentum integrals analytically (which is possible due to the choice of the optimized regulator), we obtain

@k�k =
2g2⌦dkd�1T

(2⇡)d
d� 1

d� 2

1

⌘k

✓
�2
k

(⌘k/⇢+ �k(k2 +m2
k
))2

� 1

(k2 +m2
k
)2

◆
(40)

@k⌘k = � g2⌦dkd+1T

(2⇡)d (2 + d)�k(k2 +m2
k
)3

(41)

The flow equations for the kinetic coe�cients ��

k
and �k in O(N) Model G can be obtained from Ref. [19] by

neglecting the non-trivial momentum dependence of �n,k(~p) ⇡ �k~p2 there, using again the optimized regulator R�

k
(~p)

for the order parameter as above, and setting the regulator Rn

k
(~p) = 0 for the charge densities nab to zero. With these

choices, the momentum integrals on the right-hand sides of the flow equations for the kinetic coe�cients ��

k
and �k

• analytical result:

9

can be solved analytically, and the result is

@k�
�

k
=

g2 (N � 1) d⌦dkd�1T

(2⇡)d (k2 +m2
k
) �k

(
��

k

k2�k/�+ ��

k
(k2 +m2

k
)
�

2 + (d� 4) 2F1

⇣
1, d�2

2 ; d

2 ;�
k
2
�k/�

��
k(k

2+m
2
k)

⌘

(d� 2) (k2 +m2
k
)

)
(42)

@k�k = � 2g2⌦dkd+1T

(2⇡)d ��

k
(k2 +m2

k
)
3 (43)

with the hypergeometric function 2F1 in (42), and with the volume factor ⌦d ⌘ 2⇡d/2/(�(d/2) d) in both cases.

• analytical result (Model G):
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wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k
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wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

4

equations for fG and wG in Model G are given by

k@kfG = fG(d� 4) + (17)

f2
G

✓
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d(1 + m̄2
k
)3

� (N � 1)Id(m̄
2, wG)

◆

k@kwG = wGfG


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d(1 + m̄2
k
)3

+(N � 1)Id(m̄
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�

(18)

with the shorthand notation

Id(m̄
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d
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(1 + m̄2)wG

◆��
,

while the dimensionless flow equations for fH and wH in
Model H are given by

k@kfH = fH(d� 4) (19)

� f2
H

2

d� 2

✓
(d� 1)

d(1/wH + (1 + m̄2))2
� d� 1

d(1 + m̄2)2

◆

+ f2
H

1

d(d+ 2)

1

(1 + m̄2)3

k@kwH = 2wH + wHfH


1

d(d+ 2)

1

(1 + m̄2)3
(20)

+
2

d� 2

✓
(d� 1)

d(1/wH + (1 + m̄2))2
� d� 1

d(1 + m̄2)2

◆�
.

Importantly, Eqs. (17)–(20) no longer depend on the non-
universal parameters ⇢, g, and T , which stresses the uni-
versal character of these non-perturbative flow equations.

Dynamic critical behavior of Model G/H Close to a
critical point, the dynamic critical exponent z describes
the divergence of the correlation time ⇠t ⇠ ⇠z relative
to the correlation length ⇠. Since su�ciently close to the
critical point the relevant infrared cuto↵ during the FRG
flow is always set by the FRG scale k > 0, the correla-
tion length is e↵ectively determined as ⇠ ⇠ 1/k, while
the correlation time ⇠t can be inferred from the position
! of the lowest lying pole of the dynamic response func-
tion, as ⇠t ⇠ 1/Im(!). Since for both Model G and H the
kinetic coe�cients show themselves a critical power-law
divergence with the FRG scale k, which can be quanti-
fied in terms of logarithmic k-derivatives of the kinetic
coe�cients in the scaling regime, i.e. x�� = �k@k log�

�

k

and x� = �k@k log �k for Model G, x� = �k@k log �k

and x⌘ = �k@k log ⌘k for Model H, these divergencies
also contribute to the dynamic critical exponent.

We first focus on the critical dynamics of the order
parameter �. Since in Model G the order parameter
is not conserved, and explicit calculation of the (re-
tarded) propagator in our FRG truncation simply yields
!� = �i��

k
m2

k
⇠ k2�x�� , we have z� = 2 � x�� . Con-

versely, in Model H the order parameter is conserved, and

one finds the dispersion relation !� = �i�k~p2(m2
k
+ ~p2).

By setting the external momentum ~p to |~p| ⇠ k, one ob-
tains an additional factor of k2 in the dispersion relation
thus yielding !� ⇠ �kk4 ⇠ k4�⌘�x� in Model H, yielding
z� = 4 � x�. Note that the anomalous dimension ⌘ = 0
vanishes within our truncation. We thus omit ⌘ from
all scaling relations. If one would use a truncation with
a finite ⌘ 6= 0, the dynamic critical exponents would be
given as z� = 2�⌘�x�� in Model G, and z� = 4�⌘�x�

in Model H, respectively.
Notably, in both Model G and H, the conserved charge

densities nab and ~j also experience critical slowing down
due to the reversible coupling to the order parameter.
By setting the external momentum ~p to |~p| ⇠ k, the
respective dispersion relations !n = �i�k~p2/� and !j =
�i⌘k~p2/⇢ also exhibit power law behavior !n ⇠ k2�x� ,
and !j ⇠ k2�x⌘ , from which one can deduce the dynamic
critical exponents zn = 2�x� for the charge densities nab

in Model G and zj = 2�x⌘ for the transverse momentum

density ~j in Model H.
Since the critical point corresponds to a fixed point of

the FRG flow, it is instructive to investigate the flow dia-
grams for Model G and H, which are depdicted in the left
and the middle panel of Fig. 1 showing the FRG flow in
the compactified (wG/H , fG/H) plane 3. One can see that
for Model G there are unstable weak-scaling fixed points
at wG = 0 and wG = 1. In addition, there is the stable
strong-scaling fixed point that describe the dynamic crit-
icality of Model G. In the flow diagram of Model H, one
can see that the stable fixed point is located at w⇤

H
= 0.

This means that the term with 1/wH in the denominator
in (20) will go to zero and thus can be safely neglected.
One can then look for the fixed point of the dimension-
less flow equations of f and w analytically for Model G
and H. For Model G, the strong-scaling fixed point (in
this truncation) is located at

f⇤
G
=

(4� d)d(1 + m̄2)3

4
. (21)

For Model H, at the stable fixed point one has w⇤
H

= 0
so that one can solve

f⇤
H

=
4� d

2
d�2

d�1
d(1+m̄2)2 + 1

d(d+2)
1

(1+m̄2)3
(22)

Now, using the relation @tfG = fG(d� 4 + x�� + x�) for
Model G and @tfH = fH(d � 4 + x� + x⌘) for Model H

3 The dimensionless static coupling m̄2 is set to its value at the
Wilson-Fisher fixed point within our truncation of the static free
energy, which we obtain by solving the static sector of our flow
equations. This poses no problem because the static flow equa-
tions are independent from the dynamics, as was explicitly shown
in Ref. [19]. We do not need the fixed-point value for the di-
mensionless quartic coupling �̄, since within our truncation the
flow equations (17–19) for the dynamic couplings are indepen-
dent of �k, and hence only require scaling of m2

k
.

4

equations for fG and wG in Model G are given by

k@kfG = fG(d� 4) + (17)

f2
G
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
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k
)3
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2, wG)

�
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with the shorthand notation
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◆��
,

while the dimensionless flow equations for fH and wH in
Model H are given by

k@kfH = fH(d� 4) (19)

� f2
H

2

d� 2

✓
(d� 1)

d(1/wH + (1 + m̄2))2
� d� 1

d(1 + m̄2)2

◆

+ f2
H

1

d(d+ 2)

1

(1 + m̄2)3

k@kwH = 2wH + wHfH


1
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1
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+
2
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✓
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◆�
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Importantly, Eqs. (17)–(20) no longer depend on the non-
universal parameters ⇢, g, and T , which stresses the uni-
versal character of these non-perturbative flow equations.

Dynamic critical behavior of Model G/H Close to a
critical point, the dynamic critical exponent z describes
the divergence of the correlation time ⇠t ⇠ ⇠z relative
to the correlation length ⇠. Since su�ciently close to the
critical point the relevant infrared cuto↵ during the FRG
flow is always set by the FRG scale k > 0, the correla-
tion length is e↵ectively determined as ⇠ ⇠ 1/k, while
the correlation time ⇠t can be inferred from the position
! of the lowest lying pole of the dynamic response func-
tion, as ⇠t ⇠ 1/Im(!). Since for both Model G and H the
kinetic coe�cients show themselves a critical power-law
divergence with the FRG scale k, which can be quanti-
fied in terms of logarithmic k-derivatives of the kinetic
coe�cients in the scaling regime, i.e. x�� = �k@k log�

�

k

and x� = �k@k log �k for Model G, x� = �k@k log �k

and x⌘ = �k@k log ⌘k for Model H, these divergencies
also contribute to the dynamic critical exponent.

We first focus on the critical dynamics of the order
parameter �. Since in Model G the order parameter
is not conserved, and explicit calculation of the (re-
tarded) propagator in our FRG truncation simply yields
!� = �i��

k
m2

k
⇠ k2�x�� , we have z� = 2 � x�� . Con-

versely, in Model H the order parameter is conserved, and

one finds the dispersion relation !� = �i�k~p2(m2
k
+ ~p2).

By setting the external momentum ~p to |~p| ⇠ k, one ob-
tains an additional factor of k2 in the dispersion relation
thus yielding !� ⇠ �kk4 ⇠ k4�⌘�x� in Model H, yielding
z� = 4 � x�. Note that the anomalous dimension ⌘ = 0
vanishes within our truncation. We thus omit ⌘ from
all scaling relations. If one would use a truncation with
a finite ⌘ 6= 0, the dynamic critical exponents would be
given as z� = 2�⌘�x�� in Model G, and z� = 4�⌘�x�

in Model H, respectively.
Notably, in both Model G and H, the conserved charge

densities nab and ~j also experience critical slowing down
due to the reversible coupling to the order parameter.
By setting the external momentum ~p to |~p| ⇠ k, the
respective dispersion relations !n = �i�k~p2/� and !j =
�i⌘k~p2/⇢ also exhibit power law behavior !n ⇠ k2�x� ,
and !j ⇠ k2�x⌘ , from which one can deduce the dynamic
critical exponents zn = 2�x� for the charge densities nab

in Model G and zj = 2�x⌘ for the transverse momentum

density ~j in Model H.
Since the critical point corresponds to a fixed point of

the FRG flow, it is instructive to investigate the flow dia-
grams for Model G and H, which are depdicted in the left
and the middle panel of Fig. 1 showing the FRG flow in
the compactified (wG/H , fG/H) plane 3. One can see that
for Model G there are unstable weak-scaling fixed points
at wG = 0 and wG = 1. In addition, there is the stable
strong-scaling fixed point that describe the dynamic crit-
icality of Model G. In the flow diagram of Model H, one
can see that the stable fixed point is located at w⇤

H
= 0.

This means that the term with 1/wH in the denominator
in (20) will go to zero and thus can be safely neglected.
One can then look for the fixed point of the dimension-
less flow equations of f and w analytically for Model G
and H. For Model G, the strong-scaling fixed point (in
this truncation) is located at

f⇤
G
=

(4� d)d(1 + m̄2)3

4
. (21)

For Model H, at the stable fixed point one has w⇤
H

= 0
so that one can solve

f⇤
H

=
4� d

2
d�2

d�1
d(1+m̄2)2 + 1

d(d+2)
1

(1+m̄2)3
(22)

Now, using the relation @tfG = fG(d� 4 + x�� + x�) for
Model G and @tfH = fH(d � 4 + x� + x⌘) for Model H

3 The dimensionless static coupling m̄2 is set to its value at the
Wilson-Fisher fixed point within our truncation of the static free
energy, which we obtain by solving the static sector of our flow
equations. This poses no problem because the static flow equa-
tions are independent from the dynamics, as was explicitly shown
in Ref. [19]. We do not need the fixed-point value for the di-
mensionless quartic coupling �̄, since within our truncation the
flow equations (17–19) for the dynamic couplings are indepen-
dent of �k, and hence only require scaling of m2

k
.

with

• dynamic couplings (Model G):

• dynamic couplings (Model H):

4

equations for fG and wG in Model G are given by

k@kfG = fG(d� 4) + (17)

f2
G
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d(1 + m̄2
k
)3
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,

while the dimensionless flow equations for fH and wH in
Model H are given by

k@kfH = fH(d� 4) (19)

� f2
H

2

d� 2

✓
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d(1/wH + (1 + m̄2))2
� d� 1

d(1 + m̄2)2

◆
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H

1
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Importantly, Eqs. (17)–(20) no longer depend on the non-
universal parameters ⇢, g, and T , which stresses the uni-
versal character of these non-perturbative flow equations.

Dynamic critical behavior of Model G/H Close to a
critical point, the dynamic critical exponent z describes
the divergence of the correlation time ⇠t ⇠ ⇠z relative
to the correlation length ⇠. Since su�ciently close to the
critical point the relevant infrared cuto↵ during the FRG
flow is always set by the FRG scale k > 0, the correla-
tion length is e↵ectively determined as ⇠ ⇠ 1/k, while
the correlation time ⇠t can be inferred from the position
! of the lowest lying pole of the dynamic response func-
tion, as ⇠t ⇠ 1/Im(!). Since for both Model G and H the
kinetic coe�cients show themselves a critical power-law
divergence with the FRG scale k, which can be quanti-
fied in terms of logarithmic k-derivatives of the kinetic
coe�cients in the scaling regime, i.e. x�� = �k@k log�

�

k

and x� = �k@k log �k for Model G, x� = �k@k log �k

and x⌘ = �k@k log ⌘k for Model H, these divergencies
also contribute to the dynamic critical exponent.

We first focus on the critical dynamics of the order
parameter �. Since in Model G the order parameter
is not conserved, and explicit calculation of the (re-
tarded) propagator in our FRG truncation simply yields
!� = �i��

k
m2

k
⇠ k2�x�� , we have z� = 2 � x�� . Con-

versely, in Model H the order parameter is conserved, and

one finds the dispersion relation !� = �i�k~p2(m2
k
+ ~p2).

By setting the external momentum ~p to |~p| ⇠ k, one ob-
tains an additional factor of k2 in the dispersion relation
thus yielding !� ⇠ �kk4 ⇠ k4�⌘�x� in Model H, yielding
z� = 4 � x�. Note that the anomalous dimension ⌘ = 0
vanishes within our truncation. We thus omit ⌘ from
all scaling relations. If one would use a truncation with
a finite ⌘ 6= 0, the dynamic critical exponents would be
given as z� = 2�⌘�x�� in Model G, and z� = 4�⌘�x�

in Model H, respectively.
Notably, in both Model G and H, the conserved charge

densities nab and ~j also experience critical slowing down
due to the reversible coupling to the order parameter.
By setting the external momentum ~p to |~p| ⇠ k, the
respective dispersion relations !n = �i�k~p2/� and !j =
�i⌘k~p2/⇢ also exhibit power law behavior !n ⇠ k2�x� ,
and !j ⇠ k2�x⌘ , from which one can deduce the dynamic
critical exponents zn = 2�x� for the charge densities nab

in Model G and zj = 2�x⌘ for the transverse momentum

density ~j in Model H.
Since the critical point corresponds to a fixed point of

the FRG flow, it is instructive to investigate the flow dia-
grams for Model G and H, which are depdicted in the left
and the middle panel of Fig. 1 showing the FRG flow in
the compactified (wG/H , fG/H) plane 3. One can see that
for Model G there are unstable weak-scaling fixed points
at wG = 0 and wG = 1. In addition, there is the stable
strong-scaling fixed point that describe the dynamic crit-
icality of Model G. In the flow diagram of Model H, one
can see that the stable fixed point is located at w⇤

H
= 0.

This means that the term with 1/wH in the denominator
in (20) will go to zero and thus can be safely neglected.
One can then look for the fixed point of the dimension-
less flow equations of f and w analytically for Model G
and H. For Model G, the strong-scaling fixed point (in
this truncation) is located at

f⇤
G
=

(4� d)d(1 + m̄2)3

4
. (21)

For Model H, at the stable fixed point one has w⇤
H

= 0
so that one can solve

f⇤
H

=
4� d

2
d�2

d�1
d(1+m̄2)2 + 1

d(d+2)
1

(1+m̄2)3
(22)

Now, using the relation @tfG = fG(d� 4 + x�� + x�) for
Model G and @tfH = fH(d � 4 + x� + x⌘) for Model H

3 The dimensionless static coupling m̄2 is set to its value at the
Wilson-Fisher fixed point within our truncation of the static free
energy, which we obtain by solving the static sector of our flow
equations. This poses no problem because the static flow equa-
tions are independent from the dynamics, as was explicitly shown
in Ref. [19]. We do not need the fixed-point value for the di-
mensionless quartic coupling �̄, since within our truncation the
flow equations (17–19) for the dynamic couplings are indepen-
dent of �k, and hence only require scaling of m2

k
.
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• Model G (strong-scaling FP):

4

equations for fG and wG in Model G are given by

k@kfG = fG(d� 4) + (17)
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while the dimensionless flow equations for fH and wH in
Model H are given by

k@kfH = fH(d� 4) (19)
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Importantly, Eqs. (17)–(20) no longer depend on the non-
universal parameters ⇢, g, and T , which stresses the uni-
versal character of these non-perturbative flow equations.

Dynamic critical behavior of Model G/H Close to a
critical point, the dynamic critical exponent z describes
the divergence of the correlation time ⇠t ⇠ ⇠z relative
to the correlation length ⇠. Since su�ciently close to the
critical point the relevant infrared cuto↵ during the FRG
flow is always set by the FRG scale k > 0, the correla-
tion length is e↵ectively determined as ⇠ ⇠ 1/k, while
the correlation time ⇠t can be inferred from the position
! of the lowest lying pole of the dynamic response func-
tion, as ⇠t ⇠ 1/Im(!). Since for both Model G and H the
kinetic coe�cients show themselves a critical power-law
divergence with the FRG scale k, which can be quanti-
fied in terms of logarithmic k-derivatives of the kinetic
coe�cients in the scaling regime, i.e. x�� = �k@k log�

�

k

and x� = �k@k log �k for Model G, x� = �k@k log �k

and x⌘ = �k@k log ⌘k for Model H, these divergencies
also contribute to the dynamic critical exponent.

We first focus on the critical dynamics of the order
parameter �. Since in Model G the order parameter
is not conserved, and explicit calculation of the (re-
tarded) propagator in our FRG truncation simply yields
!� = �i��

k
m2

k
⇠ k2�x�� , we have z� = 2 � x�� . Con-

versely, in Model H the order parameter is conserved, and

one finds the dispersion relation !� = �i�k~p2(m2
k
+ ~p2).

By setting the external momentum ~p to |~p| ⇠ k, one ob-
tains an additional factor of k2 in the dispersion relation
thus yielding !� ⇠ �kk4 ⇠ k4�⌘�x� in Model H, yielding
z� = 4 � x�. Note that the anomalous dimension ⌘ = 0
vanishes within our truncation. We thus omit ⌘ from
all scaling relations. If one would use a truncation with
a finite ⌘ 6= 0, the dynamic critical exponents would be
given as z� = 2�⌘�x�� in Model G, and z� = 4�⌘�x�

in Model H, respectively.
Notably, in both Model G and H, the conserved charge

densities nab and ~j also experience critical slowing down
due to the reversible coupling to the order parameter.
By setting the external momentum ~p to |~p| ⇠ k, the
respective dispersion relations !n = �i�k~p2/� and !j =
�i⌘k~p2/⇢ also exhibit power law behavior !n ⇠ k2�x� ,
and !j ⇠ k2�x⌘ , from which one can deduce the dynamic
critical exponents zn = 2�x� for the charge densities nab

in Model G and zj = 2�x⌘ for the transverse momentum

density ~j in Model H.
Since the critical point corresponds to a fixed point of

the FRG flow, it is instructive to investigate the flow dia-
grams for Model G and H, which are depdicted in the left
and the middle panel of Fig. 1 showing the FRG flow in
the compactified (wG/H , fG/H) plane 3. One can see that
for Model G there are unstable weak-scaling fixed points
at wG = 0 and wG = 1. In addition, there is the stable
strong-scaling fixed point that describe the dynamic crit-
icality of Model G. In the flow diagram of Model H, one
can see that the stable fixed point is located at w⇤

H
= 0.

This means that the term with 1/wH in the denominator
in (20) will go to zero and thus can be safely neglected.
One can then look for the fixed point of the dimension-
less flow equations of f and w analytically for Model G
and H. For Model G, the strong-scaling fixed point (in
this truncation) is located at

f⇤
G
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4
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For Model H, at the stable fixed point one has w⇤
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so that one can solve
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Now, using the relation @tfG = fG(d� 4 + x�� + x�) for
Model G and @tfH = fH(d � 4 + x� + x⌘) for Model H

3 The dimensionless static coupling m̄2 is set to its value at the
Wilson-Fisher fixed point within our truncation of the static free
energy, which we obtain by solving the static sector of our flow
equations. This poses no problem because the static flow equa-
tions are independent from the dynamics, as was explicitly shown
in Ref. [19]. We do not need the fixed-point value for the di-
mensionless quartic coupling �̄, since within our truncation the
flow equations (17–19) for the dynamic couplings are indepen-
dent of �k, and hence only require scaling of m2

k
.
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while the dimensionless flow equations for fH and wH in
Model H are given by
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Importantly, Eqs. (17)–(20) no longer depend on the non-
universal parameters ⇢, g, and T , which stresses the uni-
versal character of these non-perturbative flow equations.

Dynamic critical behavior of Model G/H Close to a
critical point, the dynamic critical exponent z describes
the divergence of the correlation time ⇠t ⇠ ⇠z relative
to the correlation length ⇠. Since su�ciently close to the
critical point the relevant infrared cuto↵ during the FRG
flow is always set by the FRG scale k > 0, the correla-
tion length is e↵ectively determined as ⇠ ⇠ 1/k, while
the correlation time ⇠t can be inferred from the position
! of the lowest lying pole of the dynamic response func-
tion, as ⇠t ⇠ 1/Im(!). Since for both Model G and H the
kinetic coe�cients show themselves a critical power-law
divergence with the FRG scale k, which can be quanti-
fied in terms of logarithmic k-derivatives of the kinetic
coe�cients in the scaling regime, i.e. x�� = �k@k log�

�

k

and x� = �k@k log �k for Model G, x� = �k@k log �k

and x⌘ = �k@k log ⌘k for Model H, these divergencies
also contribute to the dynamic critical exponent.

We first focus on the critical dynamics of the order
parameter �. Since in Model G the order parameter
is not conserved, and explicit calculation of the (re-
tarded) propagator in our FRG truncation simply yields
!� = �i��

k
m2

k
⇠ k2�x�� , we have z� = 2 � x�� . Con-

versely, in Model H the order parameter is conserved, and

one finds the dispersion relation !� = �i�k~p2(m2
k
+ ~p2).

By setting the external momentum ~p to |~p| ⇠ k, one ob-
tains an additional factor of k2 in the dispersion relation
thus yielding !� ⇠ �kk4 ⇠ k4�⌘�x� in Model H, yielding
z� = 4 � x�. Note that the anomalous dimension ⌘ = 0
vanishes within our truncation. We thus omit ⌘ from
all scaling relations. If one would use a truncation with
a finite ⌘ 6= 0, the dynamic critical exponents would be
given as z� = 2�⌘�x�� in Model G, and z� = 4�⌘�x�

in Model H, respectively.
Notably, in both Model G and H, the conserved charge

densities nab and ~j also experience critical slowing down
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and !j ⇠ k2�x⌘ , from which one can deduce the dynamic
critical exponents zn = 2�x� for the charge densities nab

in Model G and zj = 2�x⌘ for the transverse momentum

density ~j in Model H.
Since the critical point corresponds to a fixed point of

the FRG flow, it is instructive to investigate the flow dia-
grams for Model G and H, which are depdicted in the left
and the middle panel of Fig. 1 showing the FRG flow in
the compactified (wG/H , fG/H) plane 3. One can see that
for Model G there are unstable weak-scaling fixed points
at wG = 0 and wG = 1. In addition, there is the stable
strong-scaling fixed point that describe the dynamic crit-
icality of Model G. In the flow diagram of Model H, one
can see that the stable fixed point is located at w⇤

H
= 0.

This means that the term with 1/wH in the denominator
in (20) will go to zero and thus can be safely neglected.
One can then look for the fixed point of the dimension-
less flow equations of f and w analytically for Model G
and H. For Model G, the strong-scaling fixed point (in
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Now, using the relation @tfG = fG(d� 4 + x�� + x�) for
Model G and @tfH = fH(d � 4 + x� + x⌘) for Model H

3 The dimensionless static coupling m̄2 is set to its value at the
Wilson-Fisher fixed point within our truncation of the static free
energy, which we obtain by solving the static sector of our flow
equations. This poses no problem because the static flow equa-
tions are independent from the dynamics, as was explicitly shown
in Ref. [19]. We do not need the fixed-point value for the di-
mensionless quartic coupling �̄, since within our truncation the
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dent of �k, and hence only require scaling of m2
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Importantly, Eqs. (17)–(20) no longer depend on the non-
universal parameters ⇢, g, and T , which stresses the uni-
versal character of these non-perturbative flow equations.

Dynamic critical behavior of Model G/H Close to a
critical point, the dynamic critical exponent z describes
the divergence of the correlation time ⇠t ⇠ ⇠z relative
to the correlation length ⇠. Since su�ciently close to the
critical point the relevant infrared cuto↵ during the FRG
flow is always set by the FRG scale k > 0, the correla-
tion length is e↵ectively determined as ⇠ ⇠ 1/k, while
the correlation time ⇠t can be inferred from the position
! of the lowest lying pole of the dynamic response func-
tion, as ⇠t ⇠ 1/Im(!). Since for both Model G and H the
kinetic coe�cients show themselves a critical power-law
divergence with the FRG scale k, which can be quanti-
fied in terms of logarithmic k-derivatives of the kinetic
coe�cients in the scaling regime, i.e. x�� = �k@k log�
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and x� = �k@k log �k for Model G, x� = �k@k log �k

and x⌘ = �k@k log ⌘k for Model H, these divergencies
also contribute to the dynamic critical exponent.

We first focus on the critical dynamics of the order
parameter �. Since in Model G the order parameter
is not conserved, and explicit calculation of the (re-
tarded) propagator in our FRG truncation simply yields
!� = �i��
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⇠ k2�x�� , we have z� = 2 � x�� . Con-

versely, in Model H the order parameter is conserved, and

one finds the dispersion relation !� = �i�k~p2(m2
k
+ ~p2).

By setting the external momentum ~p to |~p| ⇠ k, one ob-
tains an additional factor of k2 in the dispersion relation
thus yielding !� ⇠ �kk4 ⇠ k4�⌘�x� in Model H, yielding
z� = 4 � x�. Note that the anomalous dimension ⌘ = 0
vanishes within our truncation. We thus omit ⌘ from
all scaling relations. If one would use a truncation with
a finite ⌘ 6= 0, the dynamic critical exponents would be
given as z� = 2�⌘�x�� in Model G, and z� = 4�⌘�x�

in Model H, respectively.
Notably, in both Model G and H, the conserved charge

densities nab and ~j also experience critical slowing down
due to the reversible coupling to the order parameter.
By setting the external momentum ~p to |~p| ⇠ k, the
respective dispersion relations !n = �i�k~p2/� and !j =
�i⌘k~p2/⇢ also exhibit power law behavior !n ⇠ k2�x� ,
and !j ⇠ k2�x⌘ , from which one can deduce the dynamic
critical exponents zn = 2�x� for the charge densities nab

in Model G and zj = 2�x⌘ for the transverse momentum

density ~j in Model H.
Since the critical point corresponds to a fixed point of

the FRG flow, it is instructive to investigate the flow dia-
grams for Model G and H, which are depdicted in the left
and the middle panel of Fig. 1 showing the FRG flow in
the compactified (wG/H , fG/H) plane 3. One can see that
for Model G there are unstable weak-scaling fixed points
at wG = 0 and wG = 1. In addition, there is the stable
strong-scaling fixed point that describe the dynamic crit-
icality of Model G. In the flow diagram of Model H, one
can see that the stable fixed point is located at w⇤

H
= 0.

This means that the term with 1/wH in the denominator
in (20) will go to zero and thus can be safely neglected.
One can then look for the fixed point of the dimension-
less flow equations of f and w analytically for Model G
and H. For Model G, the strong-scaling fixed point (in
this truncation) is located at
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Now, using the relation @tfG = fG(d� 4 + x�� + x�) for
Model G and @tfH = fH(d � 4 + x� + x⌘) for Model H

3 The dimensionless static coupling m̄2 is set to its value at the
Wilson-Fisher fixed point within our truncation of the static free
energy, which we obtain by solving the static sector of our flow
equations. This poses no problem because the static flow equa-
tions are independent from the dynamics, as was explicitly shown
in Ref. [19]. We do not need the fixed-point value for the di-
mensionless quartic coupling �̄, since within our truncation the
flow equations (17–19) for the dynamic couplings are indepen-
dent of �k, and hence only require scaling of m2

k
.
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FIG. 1. Left panel: the flow diagram of Model G, in which the blue point is the purely attractive stable strong scaling fixed
point and the other two points are the two unstable weak-scaling fixed points [21]. Middle panel: flow diagram of Model H,
with the single blue point corresponding to the stable fixed point with wH = 0. Right panel: two plots in the left correspond
to x�� and x� in Model G at the various fixed points (indicated by color). The two plots on the right correspond to x� and
x⌘ in Model H. The solid lines correspond to our FRG results. The dashed lines correspond to the first-order ✏-expansion in
Model G [37], and to the second-order ✏-expansion in Model H [4, 38], respectively.

that follows directly from the definition in Eqs. (15) and
(16), we can deduce that as long as the fixed-point value
f⇤ is finite (i.e. 0 < f⇤ < 1) the following weak-scaling
relations hold at the fixed point [21, 37],

x�� + x� = x� + x⌘ = 4� d (23)

If also w⇤ assumes a finite fixed-point value (i.e. 0 < w⇤ <
1), as it is the case at the strong-scaling fixed point of
Model G, we have in addition the strong scaling relation,

x�� = x� . (24)

Since both w⇤
G

and f⇤
G

are finite at the strong-scaling
fixed point of Model G (cf. Fig. 1), Eqs. (23) and (24)
are su�cient to uniquely fix the scaling exponents of the
kinetic coe�cients to

x�� = x� = 2� d

2
, (25)

which means that we exactly recover the dynamic critical
exponent z� = zn = d/2 at the strong scaling fixed point.
This result for x�� and x� is shown in the right panel of
Fig. 1.

At the Model H fixed point f⇤
H

is finite but w⇤
H

= 0
vanishes (cf. the middle panel of Fig. 1), which means
that one has no strong-scaling relation as in (24). In-
stead, by inserting Eq. (22) into the FRG flow equations
Eq. (19), we then find the following analytical expressions
for Model H,

x� =
4� d

2
d�2

d�1
d(1+m̄2)2 + 1

d(d+2)
1

(1+m̄2)3

2

d� 2

d� 1

d(1 + m̄2)2

(26)

x⌘ =
4� d

2
d�2

d�1
d(1+m̄2)2 + 1

d(d+2)
1

(1+m̄2)3

1

d(d+ 2)

1

(1 + m̄2)3

(27)

depicted in the right panel of Fig. 1, along with results
from second-order ✏-expansion [4, 38]. Specifically, in
d = 3 spatial dimensions we obtain the dynamic critical
exponent z� ⇡ 3.051. Due to our arguably rather simple
truncation, this result is closer to the result z = 3.053
from first-order ✏-expansion than to the one (z = 3.084)
from second-order ✏-expansion [4, 38].

Summary & Outlook. We presented a real-time func-
tional renormalization group approach to dynamical
systems with reversible mode couplings introduced in
Ref. [19] to study the critical dynamics of Model G and
Model H, which are conjectured to describe the dynamic
universality classes of QCD’s chiral transition in the two-
flavour chiral limit, and the dynamic universality class of
QCD’s critical point, respectively. By adding sources and
regulators at the level of the free-energy, this formalism
ensures the preservation of all relevant symmetries, and
provides Ward identities that protect the mode coupling
g from renormalization.

Based on this framework we have derived one-loop
exact non-perturbative flow equations for the kinetic
coe�cients of Model G and H. The associated fixed-
point structure is qualitatively in line with first-order ✏-
expansion [21], consisting of one strong-scaling and two
weak-scaling fixed points in Model G, and one IR stable
weak-scaling fixed point in Model H. We have computed
the dynamic critical exponents for Model G and H in
2 < d < 4 spatial dimensions and obtained the exact re-
sult z� = zn = d/2 at the strong-scaling fixed point of
Model G. Conversely, in Model H, the dynamic critical
exponents can only be obtained from a full calculation,
and we found that the results in our FRG truncation
are in good agreement with the first-order ✏-expansion in
d = 3 spatial dimensions.

5

spatial dimension d

FIG. 1. Left panel: the flow diagram of Model G, in which the blue point is the purely attractive stable strong scaling fixed
point and the other two points are the two unstable weak-scaling fixed points [21]. Middle panel: flow diagram of Model H,
with the single blue point corresponding to the stable fixed point with wH = 0. Right panel: two plots in the left correspond
to x�� and x� in Model G at the various fixed points (indicated by color). The two plots on the right correspond to x� and
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(16), we can deduce that as long as the fixed-point value
f⇤ is finite (i.e. 0 < f⇤ < 1) the following weak-scaling
relations hold at the fixed point [21, 37],

x�� + x� = x� + x⌘ = 4� d (23)

If also w⇤ assumes a finite fixed-point value (i.e. 0 < w⇤ <
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exponent z� = zn = d/2 at the strong scaling fixed point.
This result for x�� and x� is shown in the right panel of
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depicted in the right panel of Fig. 1, along with results
from second-order ✏-expansion [4, 38]. Specifically, in
d = 3 spatial dimensions we obtain the dynamic critical
exponent z� ⇡ 3.051. Due to our arguably rather simple
truncation, this result is closer to the result z = 3.053
from first-order ✏-expansion than to the one (z = 3.084)
from second-order ✏-expansion [4, 38].

Summary & Outlook. We presented a real-time func-
tional renormalization group approach to dynamical
systems with reversible mode couplings introduced in
Ref. [19] to study the critical dynamics of Model G and
Model H, which are conjectured to describe the dynamic
universality classes of QCD’s chiral transition in the two-
flavour chiral limit, and the dynamic universality class of
QCD’s critical point, respectively. By adding sources and
regulators at the level of the free-energy, this formalism
ensures the preservation of all relevant symmetries, and
provides Ward identities that protect the mode coupling
g from renormalization.

Based on this framework we have derived one-loop
exact non-perturbative flow equations for the kinetic
coe�cients of Model G and H. The associated fixed-
point structure is qualitatively in line with first-order ✏-
expansion [21], consisting of one strong-scaling and two
weak-scaling fixed points in Model G, and one IR stable
weak-scaling fixed point in Model H. We have computed
the dynamic critical exponents for Model G and H in
2 < d < 4 spatial dimensions and obtained the exact re-
sult z� = zn = d/2 at the strong-scaling fixed point of
Model G. Conversely, in Model H, the dynamic critical
exponents can only be obtained from a full calculation,
and we found that the results in our FRG truncation
are in good agreement with the first-order ✏-expansion in
d = 3 spatial dimensions.
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• Strong-scaling of charge diffusion coefficient in Model G

JR, Ye, Schlichting, von Smekal, arXiv:2403.04573
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dynamic universal scaling function

• Strong-scaling of charge diffusion coefficient in Model G

JR, Ye, Schlichting, von Smekal, arXiv:2403.04573



 

 

CRC -  TR 

Benasque Science CenterUniversal critical dynamics in QCDJohannes Roth

Dynamic (hyper-)scaling relations

28

<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��

<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

• What can we say about the scaling exponents? 
Investigate fixed-point equation of   :

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>

wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

<latexit sha1_base64="SMNu+kV+UAU9PzAaAs8ev1KeEso=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtgvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fzBuM7Q==</latexit>

f



 

 

CRC -  TR 

Benasque Science CenterUniversal critical dynamics in QCDJohannes Roth

Dynamic (hyper-)scaling relations

28

<latexit sha1_base64="0ai4PYyyttX6uqyDhpk5E1gnPtM=">AAACIHicbVBNS8NAFNz4WetX1aOXxSIoYkmktF6Eogc9KlgrNDW8bDft0t0k7G7EEvJTvPhXvHhQRG/6a9zUHrQ6sDDMzOPtGz/mTGnb/rCmpmdm5+YLC8XFpeWV1dLa+pWKEklok0Q8ktc+KMpZSJuaaU6vY0lB+Jy2/MFJ7rduqVQsCi/1MKYdAb2QBYyANpJXqrsxSM2AexoH3ik+wjvd/erenZe6pyAE3KRu3GdZNlJ6uZLt5kGvVLYr9gj4L3HGpIzGOPdK7243IomgoSYclGo7dqw7ab6ccJoV3UTRGMgAerRtaAiCqk46OjDD20bp4iCS5oUaj9SfEykIpYbCN0kBuq8mvVz8z2snOjjspCyME01D8r0oSDjWEc7bwl0mKdF8aAgQycxfMemDBKJNp0VTgjN58l9ydVBxapXaRbXcOB7XUUCbaAvtIAfVUQOdoXPURATdo0f0jF6sB+vJerXevqNT1nhmA/2C9fkFL5uiaA==</latexit>

@tfG = (d� 4 + x�� + x�)fG

<latexit sha1_base64="Baai/O7iMqjeghwB+Kmj0n6MD5A=">AAACF3icbZDJSgNBEIZ7XGPcoh69NAYhIoYZCdGLEPSSYwSzQBKGmk5PbOxZ6K4Rw5C38OKrePGgiFe9+Tb2JDm4FTR8/H8V1fV7sRQabfvTmptfWFxazq3kV9fWNzYLW9stHSWK8SaLZKQ6HmguRcibKFDyTqw4BJ7kbe/mIvPbt1xpEYVXOIp5P4BhKHzBAI3kFsq9GBQKkC5S363TM1oaHFUO79y0p8UwgPEEOcL4IPPdQtEu25Oif8GZQZHMquEWPnqDiCUBD5FJ0Lrr2DH202wnk3yc7yWax8BuYMi7BkMIuO6nk7vGdN8oA+pHyrwQ6UT9PpFCoPUo8ExnAHitf3uZ+J/XTdA/7acijBPkIZsu8hNJMaJZSHQgFGcoRwaAKWH+Stk1KGBoosybEJzfJ/+F1nHZqZarl5Vi7XwWR47skj1SIg45ITVSJw3SJIzck0fyTF6sB+vJerXepq1z1mxmh/wo6/0L3TWegg==</latexit>

@tfH = (d� 4 + x� + x⌘)fH

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��

<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

• What can we say about the scaling exponents? 
Investigate fixed-point equation of   :

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>

wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

<latexit sha1_base64="SMNu+kV+UAU9PzAaAs8ev1KeEso=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtgvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fzBuM7Q==</latexit>

f
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<latexit sha1_base64="0ai4PYyyttX6uqyDhpk5E1gnPtM=">AAACIHicbVBNS8NAFNz4WetX1aOXxSIoYkmktF6Eogc9KlgrNDW8bDft0t0k7G7EEvJTvPhXvHhQRG/6a9zUHrQ6sDDMzOPtGz/mTGnb/rCmpmdm5+YLC8XFpeWV1dLa+pWKEklok0Q8ktc+KMpZSJuaaU6vY0lB+Jy2/MFJ7rduqVQsCi/1MKYdAb2QBYyANpJXqrsxSM2AexoH3ik+wjvd/erenZe6pyAE3KRu3GdZNlJ6uZLt5kGvVLYr9gj4L3HGpIzGOPdK7243IomgoSYclGo7dqw7ab6ccJoV3UTRGMgAerRtaAiCqk46OjDD20bp4iCS5oUaj9SfEykIpYbCN0kBuq8mvVz8z2snOjjspCyME01D8r0oSDjWEc7bwl0mKdF8aAgQycxfMemDBKJNp0VTgjN58l9ydVBxapXaRbXcOB7XUUCbaAvtIAfVUQOdoXPURATdo0f0jF6sB+vJerXevqNT1nhmA/2C9fkFL5uiaA==</latexit>

@tfG = (d� 4 + x�� + x�)fG

<latexit sha1_base64="Baai/O7iMqjeghwB+Kmj0n6MD5A=">AAACF3icbZDJSgNBEIZ7XGPcoh69NAYhIoYZCdGLEPSSYwSzQBKGmk5PbOxZ6K4Rw5C38OKrePGgiFe9+Tb2JDm4FTR8/H8V1fV7sRQabfvTmptfWFxazq3kV9fWNzYLW9stHSWK8SaLZKQ6HmguRcibKFDyTqw4BJ7kbe/mIvPbt1xpEYVXOIp5P4BhKHzBAI3kFsq9GBQKkC5S363TM1oaHFUO79y0p8UwgPEEOcL4IPPdQtEu25Oif8GZQZHMquEWPnqDiCUBD5FJ0Lrr2DH202wnk3yc7yWax8BuYMi7BkMIuO6nk7vGdN8oA+pHyrwQ6UT9PpFCoPUo8ExnAHitf3uZ+J/XTdA/7acijBPkIZsu8hNJMaJZSHQgFGcoRwaAKWH+Stk1KGBoosybEJzfJ/+F1nHZqZarl5Vi7XwWR47skj1SIg45ITVSJw3SJIzck0fyTF6sB+vJerXepq1z1mxmh/wo6/0L3TWegg==</latexit>

@tfH = (d� 4 + x� + x⌘)fH

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="F/qUj7bl1hhfntoq8ZWF07z1Gcw=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CHvQYwSyQjZ5OTdKkp2fs7lHCkP/w4kERr/6LN//GznLQxAcFj/eqqKrnx4Jr47rfztLyyuraemYju7m1vbOb29uv6ihRDCssEpGq+1Sj4BIrhhuB9VghDX2BNX9wPfZrj6g0j+S9GcbYCmlP8oAzaqzUDjo37fR0RJoSH4jbyeXdgjsBWSTejORhhnIn99XsRiwJURomqNYNz41NK6XKcCZwlG0mGmPKBrSHDUslDVG30snVI3JslS4JImVLGjJRf0+kNNR6GPq2M6Smr+e9sfif10hMcNlKuYwTg5JNFwWJICYi4whIlytkRgwtoUxxeythfaooMzaorA3Bm395kVTPCl6xULw7z5euZnFk4BCO4AQ8uIAS3EIZKsBAwTO8wpvz5Lw4787HtHXJmc0cwB84nz8uO5Gk</latexit>

f⇤
G 6= 0

<latexit sha1_base64="VQ7CHHFmzvZ+Hn3P79EdslO7z64=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CXnKMYBbIRk+nJmnS0zN29yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vZ2V1bX1jM7OV3d7Z3dvPHRzWdJQohlUWiUg1fKpRcIlVw43ARqyQhr7Auj+8nfj1R1SaR/LejGJsh7QvecAZNVbqBN1yJz0fk5bEB+J2c3m34E5Blok3J3mYo9LNfbV6EUtClIYJqnXTc2PTTqkynAkcZ1uJxpiyIe1j01JJQ9TtdHr1mJxapUeCSNmShkzV3xMpDbUehb7tDKkZ6EVvIv7nNRMTXLdTLuPEoGSzRUEiiInIJALS4wqZESNLKFPc3krYgCrKjA0qa0PwFl9eJrWLglcsFO8u86WbeRwZOIYTOAMPrqAEZahAFRgoeIZXeHOenBfn3fmYta4485kj+APn8wcvypGl</latexit>

f⇤
H

6= 0

<latexit sha1_base64="reQX0S/LJ7Iqf3JHJIp4KONKZiM=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARBLHMSKm6EAoudFnBXqCtJZPJtKFJZkgyYhlm68ZXceNCEbe+gTvfxkzbhbb+EPj5zjmcnN+LGFXacb6t3MLi0vJKfrWwtr6xuWVv7zRUGEtM6jhkoWx5SBFGBalrqhlpRZIg7jHS9IaXWb15T6SiobjVo4h0OeoLGlCMtEE9Gz70ks4V4hzdJZ1oQNP0KCP9jKQX5WO/ZxedkjMWnDfu1BTBVLWe/dXxQxxzIjRmSKm260S6myCpKWYkLXRiRSKEh6hP2sYKxInqJuNLUnhgiA+DUJonNBzT3xMJ4kqNuGc6OdIDNVvL4H+1dqyDs25CRRRrIvBkURAzqEOYxQJ9KgnWbGQMwpKav0I8QBJhbcIrmBDc2ZPnTeOk5FZKlZtysXo+jSMP9sA+OAQuOAVVcA1qoA4weATP4BW8WU/Wi/VufUxac9Z0Zhf8kfX5A6nXmkk=</latexit>

x�� + x� = 4� d

<latexit sha1_base64="+5d47ascs6Z+MDh6D+xTJlIaWCQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEQSxJFKqLoSCG5cV7AXaECaTSTt0ZhJmJmIJ2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5nzu/HlEhl299GaWl5ZXWtvF7Z2Nza3jF39zoySgTCbRTRSPR8KDElHLcVURT3YoEh8ynu+uObvN59wEKSiN+rSYxdBoechARBpS3PPHj00oEkQwaz0xyxgtl1/SzwzKpds6eyFsEpoAoKtTzzaxBEKGGYK0ShlH3HjpWbQqEIojirDBKJY4jGcIj7GjlkWLrp9IDMOtZOYIWR0I8ra+r+nkghk3LCfN3JoBrJ+Vpu/lfrJyq8dFPC40RhjmaLwoRaKrLyNKyACIwUnWiASBD9VwuNoIBI6cwqOgRn/uRF6JzXnEatcVevNq+KOMrgEByBE+CAC9AEt6AF2gCBDDyDV/BmPBkvxrvxMWstGcXMPvgj4/MHl0mWYQ==</latexit>

x� + x⌘ = 4� d

<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��

<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

• What can we say about the scaling exponents? 
Investigate fixed-point equation of   :

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>

wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

<latexit sha1_base64="SMNu+kV+UAU9PzAaAs8ev1KeEso=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtgvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fzBuM7Q==</latexit>

f
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<latexit sha1_base64="0ai4PYyyttX6uqyDhpk5E1gnPtM=">AAACIHicbVBNS8NAFNz4WetX1aOXxSIoYkmktF6Eogc9KlgrNDW8bDft0t0k7G7EEvJTvPhXvHhQRG/6a9zUHrQ6sDDMzOPtGz/mTGnb/rCmpmdm5+YLC8XFpeWV1dLa+pWKEklok0Q8ktc+KMpZSJuaaU6vY0lB+Jy2/MFJ7rduqVQsCi/1MKYdAb2QBYyANpJXqrsxSM2AexoH3ik+wjvd/erenZe6pyAE3KRu3GdZNlJ6uZLt5kGvVLYr9gj4L3HGpIzGOPdK7243IomgoSYclGo7dqw7ab6ccJoV3UTRGMgAerRtaAiCqk46OjDD20bp4iCS5oUaj9SfEykIpYbCN0kBuq8mvVz8z2snOjjspCyME01D8r0oSDjWEc7bwl0mKdF8aAgQycxfMemDBKJNp0VTgjN58l9ydVBxapXaRbXcOB7XUUCbaAvtIAfVUQOdoXPURATdo0f0jF6sB+vJerXevqNT1nhmA/2C9fkFL5uiaA==</latexit>

@tfG = (d� 4 + x�� + x�)fG

<latexit sha1_base64="Baai/O7iMqjeghwB+Kmj0n6MD5A=">AAACF3icbZDJSgNBEIZ7XGPcoh69NAYhIoYZCdGLEPSSYwSzQBKGmk5PbOxZ6K4Rw5C38OKrePGgiFe9+Tb2JDm4FTR8/H8V1fV7sRQabfvTmptfWFxazq3kV9fWNzYLW9stHSWK8SaLZKQ6HmguRcibKFDyTqw4BJ7kbe/mIvPbt1xpEYVXOIp5P4BhKHzBAI3kFsq9GBQKkC5S363TM1oaHFUO79y0p8UwgPEEOcL4IPPdQtEu25Oif8GZQZHMquEWPnqDiCUBD5FJ0Lrr2DH202wnk3yc7yWax8BuYMi7BkMIuO6nk7vGdN8oA+pHyrwQ6UT9PpFCoPUo8ExnAHitf3uZ+J/XTdA/7acijBPkIZsu8hNJMaJZSHQgFGcoRwaAKWH+Stk1KGBoosybEJzfJ/+F1nHZqZarl5Vi7XwWR47skj1SIg45ITVSJw3SJIzck0fyTF6sB+vJerXepq1z1mxmh/wo6/0L3TWegg==</latexit>

@tfH = (d� 4 + x� + x⌘)fH

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="F/qUj7bl1hhfntoq8ZWF07z1Gcw=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CHvQYwSyQjZ5OTdKkp2fs7lHCkP/w4kERr/6LN//GznLQxAcFj/eqqKrnx4Jr47rfztLyyuraemYju7m1vbOb29uv6ihRDCssEpGq+1Sj4BIrhhuB9VghDX2BNX9wPfZrj6g0j+S9GcbYCmlP8oAzaqzUDjo37fR0RJoSH4jbyeXdgjsBWSTejORhhnIn99XsRiwJURomqNYNz41NK6XKcCZwlG0mGmPKBrSHDUslDVG30snVI3JslS4JImVLGjJRf0+kNNR6GPq2M6Smr+e9sfif10hMcNlKuYwTg5JNFwWJICYi4whIlytkRgwtoUxxeythfaooMzaorA3Bm395kVTPCl6xULw7z5euZnFk4BCO4AQ8uIAS3EIZKsBAwTO8wpvz5Lw4787HtHXJmc0cwB84nz8uO5Gk</latexit>

f⇤
G 6= 0

<latexit sha1_base64="VQ7CHHFmzvZ+Hn3P79EdslO7z64=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CXnKMYBbIRk+nJmnS0zN29yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vZ2V1bX1jM7OV3d7Z3dvPHRzWdJQohlUWiUg1fKpRcIlVw43ARqyQhr7Auj+8nfj1R1SaR/LejGJsh7QvecAZNVbqBN1yJz0fk5bEB+J2c3m34E5Blok3J3mYo9LNfbV6EUtClIYJqnXTc2PTTqkynAkcZ1uJxpiyIe1j01JJQ9TtdHr1mJxapUeCSNmShkzV3xMpDbUehb7tDKkZ6EVvIv7nNRMTXLdTLuPEoGSzRUEiiInIJALS4wqZESNLKFPc3krYgCrKjA0qa0PwFl9eJrWLglcsFO8u86WbeRwZOIYTOAMPrqAEZahAFRgoeIZXeHOenBfn3fmYta4485kj+APn8wcvypGl</latexit>

f⇤
H

6= 0

<latexit sha1_base64="reQX0S/LJ7Iqf3JHJIp4KONKZiM=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARBLHMSKm6EAoudFnBXqCtJZPJtKFJZkgyYhlm68ZXceNCEbe+gTvfxkzbhbb+EPj5zjmcnN+LGFXacb6t3MLi0vJKfrWwtr6xuWVv7zRUGEtM6jhkoWx5SBFGBalrqhlpRZIg7jHS9IaXWb15T6SiobjVo4h0OeoLGlCMtEE9Gz70ks4V4hzdJZ1oQNP0KCP9jKQX5WO/ZxedkjMWnDfu1BTBVLWe/dXxQxxzIjRmSKm260S6myCpKWYkLXRiRSKEh6hP2sYKxInqJuNLUnhgiA+DUJonNBzT3xMJ4kqNuGc6OdIDNVvL4H+1dqyDs25CRRRrIvBkURAzqEOYxQJ9KgnWbGQMwpKav0I8QBJhbcIrmBDc2ZPnTeOk5FZKlZtysXo+jSMP9sA+OAQuOAVVcA1qoA4weATP4BW8WU/Wi/VufUxac9Z0Zhf8kfX5A6nXmkk=</latexit>

x�� + x� = 4� d

<latexit sha1_base64="+5d47ascs6Z+MDh6D+xTJlIaWCQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEQSxJFKqLoSCG5cV7AXaECaTSTt0ZhJmJmIJ2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5nzu/HlEhl299GaWl5ZXWtvF7Z2Nza3jF39zoySgTCbRTRSPR8KDElHLcVURT3YoEh8ynu+uObvN59wEKSiN+rSYxdBoechARBpS3PPHj00oEkQwaz0xyxgtl1/SzwzKpds6eyFsEpoAoKtTzzaxBEKGGYK0ShlH3HjpWbQqEIojirDBKJY4jGcIj7GjlkWLrp9IDMOtZOYIWR0I8ra+r+nkghk3LCfN3JoBrJ+Vpu/lfrJyq8dFPC40RhjmaLwoRaKrLyNKyACIwUnWiASBD9VwuNoIBI6cwqOgRn/uRF6JzXnEatcVevNq+KOMrgEByBE+CAC9AEt6AF2gCBDDyDV/BmPBkvxrvxMWstGcXMPvgj4/MHl0mWYQ==</latexit>

x� + x⌘ = 4� d

<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��

<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

• What can we say about the scaling exponents? 
Investigate fixed-point equation of   :

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>

wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

in both Model G and H: ‘weak-scaling’ relation

<latexit sha1_base64="SMNu+kV+UAU9PzAaAs8ev1KeEso=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtgvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fzBuM7Q==</latexit>

f
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• Try same argument with fixed-point eq. of    : 

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>

wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

<latexit sha1_base64="7PhMkPno5cf9OjyBHEbyvJFlrw4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRPEU8OIxAfOAZAmzk95kzOzsMjOrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+XfjP4=</latexit>w

Dynamic (hyper-)scaling relations

28

<latexit sha1_base64="0ai4PYyyttX6uqyDhpk5E1gnPtM=">AAACIHicbVBNS8NAFNz4WetX1aOXxSIoYkmktF6Eogc9KlgrNDW8bDft0t0k7G7EEvJTvPhXvHhQRG/6a9zUHrQ6sDDMzOPtGz/mTGnb/rCmpmdm5+YLC8XFpeWV1dLa+pWKEklok0Q8ktc+KMpZSJuaaU6vY0lB+Jy2/MFJ7rduqVQsCi/1MKYdAb2QBYyANpJXqrsxSM2AexoH3ik+wjvd/erenZe6pyAE3KRu3GdZNlJ6uZLt5kGvVLYr9gj4L3HGpIzGOPdK7243IomgoSYclGo7dqw7ab6ccJoV3UTRGMgAerRtaAiCqk46OjDD20bp4iCS5oUaj9SfEykIpYbCN0kBuq8mvVz8z2snOjjspCyME01D8r0oSDjWEc7bwl0mKdF8aAgQycxfMemDBKJNp0VTgjN58l9ydVBxapXaRbXcOB7XUUCbaAvtIAfVUQOdoXPURATdo0f0jF6sB+vJerXevqNT1nhmA/2C9fkFL5uiaA==</latexit>

@tfG = (d� 4 + x�� + x�)fG

<latexit sha1_base64="Baai/O7iMqjeghwB+Kmj0n6MD5A=">AAACF3icbZDJSgNBEIZ7XGPcoh69NAYhIoYZCdGLEPSSYwSzQBKGmk5PbOxZ6K4Rw5C38OKrePGgiFe9+Tb2JDm4FTR8/H8V1fV7sRQabfvTmptfWFxazq3kV9fWNzYLW9stHSWK8SaLZKQ6HmguRcibKFDyTqw4BJ7kbe/mIvPbt1xpEYVXOIp5P4BhKHzBAI3kFsq9GBQKkC5S363TM1oaHFUO79y0p8UwgPEEOcL4IPPdQtEu25Oif8GZQZHMquEWPnqDiCUBD5FJ0Lrr2DH202wnk3yc7yWax8BuYMi7BkMIuO6nk7vGdN8oA+pHyrwQ6UT9PpFCoPUo8ExnAHitf3uZ+J/XTdA/7acijBPkIZsu8hNJMaJZSHQgFGcoRwaAKWH+Stk1KGBoosybEJzfJ/+F1nHZqZarl5Vi7XwWR47skj1SIg45ITVSJw3SJIzck0fyTF6sB+vJerXepq1z1mxmh/wo6/0L3TWegg==</latexit>

@tfH = (d� 4 + x� + x⌘)fH

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="F/qUj7bl1hhfntoq8ZWF07z1Gcw=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CHvQYwSyQjZ5OTdKkp2fs7lHCkP/w4kERr/6LN//GznLQxAcFj/eqqKrnx4Jr47rfztLyyuraemYju7m1vbOb29uv6ihRDCssEpGq+1Sj4BIrhhuB9VghDX2BNX9wPfZrj6g0j+S9GcbYCmlP8oAzaqzUDjo37fR0RJoSH4jbyeXdgjsBWSTejORhhnIn99XsRiwJURomqNYNz41NK6XKcCZwlG0mGmPKBrSHDUslDVG30snVI3JslS4JImVLGjJRf0+kNNR6GPq2M6Smr+e9sfif10hMcNlKuYwTg5JNFwWJICYi4whIlytkRgwtoUxxeythfaooMzaorA3Bm395kVTPCl6xULw7z5euZnFk4BCO4AQ8uIAS3EIZKsBAwTO8wpvz5Lw4787HtHXJmc0cwB84nz8uO5Gk</latexit>

f⇤
G 6= 0

<latexit sha1_base64="VQ7CHHFmzvZ+Hn3P79EdslO7z64=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CXnKMYBbIRk+nJmnS0zN29yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vZ2V1bX1jM7OV3d7Z3dvPHRzWdJQohlUWiUg1fKpRcIlVw43ARqyQhr7Auj+8nfj1R1SaR/LejGJsh7QvecAZNVbqBN1yJz0fk5bEB+J2c3m34E5Blok3J3mYo9LNfbV6EUtClIYJqnXTc2PTTqkynAkcZ1uJxpiyIe1j01JJQ9TtdHr1mJxapUeCSNmShkzV3xMpDbUehb7tDKkZ6EVvIv7nNRMTXLdTLuPEoGSzRUEiiInIJALS4wqZESNLKFPc3krYgCrKjA0qa0PwFl9eJrWLglcsFO8u86WbeRwZOIYTOAMPrqAEZahAFRgoeIZXeHOenBfn3fmYta4485kj+APn8wcvypGl</latexit>

f⇤
H

6= 0

<latexit sha1_base64="reQX0S/LJ7Iqf3JHJIp4KONKZiM=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARBLHMSKm6EAoudFnBXqCtJZPJtKFJZkgyYhlm68ZXceNCEbe+gTvfxkzbhbb+EPj5zjmcnN+LGFXacb6t3MLi0vJKfrWwtr6xuWVv7zRUGEtM6jhkoWx5SBFGBalrqhlpRZIg7jHS9IaXWb15T6SiobjVo4h0OeoLGlCMtEE9Gz70ks4V4hzdJZ1oQNP0KCP9jKQX5WO/ZxedkjMWnDfu1BTBVLWe/dXxQxxzIjRmSKm260S6myCpKWYkLXRiRSKEh6hP2sYKxInqJuNLUnhgiA+DUJonNBzT3xMJ4kqNuGc6OdIDNVvL4H+1dqyDs25CRRRrIvBkURAzqEOYxQJ9KgnWbGQMwpKav0I8QBJhbcIrmBDc2ZPnTeOk5FZKlZtysXo+jSMP9sA+OAQuOAVVcA1qoA4weATP4BW8WU/Wi/VufUxac9Z0Zhf8kfX5A6nXmkk=</latexit>

x�� + x� = 4� d

<latexit sha1_base64="+5d47ascs6Z+MDh6D+xTJlIaWCQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEQSxJFKqLoSCG5cV7AXaECaTSTt0ZhJmJmIJ2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5nzu/HlEhl299GaWl5ZXWtvF7Z2Nza3jF39zoySgTCbRTRSPR8KDElHLcVURT3YoEh8ynu+uObvN59wEKSiN+rSYxdBoechARBpS3PPHj00oEkQwaz0xyxgtl1/SzwzKpds6eyFsEpoAoKtTzzaxBEKGGYK0ShlH3HjpWbQqEIojirDBKJY4jGcIj7GjlkWLrp9IDMOtZOYIWR0I8ra+r+nkghk3LCfN3JoBrJ+Vpu/lfrJyq8dFPC40RhjmaLwoRaKrLyNKyACIwUnWiASBD9VwuNoIBI6cwqOgRn/uRF6JzXnEatcVevNq+KOMrgEByBE+CAC9AEt6AF2gCBDDyDV/BmPBkvxrvxMWstGcXMPvgj4/MHl0mWYQ==</latexit>

x� + x⌘ = 4� d

<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��

<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

• What can we say about the scaling exponents? 
Investigate fixed-point equation of   :

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>

wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

in both Model G and H: ‘weak-scaling’ relation

<latexit sha1_base64="SMNu+kV+UAU9PzAaAs8ev1KeEso=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtgvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fzBuM7Q==</latexit>

f
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• Try same argument with fixed-point eq. of    : 

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>

wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

<latexit sha1_base64="7PhMkPno5cf9OjyBHEbyvJFlrw4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRPEU8OIxAfOAZAmzk95kzOzsMjOrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+XfjP4=</latexit>w

Dynamic (hyper-)scaling relations

28

<latexit sha1_base64="0ai4PYyyttX6uqyDhpk5E1gnPtM=">AAACIHicbVBNS8NAFNz4WetX1aOXxSIoYkmktF6Eogc9KlgrNDW8bDft0t0k7G7EEvJTvPhXvHhQRG/6a9zUHrQ6sDDMzOPtGz/mTGnb/rCmpmdm5+YLC8XFpeWV1dLa+pWKEklok0Q8ktc+KMpZSJuaaU6vY0lB+Jy2/MFJ7rduqVQsCi/1MKYdAb2QBYyANpJXqrsxSM2AexoH3ik+wjvd/erenZe6pyAE3KRu3GdZNlJ6uZLt5kGvVLYr9gj4L3HGpIzGOPdK7243IomgoSYclGo7dqw7ab6ccJoV3UTRGMgAerRtaAiCqk46OjDD20bp4iCS5oUaj9SfEykIpYbCN0kBuq8mvVz8z2snOjjspCyME01D8r0oSDjWEc7bwl0mKdF8aAgQycxfMemDBKJNp0VTgjN58l9ydVBxapXaRbXcOB7XUUCbaAvtIAfVUQOdoXPURATdo0f0jF6sB+vJerXevqNT1nhmA/2C9fkFL5uiaA==</latexit>

@tfG = (d� 4 + x�� + x�)fG

<latexit sha1_base64="Baai/O7iMqjeghwB+Kmj0n6MD5A=">AAACF3icbZDJSgNBEIZ7XGPcoh69NAYhIoYZCdGLEPSSYwSzQBKGmk5PbOxZ6K4Rw5C38OKrePGgiFe9+Tb2JDm4FTR8/H8V1fV7sRQabfvTmptfWFxazq3kV9fWNzYLW9stHSWK8SaLZKQ6HmguRcibKFDyTqw4BJ7kbe/mIvPbt1xpEYVXOIp5P4BhKHzBAI3kFsq9GBQKkC5S363TM1oaHFUO79y0p8UwgPEEOcL4IPPdQtEu25Oif8GZQZHMquEWPnqDiCUBD5FJ0Lrr2DH202wnk3yc7yWax8BuYMi7BkMIuO6nk7vGdN8oA+pHyrwQ6UT9PpFCoPUo8ExnAHitf3uZ+J/XTdA/7acijBPkIZsu8hNJMaJZSHQgFGcoRwaAKWH+Stk1KGBoosybEJzfJ/+F1nHZqZarl5Vi7XwWR47skj1SIg45ITVSJw3SJIzck0fyTF6sB+vJerXepq1z1mxmh/wo6/0L3TWegg==</latexit>

@tfH = (d� 4 + x� + x⌘)fH

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="F/qUj7bl1hhfntoq8ZWF07z1Gcw=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CHvQYwSyQjZ5OTdKkp2fs7lHCkP/w4kERr/6LN//GznLQxAcFj/eqqKrnx4Jr47rfztLyyuraemYju7m1vbOb29uv6ihRDCssEpGq+1Sj4BIrhhuB9VghDX2BNX9wPfZrj6g0j+S9GcbYCmlP8oAzaqzUDjo37fR0RJoSH4jbyeXdgjsBWSTejORhhnIn99XsRiwJURomqNYNz41NK6XKcCZwlG0mGmPKBrSHDUslDVG30snVI3JslS4JImVLGjJRf0+kNNR6GPq2M6Smr+e9sfif10hMcNlKuYwTg5JNFwWJICYi4whIlytkRgwtoUxxeythfaooMzaorA3Bm395kVTPCl6xULw7z5euZnFk4BCO4AQ8uIAS3EIZKsBAwTO8wpvz5Lw4787HtHXJmc0cwB84nz8uO5Gk</latexit>

f⇤
G 6= 0

<latexit sha1_base64="VQ7CHHFmzvZ+Hn3P79EdslO7z64=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CXnKMYBbIRk+nJmnS0zN29yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vZ2V1bX1jM7OV3d7Z3dvPHRzWdJQohlUWiUg1fKpRcIlVw43ARqyQhr7Auj+8nfj1R1SaR/LejGJsh7QvecAZNVbqBN1yJz0fk5bEB+J2c3m34E5Blok3J3mYo9LNfbV6EUtClIYJqnXTc2PTTqkynAkcZ1uJxpiyIe1j01JJQ9TtdHr1mJxapUeCSNmShkzV3xMpDbUehb7tDKkZ6EVvIv7nNRMTXLdTLuPEoGSzRUEiiInIJALS4wqZESNLKFPc3krYgCrKjA0qa0PwFl9eJrWLglcsFO8u86WbeRwZOIYTOAMPrqAEZahAFRgoeIZXeHOenBfn3fmYta4485kj+APn8wcvypGl</latexit>

f⇤
H

6= 0

<latexit sha1_base64="reQX0S/LJ7Iqf3JHJIp4KONKZiM=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARBLHMSKm6EAoudFnBXqCtJZPJtKFJZkgyYhlm68ZXceNCEbe+gTvfxkzbhbb+EPj5zjmcnN+LGFXacb6t3MLi0vJKfrWwtr6xuWVv7zRUGEtM6jhkoWx5SBFGBalrqhlpRZIg7jHS9IaXWb15T6SiobjVo4h0OeoLGlCMtEE9Gz70ks4V4hzdJZ1oQNP0KCP9jKQX5WO/ZxedkjMWnDfu1BTBVLWe/dXxQxxzIjRmSKm260S6myCpKWYkLXRiRSKEh6hP2sYKxInqJuNLUnhgiA+DUJonNBzT3xMJ4kqNuGc6OdIDNVvL4H+1dqyDs25CRRRrIvBkURAzqEOYxQJ9KgnWbGQMwpKav0I8QBJhbcIrmBDc2ZPnTeOk5FZKlZtysXo+jSMP9sA+OAQuOAVVcA1qoA4weATP4BW8WU/Wi/VufUxac9Z0Zhf8kfX5A6nXmkk=</latexit>

x�� + x� = 4� d

<latexit sha1_base64="+5d47ascs6Z+MDh6D+xTJlIaWCQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEQSxJFKqLoSCG5cV7AXaECaTSTt0ZhJmJmIJ2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5nzu/HlEhl299GaWl5ZXWtvF7Z2Nza3jF39zoySgTCbRTRSPR8KDElHLcVURT3YoEh8ynu+uObvN59wEKSiN+rSYxdBoechARBpS3PPHj00oEkQwaz0xyxgtl1/SzwzKpds6eyFsEpoAoKtTzzaxBEKGGYK0ShlH3HjpWbQqEIojirDBKJY4jGcIj7GjlkWLrp9IDMOtZOYIWR0I8ra+r+nkghk3LCfN3JoBrJ+Vpu/lfrJyq8dFPC40RhjmaLwoRaKrLyNKyACIwUnWiASBD9VwuNoIBI6cwqOgRn/uRF6JzXnEatcVevNq+KOMrgEByBE+CAC9AEt6AF2gCBDDyDV/BmPBkvxrvxMWstGcXMPvgj4/MHl0mWYQ==</latexit>

x� + x⌘ = 4� d

<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��

<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

• What can we say about the scaling exponents? 
Investigate fixed-point equation of   :

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>

wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

in both Model G and H: ‘weak-scaling’ relation

<latexit sha1_base64="CM/fGvuPRUcKTqFtCiL9vLJTvmk=">AAACHXicbZDLSsNAFIYn3q23qks3g0XQhSWR4mUhFFzUpYLVQhPDyXTaDp1JwsxELSEv4sZXceNCERduxLdxUrPQ6g8DH/85hzPnD2LOlLbtT2ticmp6ZnZuvrSwuLS8Ul5du1RRIgltkohHshWAopyFtKmZ5rQVSwoi4PQqGJzk9asbKhWLwgs9jKknoBeyLiOgjeWXa24MUjPgvsa3fgMf4+07P3V7IARkuzk2crxO3bjPsmxn1OSXK3bVHgn/BaeACip05pff3U5EEkFDTTgo1XbsWHtpvplwmpXcRNEYyAB6tG0wBEGVl46uy/CWcTq4G0nzQo1H7s+JFIRSQxGYTgG6r8ZruflfrZ3o7qGXsjBONA3J96JuwrGOcB4V7jBJieZDA0AkM3/FpA8SiDaBlkwIzvjJf+Fyr+rsV/fPa5X6URHHHNpAm2gbOegA1dEpOkNNRNA9ekTP6MV6sJ6sV+vtu3XCKmbW0S9ZH1+UfKGV</latexit>

@twG = (x� � x��)wG

<latexit sha1_base64="9O67MJd5yhKSdGYf4IZRNIVavNU=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAIFbTMFKm6EApuuqxgL9AOQyZN29DMheSMWoa+hBtfxY0LRdwK7nwbM+0stPVA4OP/z+Hk/G4ouALT/DYyS8srq2vZ9dzG5tb2Tn53r6mCSFLWoIEIZNslignuswZwEKwdSkY8V7CWO7pO/NYdk4oH/i2MQ2Z7ZODzPqcEtOTkT7ohkcCJcADfOzV8hYsPTtxlQCanCSg+8DSWjxPXyRfMkjktvAhWCgWUVt3Jf3V7AY085gMVRKmOZYZgx8lGKtgk140UCwkdkQHraPSJx5QdT6+a4COt9HA/kPr5gKfq74mYeEqNPVd3egSGat5LxP+8TgT9CzvmfhgB8+lsUT8SGAKcRIR7XDIKYqyBUMn1XzEdEkko6CBzOgRr/uRFaJZLVqVUuTkrVC/TOLLoAB2iIrLQOaqiGqqjBqLoET2jV/RmPBkvxrvxMWvNGOnMPvpTxucP2gid+A==</latexit>

@twH = (x⌘ � x� � 2)wH

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="SMNu+kV+UAU9PzAaAs8ev1KeEso=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtgvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fzBuM7Q==</latexit>

f
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• Try same argument with fixed-point eq. of    : 

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>

wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

<latexit sha1_base64="7PhMkPno5cf9OjyBHEbyvJFlrw4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRPEU8OIxAfOAZAmzk95kzOzsMjOrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+XfjP4=</latexit>w

Dynamic (hyper-)scaling relations

28

<latexit sha1_base64="0ai4PYyyttX6uqyDhpk5E1gnPtM=">AAACIHicbVBNS8NAFNz4WetX1aOXxSIoYkmktF6Eogc9KlgrNDW8bDft0t0k7G7EEvJTvPhXvHhQRG/6a9zUHrQ6sDDMzOPtGz/mTGnb/rCmpmdm5+YLC8XFpeWV1dLa+pWKEklok0Q8ktc+KMpZSJuaaU6vY0lB+Jy2/MFJ7rduqVQsCi/1MKYdAb2QBYyANpJXqrsxSM2AexoH3ik+wjvd/erenZe6pyAE3KRu3GdZNlJ6uZLt5kGvVLYr9gj4L3HGpIzGOPdK7243IomgoSYclGo7dqw7ab6ccJoV3UTRGMgAerRtaAiCqk46OjDD20bp4iCS5oUaj9SfEykIpYbCN0kBuq8mvVz8z2snOjjspCyME01D8r0oSDjWEc7bwl0mKdF8aAgQycxfMemDBKJNp0VTgjN58l9ydVBxapXaRbXcOB7XUUCbaAvtIAfVUQOdoXPURATdo0f0jF6sB+vJerXevqNT1nhmA/2C9fkFL5uiaA==</latexit>

@tfG = (d� 4 + x�� + x�)fG

<latexit sha1_base64="Baai/O7iMqjeghwB+Kmj0n6MD5A=">AAACF3icbZDJSgNBEIZ7XGPcoh69NAYhIoYZCdGLEPSSYwSzQBKGmk5PbOxZ6K4Rw5C38OKrePGgiFe9+Tb2JDm4FTR8/H8V1fV7sRQabfvTmptfWFxazq3kV9fWNzYLW9stHSWK8SaLZKQ6HmguRcibKFDyTqw4BJ7kbe/mIvPbt1xpEYVXOIp5P4BhKHzBAI3kFsq9GBQKkC5S363TM1oaHFUO79y0p8UwgPEEOcL4IPPdQtEu25Oif8GZQZHMquEWPnqDiCUBD5FJ0Lrr2DH202wnk3yc7yWax8BuYMi7BkMIuO6nk7vGdN8oA+pHyrwQ6UT9PpFCoPUo8ExnAHitf3uZ+J/XTdA/7acijBPkIZsu8hNJMaJZSHQgFGcoRwaAKWH+Stk1KGBoosybEJzfJ/+F1nHZqZarl5Vi7XwWR47skj1SIg45ITVSJw3SJIzck0fyTF6sB+vJerXepq1z1mxmh/wo6/0L3TWegg==</latexit>

@tfH = (d� 4 + x� + x⌘)fH

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="F/qUj7bl1hhfntoq8ZWF07z1Gcw=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CHvQYwSyQjZ5OTdKkp2fs7lHCkP/w4kERr/6LN//GznLQxAcFj/eqqKrnx4Jr47rfztLyyuraemYju7m1vbOb29uv6ihRDCssEpGq+1Sj4BIrhhuB9VghDX2BNX9wPfZrj6g0j+S9GcbYCmlP8oAzaqzUDjo37fR0RJoSH4jbyeXdgjsBWSTejORhhnIn99XsRiwJURomqNYNz41NK6XKcCZwlG0mGmPKBrSHDUslDVG30snVI3JslS4JImVLGjJRf0+kNNR6GPq2M6Smr+e9sfif10hMcNlKuYwTg5JNFwWJICYi4whIlytkRgwtoUxxeythfaooMzaorA3Bm395kVTPCl6xULw7z5euZnFk4BCO4AQ8uIAS3EIZKsBAwTO8wpvz5Lw4787HtHXJmc0cwB84nz8uO5Gk</latexit>

f⇤
G 6= 0

<latexit sha1_base64="VQ7CHHFmzvZ+Hn3P79EdslO7z64=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CXnKMYBbIRk+nJmnS0zN29yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vZ2V1bX1jM7OV3d7Z3dvPHRzWdJQohlUWiUg1fKpRcIlVw43ARqyQhr7Auj+8nfj1R1SaR/LejGJsh7QvecAZNVbqBN1yJz0fk5bEB+J2c3m34E5Blok3J3mYo9LNfbV6EUtClIYJqnXTc2PTTqkynAkcZ1uJxpiyIe1j01JJQ9TtdHr1mJxapUeCSNmShkzV3xMpDbUehb7tDKkZ6EVvIv7nNRMTXLdTLuPEoGSzRUEiiInIJALS4wqZESNLKFPc3krYgCrKjA0qa0PwFl9eJrWLglcsFO8u86WbeRwZOIYTOAMPrqAEZahAFRgoeIZXeHOenBfn3fmYta4485kj+APn8wcvypGl</latexit>

f⇤
H

6= 0

<latexit sha1_base64="reQX0S/LJ7Iqf3JHJIp4KONKZiM=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARBLHMSKm6EAoudFnBXqCtJZPJtKFJZkgyYhlm68ZXceNCEbe+gTvfxkzbhbb+EPj5zjmcnN+LGFXacb6t3MLi0vJKfrWwtr6xuWVv7zRUGEtM6jhkoWx5SBFGBalrqhlpRZIg7jHS9IaXWb15T6SiobjVo4h0OeoLGlCMtEE9Gz70ks4V4hzdJZ1oQNP0KCP9jKQX5WO/ZxedkjMWnDfu1BTBVLWe/dXxQxxzIjRmSKm260S6myCpKWYkLXRiRSKEh6hP2sYKxInqJuNLUnhgiA+DUJonNBzT3xMJ4kqNuGc6OdIDNVvL4H+1dqyDs25CRRRrIvBkURAzqEOYxQJ9KgnWbGQMwpKav0I8QBJhbcIrmBDc2ZPnTeOk5FZKlZtysXo+jSMP9sA+OAQuOAVVcA1qoA4weATP4BW8WU/Wi/VufUxac9Z0Zhf8kfX5A6nXmkk=</latexit>

x�� + x� = 4� d

<latexit sha1_base64="+5d47ascs6Z+MDh6D+xTJlIaWCQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEQSxJFKqLoSCG5cV7AXaECaTSTt0ZhJmJmIJ2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5nzu/HlEhl299GaWl5ZXWtvF7Z2Nza3jF39zoySgTCbRTRSPR8KDElHLcVURT3YoEh8ynu+uObvN59wEKSiN+rSYxdBoechARBpS3PPHj00oEkQwaz0xyxgtl1/SzwzKpds6eyFsEpoAoKtTzzaxBEKGGYK0ShlH3HjpWbQqEIojirDBKJY4jGcIj7GjlkWLrp9IDMOtZOYIWR0I8ra+r+nkghk3LCfN3JoBrJ+Vpu/lfrJyq8dFPC40RhjmaLwoRaKrLyNKyACIwUnWiASBD9VwuNoIBI6cwqOgRn/uRF6JzXnEatcVevNq+KOMrgEByBE+CAC9AEt6AF2gCBDDyDV/BmPBkvxrvxMWstGcXMPvgj4/MHl0mWYQ==</latexit>

x� + x⌘ = 4� d

<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��

<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

• What can we say about the scaling exponents? 
Investigate fixed-point equation of   :

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>

wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

in both Model G and H: ‘weak-scaling’ relation

<latexit sha1_base64="CM/fGvuPRUcKTqFtCiL9vLJTvmk=">AAACHXicbZDLSsNAFIYn3q23qks3g0XQhSWR4mUhFFzUpYLVQhPDyXTaDp1JwsxELSEv4sZXceNCERduxLdxUrPQ6g8DH/85hzPnD2LOlLbtT2ticmp6ZnZuvrSwuLS8Ul5du1RRIgltkohHshWAopyFtKmZ5rQVSwoi4PQqGJzk9asbKhWLwgs9jKknoBeyLiOgjeWXa24MUjPgvsa3fgMf4+07P3V7IARkuzk2crxO3bjPsmxn1OSXK3bVHgn/BaeACip05pff3U5EEkFDTTgo1XbsWHtpvplwmpXcRNEYyAB6tG0wBEGVl46uy/CWcTq4G0nzQo1H7s+JFIRSQxGYTgG6r8ZruflfrZ3o7qGXsjBONA3J96JuwrGOcB4V7jBJieZDA0AkM3/FpA8SiDaBlkwIzvjJf+Fyr+rsV/fPa5X6URHHHNpAm2gbOegA1dEpOkNNRNA9ekTP6MV6sJ6sV+vtu3XCKmbW0S9ZH1+UfKGV</latexit>

@twG = (x� � x��)wG

<latexit sha1_base64="9O67MJd5yhKSdGYf4IZRNIVavNU=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAIFbTMFKm6EApuuqxgL9AOQyZN29DMheSMWoa+hBtfxY0LRdwK7nwbM+0stPVA4OP/z+Hk/G4ouALT/DYyS8srq2vZ9dzG5tb2Tn53r6mCSFLWoIEIZNslignuswZwEKwdSkY8V7CWO7pO/NYdk4oH/i2MQ2Z7ZODzPqcEtOTkT7ohkcCJcADfOzV8hYsPTtxlQCanCSg+8DSWjxPXyRfMkjktvAhWCgWUVt3Jf3V7AY085gMVRKmOZYZgx8lGKtgk140UCwkdkQHraPSJx5QdT6+a4COt9HA/kPr5gKfq74mYeEqNPVd3egSGat5LxP+8TgT9CzvmfhgB8+lsUT8SGAKcRIR7XDIKYqyBUMn1XzEdEkko6CBzOgRr/uRFaJZLVqVUuTkrVC/TOLLoAB2iIrLQOaqiGqqjBqLoET2jV/RmPBkvxrvxMWvNGOnMPvpTxucP2gid+A==</latexit>

@twH = (x⌘ � x� � 2)wH

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=) doesn’t lead to new scaling relation,

since we have              in Model H

<latexit sha1_base64="aed4K+8rJclZDeztxsT3kDBIaI4=">AAAB83icdVDLSgNBEOz1GeMr6tHLYBDEQ5gVidlbwIMeI5gHJGuYncwmQ2Zn15lZJSz5DS8eFPHqz3jzb5w8BBUtaCiquunuChLBtcH4w1lYXFpeWc2t5dc3Nre2Czu7DR2nirI6jUWsWgHRTHDJ6oYbwVqJYiQKBGsGw/OJ37xjSvNYXptRwvyI9CUPOSXGSp377sXNMepIdotwt1DEJbfsYc9DuISnsMTzKrjiIneuFGGOWrfw3unFNI2YNFQQrdsuToyfEWU4FWyc76SaJYQOSZ+1LZUkYtrPpjeP0aFVeiiMlS1p0FT9PpGRSOtRFNjOiJiB/u1NxL+8dmrCip9xmaSGSTpbFKYCmRhNAkA9rhg1YmQJoYrbWxEdEEWosTHlbQhfn6L/SePEBlUqX50Wq948jhzswwEcgQtnUIVLqEEdKCTwAE/w7KTOo/PivM5aF5z5zB78gPP2Cd/jkO4=</latexit>

w⇤
G 6= 0

<latexit sha1_base64="4/V/ZAdme5TSJ0Z6Hnq3eQ6Guk8=">AAAB73icdVBNSwMxEM36WetX1aOXYBE8laxI7d4KXjxWsB/QLiWbzrahSXZNskIp/RNePCji1b/jzX9j2q6gog8GHu/NMDMvSgU3lpAPb2V1bX1js7BV3N7Z3dsvHRy2TJJpBk2WiER3ImpAcAVNy62ATqqBykhAOxpfzf32PWjDE3VrJymEkg4Vjzmj1kmdHpduC5h+qUwqfjUgQYBJhSzgSBDUSM3Hfq6UUY5Gv/TeGyQsk6AsE9SYrk9SG06ptpwJmBV7mYGUsjEdQtdRRSWYcLq4d4ZPnTLAcaJdKYsX6veJKZXGTGTkOiW1I/Pbm4t/ed3MxrVwylWaWVBsuSjOBLYJnj+PB1wDs2LiCGWau1sxG1FNmXURFV0IX5/i/0nr3AVVqd5clOtBHkcBHaMTdIZ8dInq6Bo1UBMxJNADekLP3p336L14r8vWFS+fOUI/4L19AqbhkGA=</latexit>

=) <latexit sha1_base64="s76CUXfB/vINn1LtrWo98MLgWGw=">AAACB3icdZDLSsNAFIYn9VbrLepSkMEiuCqJSG0WQsGFLivYCzQxTKbTduhMEmYmYgnZufFV3LhQxK2v4M63cVIjqOgPAz/fOYcz5w9iRqWyrHejNDe/sLhUXq6srK6tb5ibWx0ZJQKTNo5YJHoBkoTRkLQVVYz0YkEQDxjpBpPTvN69JkLSKLxU05h4HI1COqQYKY18c/fGT90zxDm6St14TLMMnsCcjXKW+WbVqtl1x3IcaNWsmbRxnIbVsKFdkCoo1PLNN3cQ4YSTUGGGpOzbVqy8FAlFMSNZxU0kiRGeoBHpaxsiTqSXzu7I4L4mAziMhH6hgjP6fSJFXMopD3QnR2osf9dy+Fetn6hhw0tpGCeKhPhz0TBhUEUwDwUOqCBYsak2CAuq/wrxGAmElY6uokP4uhT+bzqHOqha/eKo2nSKOMpgB+yBA2CDY9AE56AF2gCDW3APHsGTcWc8GM/Gy2dryShmtsEPGa8fm2SZyg==</latexit>x�� = x�

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=) <latexit sha1_base64="FzlSE+hSgN0Rc239pJTeY2qS4Ag=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQF2FS08aNUHDTZQX7gDSWyXTSDp08mJkoJfQz3LhQxK1f486/cdJWUNEDFw7n3Mu99/gJZ1Ih9GEUVlbX1jeKm6Wt7Z3dvfL+QUfGqSC0TWIei56PJeUsom3FFKe9RFAc+px2/clV7nfvqJAsjm7UNKFeiEcRCxjBSkvu/aB5m53N4CVEg3IFmTaybceBmlRrzrmdE1SrIgQtE81RAUu0BuX3/jAmaUgjRTiW0rVQorwMC8UIp7NSP5U0wWSCR9TVNMIhlV42P3kGT7QyhEEsdEUKztXvExkOpZyGvu4MsRrL314u/uW5qQouvIxFSapoRBaLgpRDFcP8fzhkghLFp5pgIpi+FZIxFpgonVJJh/D1KfyfdKqmVTfr13alYS3jKIIjcAxOgQUc0ABN0AJtQEAMHsATeDaU8Wi8GK+L1oKxnDkEP2C8fQILz5Br</latexit>

w⇤
H

= 0

<latexit sha1_base64="SMNu+kV+UAU9PzAaAs8ev1KeEso=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtgvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVnxqpVq46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fzBuM7Q==</latexit>

f
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• Try same argument with fixed-point eq. of    : 

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>
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<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>
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�k⌘k

<latexit sha1_base64="7PhMkPno5cf9OjyBHEbyvJFlrw4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRPEU8OIxAfOAZAmzk95kzOzsMjOrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+XfjP4=</latexit>w

Dynamic (hyper-)scaling relations

28

<latexit sha1_base64="0ai4PYyyttX6uqyDhpk5E1gnPtM=">AAACIHicbVBNS8NAFNz4WetX1aOXxSIoYkmktF6Eogc9KlgrNDW8bDft0t0k7G7EEvJTvPhXvHhQRG/6a9zUHrQ6sDDMzOPtGz/mTGnb/rCmpmdm5+YLC8XFpeWV1dLa+pWKEklok0Q8ktc+KMpZSJuaaU6vY0lB+Jy2/MFJ7rduqVQsCi/1MKYdAb2QBYyANpJXqrsxSM2AexoH3ik+wjvd/erenZe6pyAE3KRu3GdZNlJ6uZLt5kGvVLYr9gj4L3HGpIzGOPdK7243IomgoSYclGo7dqw7ab6ccJoV3UTRGMgAerRtaAiCqk46OjDD20bp4iCS5oUaj9SfEykIpYbCN0kBuq8mvVz8z2snOjjspCyME01D8r0oSDjWEc7bwl0mKdF8aAgQycxfMemDBKJNp0VTgjN58l9ydVBxapXaRbXcOB7XUUCbaAvtIAfVUQOdoXPURATdo0f0jF6sB+vJerXevqNT1nhmA/2C9fkFL5uiaA==</latexit>

@tfG = (d� 4 + x�� + x�)fG

<latexit sha1_base64="Baai/O7iMqjeghwB+Kmj0n6MD5A=">AAACF3icbZDJSgNBEIZ7XGPcoh69NAYhIoYZCdGLEPSSYwSzQBKGmk5PbOxZ6K4Rw5C38OKrePGgiFe9+Tb2JDm4FTR8/H8V1fV7sRQabfvTmptfWFxazq3kV9fWNzYLW9stHSWK8SaLZKQ6HmguRcibKFDyTqw4BJ7kbe/mIvPbt1xpEYVXOIp5P4BhKHzBAI3kFsq9GBQKkC5S363TM1oaHFUO79y0p8UwgPEEOcL4IPPdQtEu25Oif8GZQZHMquEWPnqDiCUBD5FJ0Lrr2DH202wnk3yc7yWax8BuYMi7BkMIuO6nk7vGdN8oA+pHyrwQ6UT9PpFCoPUo8ExnAHitf3uZ+J/XTdA/7acijBPkIZsu8hNJMaJZSHQgFGcoRwaAKWH+Stk1KGBoosybEJzfJ/+F1nHZqZarl5Vi7XwWR47skj1SIg45ITVSJw3SJIzck0fyTF6sB+vJerXepq1z1mxmh/wo6/0L3TWegg==</latexit>

@tfH = (d� 4 + x� + x⌘)fH

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="F/qUj7bl1hhfntoq8ZWF07z1Gcw=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CHvQYwSyQjZ5OTdKkp2fs7lHCkP/w4kERr/6LN//GznLQxAcFj/eqqKrnx4Jr47rfztLyyuraemYju7m1vbOb29uv6ihRDCssEpGq+1Sj4BIrhhuB9VghDX2BNX9wPfZrj6g0j+S9GcbYCmlP8oAzaqzUDjo37fR0RJoSH4jbyeXdgjsBWSTejORhhnIn99XsRiwJURomqNYNz41NK6XKcCZwlG0mGmPKBrSHDUslDVG30snVI3JslS4JImVLGjJRf0+kNNR6GPq2M6Smr+e9sfif10hMcNlKuYwTg5JNFwWJICYi4whIlytkRgwtoUxxeythfaooMzaorA3Bm395kVTPCl6xULw7z5euZnFk4BCO4AQ8uIAS3EIZKsBAwTO8wpvz5Lw4787HtHXJmc0cwB84nz8uO5Gk</latexit>

f⇤
G 6= 0

<latexit sha1_base64="VQ7CHHFmzvZ+Hn3P79EdslO7z64=">AAAB9XicbVDJSgNBEK1xjXGLevTSGATxEGZEot4CXnKMYBbIRk+nJmnS0zN29yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzY8G1cd1vZ2V1bX1jM7OV3d7Z3dvPHRzWdJQohlUWiUg1fKpRcIlVw43ARqyQhr7Auj+8nfj1R1SaR/LejGJsh7QvecAZNVbqBN1yJz0fk5bEB+J2c3m34E5Blok3J3mYo9LNfbV6EUtClIYJqnXTc2PTTqkynAkcZ1uJxpiyIe1j01JJQ9TtdHr1mJxapUeCSNmShkzV3xMpDbUehb7tDKkZ6EVvIv7nNRMTXLdTLuPEoGSzRUEiiInIJALS4wqZESNLKFPc3krYgCrKjA0qa0PwFl9eJrWLglcsFO8u86WbeRwZOIYTOAMPrqAEZahAFRgoeIZXeHOenBfn3fmYta4485kj+APn8wcvypGl</latexit>

f⇤
H

6= 0

<latexit sha1_base64="reQX0S/LJ7Iqf3JHJIp4KONKZiM=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARBLHMSKm6EAoudFnBXqCtJZPJtKFJZkgyYhlm68ZXceNCEbe+gTvfxkzbhbb+EPj5zjmcnN+LGFXacb6t3MLi0vJKfrWwtr6xuWVv7zRUGEtM6jhkoWx5SBFGBalrqhlpRZIg7jHS9IaXWb15T6SiobjVo4h0OeoLGlCMtEE9Gz70ks4V4hzdJZ1oQNP0KCP9jKQX5WO/ZxedkjMWnDfu1BTBVLWe/dXxQxxzIjRmSKm260S6myCpKWYkLXRiRSKEh6hP2sYKxInqJuNLUnhgiA+DUJonNBzT3xMJ4kqNuGc6OdIDNVvL4H+1dqyDs25CRRRrIvBkURAzqEOYxQJ9KgnWbGQMwpKav0I8QBJhbcIrmBDc2ZPnTeOk5FZKlZtysXo+jSMP9sA+OAQuOAVVcA1qoA4weATP4BW8WU/Wi/VufUxac9Z0Zhf8kfX5A6nXmkk=</latexit>

x�� + x� = 4� d

<latexit sha1_base64="+5d47ascs6Z+MDh6D+xTJlIaWCQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEQSxJFKqLoSCG5cV7AXaECaTSTt0ZhJmJmIJ2fgqblwo4tbHcOfbOGmz0NYfBj7+cw5nzu/HlEhl299GaWl5ZXWtvF7Z2Nza3jF39zoySgTCbRTRSPR8KDElHLcVURT3YoEh8ynu+uObvN59wEKSiN+rSYxdBoechARBpS3PPHj00oEkQwaz0xyxgtl1/SzwzKpds6eyFsEpoAoKtTzzaxBEKGGYK0ShlH3HjpWbQqEIojirDBKJY4jGcIj7GjlkWLrp9IDMOtZOYIWR0I8ra+r+nkghk3LCfN3JoBrJ+Vpu/lfrJyq8dFPC40RhjmaLwoRaKrLyNKyACIwUnWiASBD9VwuNoIBI6cwqOgRn/uRF6JzXnEatcVevNq+KOMrgEByBE+CAC9AEt6AF2gCBDDyDV/BmPBkvxrvxMWstGcXMPvgj4/MHl0mWYQ==</latexit>

x� + x⌘ = 4� d

<latexit sha1_base64="C5n6w2g0cBk+51Jl6R/KgHqwnYI=">AAACBHicbVC7TsMwFL3hWcorwNjFokJioUoQKowVLIxFog+pDZHjOq1VO4lsB1FFHVj4FRYGEGLlI9j4G9w2A7Qc6eoenXOv7HuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKWUQbmmlO24mkWASctoLh1cRv3VOpWBzd6lFCPYH7EQsZwdpIvl3qKtYXGJkm0PAuO3nws5k0Hvt22ak4U6BF4uakDDnqvv3V7cUkFTTShGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YGmFBlZdNjxijI6P0UBhLU5FGU/X3RoaFUiMRmEmB9UDNexPxP6+T6vDCy1iUpJpGZPZQmHKkYzRJBPWYpETzkSGYSGb+isgAS0y0ya1oQnDnT14kzdOKW61Ub87Ktcs8jgKU4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362M2umTlOwfwB9bnD9eLmEA=</latexit>

� ⇠ k�x�

<latexit sha1_base64="3I1C8FwmBoJasai+QaNPb0czsTc=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqFKECqMFSyMRaIPqQmR4zqtVduJbAdRRVn4FRYGEGLlM9j4G5y2A7Qc6UpH59yre+8JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRdeF3HohUNBZ3epwQn6OBoBHFSBspsA88ohH0FOVwdJ+dPgZZIeR5YFedmjMBXCTujFTBDM3A/vL6MU45ERozpFTPdRLtZ0hqihnJK16qSILwCA1Iz1CBOFF+Nnkgh8dG6cMolqaEhhP190SGuFJjHppOjvRQzXuF+J/XS3V06WdUJKkmAk8XRSmDOoZFGrBPJcGajQ1BWFJzK8RDJBHWJrOKCcGdf3mRtM9qbr1Wvz2vNq5mcZTBITgCJ8AFF6ABbkATtAAGOXgGr+DNerJerHfrY9pasmYz++APrM8fj5mWag==</latexit>

⌘ ⇠ k�x⌘

<latexit sha1_base64="y+zb06ns8KfMdeV+DieycCmsRIg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQhSURqS6LLnRZwT6gScNkOmmHziRhZiKWkG9w46+4caGIW1fu/BunbRa29cCFwzn3cu89fsyoVJb1YxSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eD32Ww9ESBqF92oUE5ejfkgDipHSkmeeODeIc9RNnXhAM+hIyuGwm54+eumMk2WeWbYq1gRwkdg5KYMcdc/8dnoRTjgJFWZIyo5txcpNkVAUM5KVnESSGOEh6pOOpiHiRLrp5KUMHmmlB4NI6AoVnKh/J1LEpRxxX3dypAZy3huL/3mdRAWXbkrDOFEkxNNFQcKgiuA4H9ijgmDFRpogLKi+FeIBEggrnWJJh2DPv7xImmcVu1qp3p2Xa1d5HEVwAA7BMbDBBaiBW1AHDYDBE3gBb+DdeDZejQ/jc9paMPKZfTAD4+sX+tueVg==</latexit>

�� ⇠ k�x��

<latexit sha1_base64="Y+8LtR6Cqe1Cr6nvDRFVxglyD1c=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJBYqBKECmMFC2OR6ENqQuS4TmvVdiLbQVRRBhZ+hYUBhFj5CDb+BrfNAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoauJ37olUNBa3epwQn6OBoBHFSBspsCveAHGOoKcoh6O77OQhyGZSngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0iRweGaUPo1iaEhpO1d8TGeJKjXloOjnSQzXvTcT/vF6qows/oyJJNRF4tihKGdQxnCQC+1QSrNnYEIQlNbdCPEQSYW1yK5sQ3PmXF0n7tObWa/Wbs2rjsoijBCrgEBwDF5yDBrgGTdACGDyCZ/AK3qwn68V6tz5mrUtWMXMA/sD6/AGrYZgk</latexit>

� ⇠ k�x�

• What can we say about the scaling exponents? 
Investigate fixed-point equation of   :

<latexit sha1_base64="R4CUc0MwjiQ9a6sQLYkOaHlmmk8="></latexit>

wG ⌘ �
��
k

�k
, fG ⌘ d⌦d g2T

(2⇡)d
kd�4

��
k�k

<latexit sha1_base64="vT+Wv9WughoumIcqFtzdBDHgc0c="></latexit>

wH ⌘ ⇢
�kk2

⌘k
, fH ⌘ d⌦d g2T

(2⇡)d
kd�4

�k⌘k

in both Model G and H: ‘weak-scaling’ relation

<latexit sha1_base64="CM/fGvuPRUcKTqFtCiL9vLJTvmk=">AAACHXicbZDLSsNAFIYn3q23qks3g0XQhSWR4mUhFFzUpYLVQhPDyXTaDp1JwsxELSEv4sZXceNCERduxLdxUrPQ6g8DH/85hzPnD2LOlLbtT2ticmp6ZnZuvrSwuLS8Ul5du1RRIgltkohHshWAopyFtKmZ5rQVSwoi4PQqGJzk9asbKhWLwgs9jKknoBeyLiOgjeWXa24MUjPgvsa3fgMf4+07P3V7IARkuzk2crxO3bjPsmxn1OSXK3bVHgn/BaeACip05pff3U5EEkFDTTgo1XbsWHtpvplwmpXcRNEYyAB6tG0wBEGVl46uy/CWcTq4G0nzQo1H7s+JFIRSQxGYTgG6r8ZruflfrZ3o7qGXsjBONA3J96JuwrGOcB4V7jBJieZDA0AkM3/FpA8SiDaBlkwIzvjJf+Fyr+rsV/fPa5X6URHHHNpAm2gbOegA1dEpOkNNRNA9ekTP6MV6sJ6sV+vtu3XCKmbW0S9ZH1+UfKGV</latexit>

@twG = (x� � x��)wG

<latexit sha1_base64="9O67MJd5yhKSdGYf4IZRNIVavNU=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAIFbTMFKm6EApuuqxgL9AOQyZN29DMheSMWoa+hBtfxY0LRdwK7nwbM+0stPVA4OP/z+Hk/G4ouALT/DYyS8srq2vZ9dzG5tb2Tn53r6mCSFLWoIEIZNslignuswZwEKwdSkY8V7CWO7pO/NYdk4oH/i2MQ2Z7ZODzPqcEtOTkT7ohkcCJcADfOzV8hYsPTtxlQCanCSg+8DSWjxPXyRfMkjktvAhWCgWUVt3Jf3V7AY085gMVRKmOZYZgx8lGKtgk140UCwkdkQHraPSJx5QdT6+a4COt9HA/kPr5gKfq74mYeEqNPVd3egSGat5LxP+8TgT9CzvmfhgB8+lsUT8SGAKcRIR7XDIKYqyBUMn1XzEdEkko6CBzOgRr/uRFaJZLVqVUuTkrVC/TOLLoAB2iIrLQOaqiGqqjBqLoET2jV/RmPBkvxrvxMWvNGOnMPvpTxucP2gid+A==</latexit>

@twH = (x⌘ � x� � 2)wH

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=)

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=) doesn’t lead to new scaling relation,

since we have              in Model H

<latexit sha1_base64="aed4K+8rJclZDeztxsT3kDBIaI4=">AAAB83icdVDLSgNBEOz1GeMr6tHLYBDEQ5gVidlbwIMeI5gHJGuYncwmQ2Zn15lZJSz5DS8eFPHqz3jzb5w8BBUtaCiquunuChLBtcH4w1lYXFpeWc2t5dc3Nre2Czu7DR2nirI6jUWsWgHRTHDJ6oYbwVqJYiQKBGsGw/OJ37xjSvNYXptRwvyI9CUPOSXGSp377sXNMepIdotwt1DEJbfsYc9DuISnsMTzKrjiIneuFGGOWrfw3unFNI2YNFQQrdsuToyfEWU4FWyc76SaJYQOSZ+1LZUkYtrPpjeP0aFVeiiMlS1p0FT9PpGRSOtRFNjOiJiB/u1NxL+8dmrCip9xmaSGSTpbFKYCmRhNAkA9rhg1YmQJoYrbWxEdEEWosTHlbQhfn6L/SePEBlUqX50Wq948jhzswwEcgQtnUIVLqEEdKCTwAE/w7KTOo/PivM5aF5z5zB78gPP2Cd/jkO4=</latexit>

w⇤
G 6= 0

<latexit sha1_base64="4/V/ZAdme5TSJ0Z6Hnq3eQ6Guk8=">AAAB73icdVBNSwMxEM36WetX1aOXYBE8laxI7d4KXjxWsB/QLiWbzrahSXZNskIp/RNePCji1b/jzX9j2q6gog8GHu/NMDMvSgU3lpAPb2V1bX1js7BV3N7Z3dsvHRy2TJJpBk2WiER3ImpAcAVNy62ATqqBykhAOxpfzf32PWjDE3VrJymEkg4Vjzmj1kmdHpduC5h+qUwqfjUgQYBJhSzgSBDUSM3Hfq6UUY5Gv/TeGyQsk6AsE9SYrk9SG06ptpwJmBV7mYGUsjEdQtdRRSWYcLq4d4ZPnTLAcaJdKYsX6veJKZXGTGTkOiW1I/Pbm4t/ed3MxrVwylWaWVBsuSjOBLYJnj+PB1wDs2LiCGWau1sxG1FNmXURFV0IX5/i/0nr3AVVqd5clOtBHkcBHaMTdIZ8dInq6Bo1UBMxJNADekLP3p336L14r8vWFS+fOUI/4L19AqbhkGA=</latexit>

=) <latexit sha1_base64="s76CUXfB/vINn1LtrWo98MLgWGw=">AAACB3icdZDLSsNAFIYn9VbrLepSkMEiuCqJSG0WQsGFLivYCzQxTKbTduhMEmYmYgnZufFV3LhQxK2v4M63cVIjqOgPAz/fOYcz5w9iRqWyrHejNDe/sLhUXq6srK6tb5ibWx0ZJQKTNo5YJHoBkoTRkLQVVYz0YkEQDxjpBpPTvN69JkLSKLxU05h4HI1COqQYKY18c/fGT90zxDm6St14TLMMnsCcjXKW+WbVqtl1x3IcaNWsmbRxnIbVsKFdkCoo1PLNN3cQ4YSTUGGGpOzbVqy8FAlFMSNZxU0kiRGeoBHpaxsiTqSXzu7I4L4mAziMhH6hgjP6fSJFXMopD3QnR2osf9dy+Fetn6hhw0tpGCeKhPhz0TBhUEUwDwUOqCBYsak2CAuq/wrxGAmElY6uokP4uhT+bzqHOqha/eKo2nSKOMpgB+yBA2CDY9AE56AF2gCDW3APHsGTcWc8GM/Gy2dryShmtsEPGa8fm2SZyg==</latexit>x�� = x�

<latexit sha1_base64="tsJM59tgIOUA3FXdiuzDZkEAy9M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqt4KXjxWsB/QhrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSp8cjuwV1v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBDCJAb</latexit>

=) <latexit sha1_base64="FzlSE+hSgN0Rc239pJTeY2qS4Ag=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQF2FS08aNUHDTZQX7gDSWyXTSDp08mJkoJfQz3LhQxK1f486/cdJWUNEDFw7n3Mu99/gJZ1Ih9GEUVlbX1jeKm6Wt7Z3dvfL+QUfGqSC0TWIei56PJeUsom3FFKe9RFAc+px2/clV7nfvqJAsjm7UNKFeiEcRCxjBSkvu/aB5m53N4CVEg3IFmTaybceBmlRrzrmdE1SrIgQtE81RAUu0BuX3/jAmaUgjRTiW0rVQorwMC8UIp7NSP5U0wWSCR9TVNMIhlV42P3kGT7QyhEEsdEUKztXvExkOpZyGvu4MsRrL314u/uW5qQouvIxFSapoRBaLgpRDFcP8fzhkghLFp5pgIpi+FZIxFpgonVJJh/D1KfyfdKqmVTfr13alYS3jKIIjcAxOgQUc0ABN0AJtQEAMHsATeDaU8Wi8GK+L1oKxnDkEP2C8fQILz5Br</latexit>
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six conserved iso-vector and

iso-axialvector charge densities
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<latexit sha1_base64="Yacyqa9h4cmHdTPXLZHeTu9L9/I=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHdFongKCOIxQl6QrGF20psMmX04MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1093lxYIrbdvf1tLyyuraem4jv7m1vbNb2NtvqCiRDOssEpFseVSh4CHWNdcCW7FEGngCm97wZuI3n1AqHoU1PYrRDWg/5D5nVBuphQ/p6e1ZbdwtFO2SPQVZJE5GipCh2i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPb0JAGqNx0eu+YHBulR/xImgo1maq/J1IaKDUKPNMZUD1Q895E/M9rJ9q/clMexonGkM0W+YkgOiKT50mPS2RajAyhTHJzK2EDKinTJqK8CcGZf3mRNM5LTrlUvr8oVq6zOHJwCEdwAg5cQgXuoAp1YCDgGV7hzXq0Xqx362PWumRlMwfwB9bnD1IOj34=</latexit>

e�F/T

six conserved iso-vector and

iso-axialvector charge densities
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• Besides dissipative part, equations of motion also contain ideal part
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<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)

•          Lie algebra:
<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)

• Besides dissipative part, equations of motion also contain ideal part
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<latexit sha1_base64="+eWFCT3USaYH+7k/uJArJ+lRGa8="></latexit>

[�a, nbc] = i (�ac�b � �ab�c)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)

•          Lie algebra:
<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)

• Besides dissipative part, equations of motion also contain ideal part
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<latexit sha1_base64="+eWFCT3USaYH+7k/uJArJ+lRGa8="></latexit>

[�a, nbc] = i (�ac�b � �ab�c)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)

•          Lie algebra:
<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)

<latexit sha1_base64="7bkFux50Hk1i+4O/gi+ExzIgELM="></latexit>

(n’s generate O(4) transformations)

• Besides dissipative part, equations of motion also contain ideal part
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<latexit sha1_base64="TTeI35BIUK8Tsn6fIim6f0GcutI=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VwISURrW6EoiAuK9gHNKHcTCft0MmDmYlQQr7Ejb/ixoUigiv9GydpQW09MHA4517unONGnEllml9GYWFxaXmluFpaW9/Y3Cpv77RkGAtCmyTkoei4IClnAW0qpjjtRIKC73LadkdXmd++p0KyMLhT44g6PgwC5jECSku98qntCSCJHYFQDDi2oyHrJZCmP5JK8QW2k9yBo2tsp7hXrphVMweeJ9aUVNAUjV75w+6HJPZpoAgHKbuWGSknyS4QTtOSHUsaARnBgHY1DcCn0knyeCk+0Eofe6HQL1A4V39vJOBLOfZdPemDGspZLxP/87qx8s6dhAVRrGhAJoe8WCcOcdYV7jNBieJjTYAIpv+KyRB0X0o3WtIlWLOR50nruGrVqrXbk0r9clpHEe2hfXSILHSG6ugGNVATEfSAntALejUejWfjzXifjBaM6c4u+gPj8xtGJKKH</latexit>

@�a

@t
= {�a, F}

<latexit sha1_base64="QVNXQCB40L04rZ+ov6ZmK0pf/wo=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISVRqW6EoiAuK9gHNCFMppN26GQSZiZCCfkQN/6KGxeKuHEh+DdO2oDaemDgcM693DnHjxmVyrK+jNLC4tLySnm1sra+sbllbu+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrnK/c0+EpBG/U+OYuCEacBpQjJSWPPPECQTCqRMjoShikHsp8rPsR1AZvIBOOtWPrqGTQc+sWjVrAjhP7IJUQYGmZ344/QgnIeEKMyRlz7Zi5ab5BcxIVnESSWKER2hAeppyFBLpppNwGTzQSh8GkdCPKzhRf2+kKJRyHPp6MkRqKGe9XPzP6yUqOHdTyuNEEY6nh4JEJ45g3hTsU0GwYmNNEBZU/xXiIdJtKd1nRZdgz0aeJ+3jml2v1W9Pq43Loo4y2AP74BDY4Aw0wA1oghbA4AE8gRfwajwaz8ab8T4dLRnFzi74A+PzG94nodE=</latexit>

@nab

@t
= {nab, F}

<latexit sha1_base64="x3Rx7htfX4MhasG08I3unZRF410=">AAACDXicdVBLSwMxGMzWV62vqkcvwSp40GV3W7v1VvTisYJ9wO5Sstm0Dc0+SLJCWfoHvPhXvHhQxKt3b/4b04dQRQcShpnvI5nxE0aFNIxPLbe0vLK6ll8vbGxube8Ud/daIk45Jk0cs5h3fCQIoxFpSioZ6SScoNBnpO0PryZ++45wQePoVo4S4oWoH9EexUgqqVs8cjPo4iCWp9PbHUNXxvCMOgui1y2WDN24sG3DhoZu2bVy2VKkYlUr1jk0dWOKEpij0S1+uEGM05BEEjMkhGMaifQyxCXFjIwLbipIgvAQ9YmjaIRCIrxsmmYMj5USwF7M1YkknKqLGxkKhRiFvpoMkRyI395E/MtzUtmreRmNklSSCM8e6qUMqsCTamBAOcGSjRRBmFP1V4gHiCMsVYEFVcJ3Uvg/aVm6WdWrN5VS/XJeRx4cgENwAkxggzq4Bg3QBBjcg0fwDF60B+1Je9XeZqM5bb6zD35Ae/8C2mmbeQ==</latexit>

{·, ·} ! �i[·, ·]

• Reversible (ideal) part: Poisson bracket technique

<latexit sha1_base64="9P26OyGcwIl/nuuliMZB7jwoLiA="></latexit>

conserve F exactly

<latexit sha1_base64="+eWFCT3USaYH+7k/uJArJ+lRGa8="></latexit>

[�a, nbc] = i (�ac�b � �ab�c)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)

•          Lie algebra:
<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)

<latexit sha1_base64="7bkFux50Hk1i+4O/gi+ExzIgELM="></latexit>

(n’s generate O(4) transformations)

• Besides dissipative part, equations of motion also contain ideal part
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<latexit sha1_base64="TTeI35BIUK8Tsn6fIim6f0GcutI=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VwISURrW6EoiAuK9gHNKHcTCft0MmDmYlQQr7Ejb/ixoUigiv9GydpQW09MHA4517unONGnEllml9GYWFxaXmluFpaW9/Y3Cpv77RkGAtCmyTkoei4IClnAW0qpjjtRIKC73LadkdXmd++p0KyMLhT44g6PgwC5jECSku98qntCSCJHYFQDDi2oyHrJZCmP5JK8QW2k9yBo2tsp7hXrphVMweeJ9aUVNAUjV75w+6HJPZpoAgHKbuWGSknyS4QTtOSHUsaARnBgHY1DcCn0knyeCk+0Eofe6HQL1A4V39vJOBLOfZdPemDGspZLxP/87qx8s6dhAVRrGhAJoe8WCcOcdYV7jNBieJjTYAIpv+KyRB0X0o3WtIlWLOR50nruGrVqrXbk0r9clpHEe2hfXSILHSG6ugGNVATEfSAntALejUejWfjzXifjBaM6c4u+gPj8xtGJKKH</latexit>

@�a

@t
= {�a, F}

<latexit sha1_base64="QVNXQCB40L04rZ+ov6ZmK0pf/wo=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISVRqW6EoiAuK9gHNCFMppN26GQSZiZCCfkQN/6KGxeKuHEh+DdO2oDaemDgcM693DnHjxmVyrK+jNLC4tLySnm1sra+sbllbu+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrnK/c0+EpBG/U+OYuCEacBpQjJSWPPPECQTCqRMjoShikHsp8rPsR1AZvIBOOtWPrqGTQc+sWjVrAjhP7IJUQYGmZ344/QgnIeEKMyRlz7Zi5ab5BcxIVnESSWKER2hAeppyFBLpppNwGTzQSh8GkdCPKzhRf2+kKJRyHPp6MkRqKGe9XPzP6yUqOHdTyuNEEY6nh4JEJ45g3hTsU0GwYmNNEBZU/xXiIdJtKd1nRZdgz0aeJ+3jml2v1W9Pq43Loo4y2AP74BDY4Aw0wA1oghbA4AE8gRfwajwaz8ab8T4dLRnFzi74A+PzG94nodE=</latexit>

@nab

@t
= {nab, F}

<latexit sha1_base64="x3Rx7htfX4MhasG08I3unZRF410=">AAACDXicdVBLSwMxGMzWV62vqkcvwSp40GV3W7v1VvTisYJ9wO5Sstm0Dc0+SLJCWfoHvPhXvHhQxKt3b/4b04dQRQcShpnvI5nxE0aFNIxPLbe0vLK6ll8vbGxube8Ud/daIk45Jk0cs5h3fCQIoxFpSioZ6SScoNBnpO0PryZ++45wQePoVo4S4oWoH9EexUgqqVs8cjPo4iCWp9PbHUNXxvCMOgui1y2WDN24sG3DhoZu2bVy2VKkYlUr1jk0dWOKEpij0S1+uEGM05BEEjMkhGMaifQyxCXFjIwLbipIgvAQ9YmjaIRCIrxsmmYMj5USwF7M1YkknKqLGxkKhRiFvpoMkRyI395E/MtzUtmreRmNklSSCM8e6qUMqsCTamBAOcGSjRRBmFP1V4gHiCMsVYEFVcJ3Uvg/aVm6WdWrN5VS/XJeRx4cgENwAkxggzq4Bg3QBBjcg0fwDF60B+1Je9XeZqM5bb6zD35Ae/8C2mmbeQ==</latexit>

{·, ·} ! �i[·, ·]

• Reversible (ideal) part: Poisson bracket technique

<latexit sha1_base64="9P26OyGcwIl/nuuliMZB7jwoLiA="></latexit>

conserve F exactly

<latexit sha1_base64="NSdcxI7R1hSf6zgSKwDf6Pjf4OU="></latexit>

@nab

@t
= {nab,�c}

�F

��c
+

1

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="HfkhApQ8mKIDilJnF430hsO6JvY="></latexit>

@�a

@t
=

1

2
{�a, nbc}

�F

�nbc

<latexit sha1_base64="+eWFCT3USaYH+7k/uJArJ+lRGa8="></latexit>

[�a, nbc] = i (�ac�b � �ab�c)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)

•          Lie algebra:
<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)

<latexit sha1_base64="7bkFux50Hk1i+4O/gi+ExzIgELM="></latexit>

(n’s generate O(4) transformations)

• Besides dissipative part, equations of motion also contain ideal part
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<latexit sha1_base64="TTeI35BIUK8Tsn6fIim6f0GcutI=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VwISURrW6EoiAuK9gHNKHcTCft0MmDmYlQQr7Ejb/ixoUigiv9GydpQW09MHA4517unONGnEllml9GYWFxaXmluFpaW9/Y3Cpv77RkGAtCmyTkoei4IClnAW0qpjjtRIKC73LadkdXmd++p0KyMLhT44g6PgwC5jECSku98qntCSCJHYFQDDi2oyHrJZCmP5JK8QW2k9yBo2tsp7hXrphVMweeJ9aUVNAUjV75w+6HJPZpoAgHKbuWGSknyS4QTtOSHUsaARnBgHY1DcCn0knyeCk+0Eofe6HQL1A4V39vJOBLOfZdPemDGspZLxP/87qx8s6dhAVRrGhAJoe8WCcOcdYV7jNBieJjTYAIpv+KyRB0X0o3WtIlWLOR50nruGrVqrXbk0r9clpHEe2hfXSILHSG6ugGNVATEfSAntALejUejWfjzXifjBaM6c4u+gPj8xtGJKKH</latexit>

@�a

@t
= {�a, F}

<latexit sha1_base64="QVNXQCB40L04rZ+ov6ZmK0pf/wo=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISVRqW6EoiAuK9gHNCFMppN26GQSZiZCCfkQN/6KGxeKuHEh+DdO2oDaemDgcM693DnHjxmVyrK+jNLC4tLySnm1sra+sbllbu+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrnK/c0+EpBG/U+OYuCEacBpQjJSWPPPECQTCqRMjoShikHsp8rPsR1AZvIBOOtWPrqGTQc+sWjVrAjhP7IJUQYGmZ344/QgnIeEKMyRlz7Zi5ab5BcxIVnESSWKER2hAeppyFBLpppNwGTzQSh8GkdCPKzhRf2+kKJRyHPp6MkRqKGe9XPzP6yUqOHdTyuNEEY6nh4JEJ45g3hTsU0GwYmNNEBZU/xXiIdJtKd1nRZdgz0aeJ+3jml2v1W9Pq43Loo4y2AP74BDY4Aw0wA1oghbA4AE8gRfwajwaz8ab8T4dLRnFzi74A+PzG94nodE=</latexit>

@nab

@t
= {nab, F}

<latexit sha1_base64="x3Rx7htfX4MhasG08I3unZRF410=">AAACDXicdVBLSwMxGMzWV62vqkcvwSp40GV3W7v1VvTisYJ9wO5Sstm0Dc0+SLJCWfoHvPhXvHhQxKt3b/4b04dQRQcShpnvI5nxE0aFNIxPLbe0vLK6ll8vbGxube8Ud/daIk45Jk0cs5h3fCQIoxFpSioZ6SScoNBnpO0PryZ++45wQePoVo4S4oWoH9EexUgqqVs8cjPo4iCWp9PbHUNXxvCMOgui1y2WDN24sG3DhoZu2bVy2VKkYlUr1jk0dWOKEpij0S1+uEGM05BEEjMkhGMaifQyxCXFjIwLbipIgvAQ9YmjaIRCIrxsmmYMj5USwF7M1YkknKqLGxkKhRiFvpoMkRyI395E/MtzUtmreRmNklSSCM8e6qUMqsCTamBAOcGSjRRBmFP1V4gHiCMsVYEFVcJ3Uvg/aVm6WdWrN5VS/XJeRx4cgENwAkxggzq4Bg3QBBjcg0fwDF60B+1Je9XeZqM5bb6zD35Ae/8C2mmbeQ==</latexit>

{·, ·} ! �i[·, ·]

• Reversible (ideal) part: Poisson bracket technique

<latexit sha1_base64="9P26OyGcwIl/nuuliMZB7jwoLiA="></latexit>

conserve F exactly

<latexit sha1_base64="NSdcxI7R1hSf6zgSKwDf6Pjf4OU="></latexit>

@nab

@t
= {nab,�c}

�F

��c
+

1

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="HfkhApQ8mKIDilJnF430hsO6JvY="></latexit>

@�a

@t
=

1

2
{�a, nbc}

�F

�nbc

Larmor precession

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>

�a

<latexit sha1_base64="+eWFCT3USaYH+7k/uJArJ+lRGa8="></latexit>

[�a, nbc] = i (�ac�b � �ab�c)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)

•          Lie algebra:
<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)

<latexit sha1_base64="7bkFux50Hk1i+4O/gi+ExzIgELM="></latexit>

(n’s generate O(4) transformations)

• Besides dissipative part, equations of motion also contain ideal part
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<latexit sha1_base64="TTeI35BIUK8Tsn6fIim6f0GcutI=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VwISURrW6EoiAuK9gHNKHcTCft0MmDmYlQQr7Ejb/ixoUigiv9GydpQW09MHA4517unONGnEllml9GYWFxaXmluFpaW9/Y3Cpv77RkGAtCmyTkoei4IClnAW0qpjjtRIKC73LadkdXmd++p0KyMLhT44g6PgwC5jECSku98qntCSCJHYFQDDi2oyHrJZCmP5JK8QW2k9yBo2tsp7hXrphVMweeJ9aUVNAUjV75w+6HJPZpoAgHKbuWGSknyS4QTtOSHUsaARnBgHY1DcCn0knyeCk+0Eofe6HQL1A4V39vJOBLOfZdPemDGspZLxP/87qx8s6dhAVRrGhAJoe8WCcOcdYV7jNBieJjTYAIpv+KyRB0X0o3WtIlWLOR50nruGrVqrXbk0r9clpHEe2hfXSILHSG6ugGNVATEfSAntALejUejWfjzXifjBaM6c4u+gPj8xtGJKKH</latexit>

@�a

@t
= {�a, F}

<latexit sha1_base64="QVNXQCB40L04rZ+ov6ZmK0pf/wo=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISVRqW6EoiAuK9gHNCFMppN26GQSZiZCCfkQN/6KGxeKuHEh+DdO2oDaemDgcM693DnHjxmVyrK+jNLC4tLySnm1sra+sbllbu+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrnK/c0+EpBG/U+OYuCEacBpQjJSWPPPECQTCqRMjoShikHsp8rPsR1AZvIBOOtWPrqGTQc+sWjVrAjhP7IJUQYGmZ344/QgnIeEKMyRlz7Zi5ab5BcxIVnESSWKER2hAeppyFBLpppNwGTzQSh8GkdCPKzhRf2+kKJRyHPp6MkRqKGe9XPzP6yUqOHdTyuNEEY6nh4JEJ45g3hTsU0GwYmNNEBZU/xXiIdJtKd1nRZdgz0aeJ+3jml2v1W9Pq43Loo4y2AP74BDY4Aw0wA1oghbA4AE8gRfwajwaz8ab8T4dLRnFzi74A+PzG94nodE=</latexit>

@nab

@t
= {nab, F}

<latexit sha1_base64="x3Rx7htfX4MhasG08I3unZRF410=">AAACDXicdVBLSwMxGMzWV62vqkcvwSp40GV3W7v1VvTisYJ9wO5Sstm0Dc0+SLJCWfoHvPhXvHhQxKt3b/4b04dQRQcShpnvI5nxE0aFNIxPLbe0vLK6ll8vbGxube8Ud/daIk45Jk0cs5h3fCQIoxFpSioZ6SScoNBnpO0PryZ++45wQePoVo4S4oWoH9EexUgqqVs8cjPo4iCWp9PbHUNXxvCMOgui1y2WDN24sG3DhoZu2bVy2VKkYlUr1jk0dWOKEpij0S1+uEGM05BEEjMkhGMaifQyxCXFjIwLbipIgvAQ9YmjaIRCIrxsmmYMj5USwF7M1YkknKqLGxkKhRiFvpoMkRyI395E/MtzUtmreRmNklSSCM8e6qUMqsCTamBAOcGSjRRBmFP1V4gHiCMsVYEFVcJ3Uvg/aVm6WdWrN5VS/XJeRx4cgENwAkxggzq4Bg3QBBjcg0fwDF60B+1Je9XeZqM5bb6zD35Ae/8C2mmbeQ==</latexit>

{·, ·} ! �i[·, ·]

• Reversible (ideal) part: Poisson bracket technique

<latexit sha1_base64="9P26OyGcwIl/nuuliMZB7jwoLiA="></latexit>

conserve F exactly

<latexit sha1_base64="NSdcxI7R1hSf6zgSKwDf6Pjf4OU="></latexit>

@nab

@t
= {nab,�c}

�F

��c
+

1

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="HfkhApQ8mKIDilJnF430hsO6JvY="></latexit>

@�a

@t
=

1

2
{�a, nbc}

�F

�nbc

Larmor precession

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>

�a

reversibility

<latexit sha1_base64="+eWFCT3USaYH+7k/uJArJ+lRGa8="></latexit>

[�a, nbc] = i (�ac�b � �ab�c)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)

•          Lie algebra:
<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)

<latexit sha1_base64="7bkFux50Hk1i+4O/gi+ExzIgELM="></latexit>

(n’s generate O(4) transformations)

• Besides dissipative part, equations of motion also contain ideal part
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<latexit sha1_base64="TTeI35BIUK8Tsn6fIim6f0GcutI=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VwISURrW6EoiAuK9gHNKHcTCft0MmDmYlQQr7Ejb/ixoUigiv9GydpQW09MHA4517unONGnEllml9GYWFxaXmluFpaW9/Y3Cpv77RkGAtCmyTkoei4IClnAW0qpjjtRIKC73LadkdXmd++p0KyMLhT44g6PgwC5jECSku98qntCSCJHYFQDDi2oyHrJZCmP5JK8QW2k9yBo2tsp7hXrphVMweeJ9aUVNAUjV75w+6HJPZpoAgHKbuWGSknyS4QTtOSHUsaARnBgHY1DcCn0knyeCk+0Eofe6HQL1A4V39vJOBLOfZdPemDGspZLxP/87qx8s6dhAVRrGhAJoe8WCcOcdYV7jNBieJjTYAIpv+KyRB0X0o3WtIlWLOR50nruGrVqrXbk0r9clpHEe2hfXSILHSG6ugGNVATEfSAntALejUejWfjzXifjBaM6c4u+gPj8xtGJKKH</latexit>

@�a

@t
= {�a, F}

<latexit sha1_base64="QVNXQCB40L04rZ+ov6ZmK0pf/wo=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISVRqW6EoiAuK9gHNCFMppN26GQSZiZCCfkQN/6KGxeKuHEh+DdO2oDaemDgcM693DnHjxmVyrK+jNLC4tLySnm1sra+sbllbu+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrnK/c0+EpBG/U+OYuCEacBpQjJSWPPPECQTCqRMjoShikHsp8rPsR1AZvIBOOtWPrqGTQc+sWjVrAjhP7IJUQYGmZ344/QgnIeEKMyRlz7Zi5ab5BcxIVnESSWKER2hAeppyFBLpppNwGTzQSh8GkdCPKzhRf2+kKJRyHPp6MkRqKGe9XPzP6yUqOHdTyuNEEY6nh4JEJ45g3hTsU0GwYmNNEBZU/xXiIdJtKd1nRZdgz0aeJ+3jml2v1W9Pq43Loo4y2AP74BDY4Aw0wA1oghbA4AE8gRfwajwaz8ab8T4dLRnFzi74A+PzG94nodE=</latexit>

@nab

@t
= {nab, F}

<latexit sha1_base64="x3Rx7htfX4MhasG08I3unZRF410=">AAACDXicdVBLSwMxGMzWV62vqkcvwSp40GV3W7v1VvTisYJ9wO5Sstm0Dc0+SLJCWfoHvPhXvHhQxKt3b/4b04dQRQcShpnvI5nxE0aFNIxPLbe0vLK6ll8vbGxube8Ud/daIk45Jk0cs5h3fCQIoxFpSioZ6SScoNBnpO0PryZ++45wQePoVo4S4oWoH9EexUgqqVs8cjPo4iCWp9PbHUNXxvCMOgui1y2WDN24sG3DhoZu2bVy2VKkYlUr1jk0dWOKEpij0S1+uEGM05BEEjMkhGMaifQyxCXFjIwLbipIgvAQ9YmjaIRCIrxsmmYMj5USwF7M1YkknKqLGxkKhRiFvpoMkRyI395E/MtzUtmreRmNklSSCM8e6qUMqsCTamBAOcGSjRRBmFP1V4gHiCMsVYEFVcJ3Uvg/aVm6WdWrN5VS/XJeRx4cgENwAkxggzq4Bg3QBBjcg0fwDF60B+1Je9XeZqM5bb6zD35Ae/8C2mmbeQ==</latexit>

{·, ·} ! �i[·, ·]

• Reversible (ideal) part: Poisson bracket technique

<latexit sha1_base64="9P26OyGcwIl/nuuliMZB7jwoLiA="></latexit>

conserve F exactly

<latexit sha1_base64="NSdcxI7R1hSf6zgSKwDf6Pjf4OU="></latexit>

@nab

@t
= {nab,�c}

�F

��c
+

1

2
{nab, ncd}

�F

�ncd

<latexit sha1_base64="HfkhApQ8mKIDilJnF430hsO6JvY="></latexit>

@�a

@t
=

1

2
{�a, nbc}

�F

�nbc

Larmor precession

<latexit sha1_base64="1JkuxZUZqg8anQd4vR6BYgew0+E=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQtJqbHdFNy4r2AekoUymk3boPMLMRCihn+HGhSJu/Rp3/o3Th6CiBy4czrmXe++JU0a18bwPZ2V1bX1js7BV3N7Z3dsvHRy2tcwUJi0smVTdGGnCqCAtQw0j3VQRxGNGOvH4euZ37onSVIo7M0lJxNFQ0IRiZKwU9jTlUPRzFE/7pbLn+l7toh5Azw2qfq1StcQPgkq9Bn3Xm6MMlmj2S++9gcQZJ8JghrQOfS81UY6UoZiRabGXaZIiPEZDEloqECc6yucnT+GpVQYwkcqWMHCufp/IEdd6wmPbyZEZ6d/eTPzLCzOT1KKcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fQr/J+2KjcUNbs/LjatlHAVwDE7AGfDBJWiAG9AELYCBBA/gCTw7xnl0XpzXReuKs5w5Aj/gvH0CuIaRlA==</latexit>⇠ nab<latexit sha1_base64="ttfytSQS+rmMumk5bog7a9y/GRI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6+N+ueJX/TnQKglyUoEcjX75qzeQJE2osIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jgqcUBNm82un6MwpAxRL7UpYNFd/T2Q4MWaSRK4zwXZklr2Z+J/XTW18HWZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfVoFat3V9W6jd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN096L96797FoLXj5zDH8gff5A4eYjx4=</latexit>

�a

non-Abelian nature of O(4)reversibility

<latexit sha1_base64="+eWFCT3USaYH+7k/uJArJ+lRGa8="></latexit>

[�a, nbc] = i (�ac�b � �ab�c)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)
<latexit sha1_base64="WN9arBb2QbOWkJPGqW58CUWfHOU="></latexit>

[nab, ncd] = i (�acnbd + �bdnac � �adnbc � �bcnad)

•          Lie algebra:
<latexit sha1_base64="/kYfEklTmjiEzvR4fsZRxhclct0=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVUsVTwYs3K9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjtr6xubW9uFneLu3v7BYenouK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLnN/M4TVZpF8tFMY+oLPJIsZASbTLqv1C4GpbJbdedAq8TLSRlyNAelr/4wIomg0hCOte55bmz8FCvDCKezYj/RNMZkgke0Z6nEgmo/nd86Q+dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x47adMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6iDcFbfnmVtC+rXr1af6iVGzd5HAU4hTOogAdX0IA7aEILCIzhGV7hzRHOi/PufCxa15x85gT+wPn8AeMFjXk=</latexit>

O(4)

<latexit sha1_base64="7bkFux50Hk1i+4O/gi+ExzIgELM="></latexit>

(n’s generate O(4) transformations)

• Besides dissipative part, equations of motion also contain ideal part
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<latexit sha1_base64="M/gbVDhnmR/CR4dVVNfAi+KLRWA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jz f/xslmD5pY0FBUddPdFcScaeO6305haXllda24XtrY3NreKe/uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0c3Ubz1RpZkU92YcUz/CA8FCRrCxUtNDV+gB9coVt+pmQIvEy0kFctR75a9uX5IkosIQjrXueG5s/BQrwwink1I30TTGZIQHtGOpwBHVfppdO0FHVumjUCpbwqBM/T2R4kjrcRTYzgiboZ73puJ/Xicx4aWfMhEnhgoyWxQmHBmJpq+jPlOUGD62BBPF7K2IDLHCxNiASjYEb/7lRdI8qXrn1bO700rtOo+jCAdwCMfgwQXU4Bbq0AACj/AMr/DmSOfFeXc+Zq0FJ5/Zhz9wPn8Ar6WN6A==</latexit>

1 = Z

<latexit sha1_base64="Wdu+XWQJ18JV0wQqp6mhfvVTa80="></latexit>

hO(t)i = tr (U(�1, t)OU(t,�1)⇢0)

<latexit sha1_base64="B5RsjS03URM1LmDJY848yCqY4eg=">AAACJHicbVDJSgNBEO1xN25Rj14ag5Bcwoy4gQhBL96MYIyQCaGnU5M09vQM3TVCGPIxXvwVLx5c8ODFb7GzHDTxQdOP96qoqhckUhh03S9nZnZufmFxaTm3srq2vpHf3Lo1cao51HgsY30XMANSKKihQAl3iQYWBRLqwf3FwK8/gDYiVjfYS6AZsY4SoeAMrdTKn/qSqY4EelXEkq9H/Iz6EcOujjLUfV9CiMWhT33djVuu/USni6VWvuCW3SHoNPHGpEDGqLby73475mkECrlkxjQ8N8FmxjQKLqGf81MDCeP3rAMNSxWLwDSz4ZF9umeVNg1jbZ9COlR/d2QsMqYXBbZysLyZ9Abif14jxfCkmQmVpAiKjwaFqaQY00FitC00cJQ9SxjXwu5KeZdpxtHmmrMheJMnT5Pb/bJ3VD68PihUzsdxLJEdskuKxCPHpEIuSZXUCCeP5Jm8kjfnyXlxPpzPUemMM+7ZJn/gfP8ApXujlQ==</latexit>

hO(t)i = tr (O(t)⇢0) (Heisenberg picture)

L.V. Keldysh, Sov. Phys. JETP 20 (1965) 1018
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1 = Z

<latexit sha1_base64="Wdu+XWQJ18JV0wQqp6mhfvVTa80="></latexit>

hO(t)i = tr (U(�1, t)OU(t,�1)⇢0)
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hO(t)i = tr (O(t)⇢0) (Heisenberg picture)

<latexit sha1_base64="Q++pQ4CugwXjUk12EV0AyddfS18="></latexit>

=

Z

⇢0
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O
�
�
+(t),��(t)

�<latexit sha1_base64="g/ypExQjWh+tjrJvK6YNpA0cF+s=">AAACA3icbZDLSsNAFIZP6q3WW9SdboJFqEhLIt6WRTcuK9oLpGmZTKft0MkkzEyEEgpufBU3LhRx60u4822ctllo6w8DH/85hzPn9yNGpbLtbyOzsLi0vJJdza2tb2xumds7NRnGApMqDlkoGj6ShFFOqooqRhqRICjwGan7g+txvf5AhKQhv1fDiHgB6nHapRgpbbXNPdJKaOHObUZ92jr2iikVvaNR28zbJXsiax6cFPKQqtI2v5qdEMcB4QozJKXr2JHyEiQUxYyMcs1YkgjhAeoRVyNHAZFeMrlhZB1qp2N1Q6EfV9bE/T2RoEDKYeDrzgCpvpytjc3/am6supdeQnkUK8LxdFE3ZpYKrXEgVocKghUbakBYUP1XC/eRQFjp2HI6BGf25HmonZSc89LZ7Wm+fJXGkYV9OIACOHABZbiBClQBwyM8wyu8GU/Gi/FufExbM0Y6swt/ZHz+AGqXlr8=</latexit>

ei(S[�+]�S[��])

(extend evolution to t = +∞)

L.V. Keldysh, Sov. Phys. JETP 20 (1965) 1018



 

 

CRC -  TR 

Benasque Science CenterUniversal critical dynamics in QCDJohannes Roth

Summary of Schwinger-Keldysh formalism

Goal: compute non-equilibrium correlation functions


⤳ Path integral requires doubling number of fields:

31

<latexit sha1_base64="M/gbVDhnmR/CR4dVVNfAi+KLRWA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jz f/xslmD5pY0FBUddPdFcScaeO6305haXllda24XtrY3NreKe/uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0c3Ubz1RpZkU92YcUz/CA8FCRrCxUtNDV+gB9coVt+pmQIvEy0kFctR75a9uX5IkosIQjrXueG5s/BQrwwink1I30TTGZIQHtGOpwBHVfppdO0FHVumjUCpbwqBM/T2R4kjrcRTYzgiboZ73puJ/Xicx4aWfMhEnhgoyWxQmHBmJpq+jPlOUGD62BBPF7K2IDLHCxNiASjYEb/7lRdI8qXrn1bO700rtOo+jCAdwCMfgwQXU4Bbq0AACj/AMr/DmSOfFeXc+Zq0FJ5/Zhz9wPn8Ar6WN6A==</latexit>

1 = Z

<latexit sha1_base64="Wdu+XWQJ18JV0wQqp6mhfvVTa80="></latexit>

hO(t)i = tr (U(�1, t)OU(t,�1)⇢0)
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hO(t)i = tr (O(t)⇢0) (Heisenberg picture)

Figure adapted from 
Kamenev, Field Theory of Non-Equilibrium Systems 
(Cambridge University Press, 2011)

2.2 Partition function 13

+ ∞ − ∞
t

tN

tN+1 t2N

t1

Fig. 2.1 The closed time contour C. Dots on the forward and backward branches
of the contour denote discrete time points.

sometime after (before) t = −∞. This constant is therefore frequently omitted
without causing confusion.

The next step is to divide the C contour into (2N − 2) time intervals of length δt ,
such that t1 = t2N = −∞ and tN = tN+1 = +∞, as shown in Fig. 2.1. One then
inserts the resolution of unity in the over-complete coherent state basis, Eq. (2.7),

1̂ =
∫

d[φ̄ j ,φ j ] e−|φ j |2 |φ j 〉〈φ j | (2.15)

at each point j = 1, 2, . . . , 2N along the contour. For example, for N = 3 one
obtains the following sequence in the expression for Tr{ÛC ρ̂0}, Eq. (2.10) (read
from right to left):

〈φ6|Û−δt |φ5〉〈φ5|Û−δt |φ4〉〈φ4|1̂|φ3〉〈φ3|Û+δt |φ2〉〈φ2|Û+δt |φ1〉〈φ1|ρ̂0|φ6〉, (2.16)

where Û±δt is the evolution operator (1.1) during the time interval δt in the positive
(negative) time direction. Its matrix elements are given by:
〈
φ j

∣∣∣Û±δt

∣∣∣φ j−1

〉
≡
〈
φ j

∣∣∣e∓iĤ(b†,b)δt

∣∣∣φ j−1

〉
≈
〈
φ j

∣∣∣
(
1∓ iĤ(b†, b

)
δt
)∣∣∣φ j−1

〉

=
〈
φ j |φ j−1

〉(
1∓ iH(φ̄ j ,φ j−1)δt

)
≈ e φ̄ jφ j−1 e∓iH(φ̄ j ,φ j−1)δt , (2.17)

where the approximate equalities are valid up to the linear order in δt . Here we have
employed expression (2.4) for the matrix elements of a normally-ordered operator
along with Eq. (2.6) for the overlap of the coherent states. For the toy example
(2.12) one finds H(φ̄ j ,φ j−1) = ω0φ̄ jφ j−1. However, Eq. (2.17) is not restricted to
it, but holds for any normally-ordered Hamiltonian. Notice that there is no evolu-
tion operator inserted between tN and tN+1. Indeed, these two points are physically
indistinguishable and thus the system does not evolve during this time interval.

Employing the following property of the coherent states (see Eq. (2.11)):
〈φ1|e−β(ω0−µ)b†b|φ2N 〉 = exp

{
φ̄1φ2Nρ(ω0)

}
and collecting all the exponential

factors along the contour, one finds for the partition function, Eq. (2.13),

Z = 1
Tr{ρ̂0}

∫ 2N∏

j=1

d[φ̄ j ,φ j ] exp



i
2N∑

j, j ′=1

φ̄ j G−1
j j ′ φ j ′



 . (2.18)
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hO(t)i

closed-time path

<latexit sha1_base64="Q++pQ4CugwXjUk12EV0AyddfS18="></latexit>

=

Z

⇢0
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O
�
�
+(t),��(t)
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ei(S[�+]�S[��])

(extend evolution to t = +∞)

L.V. Keldysh, Sov. Phys. JETP 20 (1965) 1018



 

 

CRC -  TR 

Benasque Science CenterUniversal critical dynamics in QCDJohannes Roth

Summary of Schwinger-Keldysh formalism

Goal: compute non-equilibrium correlation functions


⤳ Path integral requires doubling number of fields:

31

<latexit sha1_base64="M/gbVDhnmR/CR4dVVNfAi+KLRWA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlgsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jz f/xslmD5pY0FBUddPdFcScaeO6305haXllda24XtrY3NreKe/uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0c3Ubz1RpZkU92YcUz/CA8FCRrCxUtNDV+gB9coVt+pmQIvEy0kFctR75a9uX5IkosIQjrXueG5s/BQrwwink1I30TTGZIQHtGOpwBHVfppdO0FHVumjUCpbwqBM/T2R4kjrcRTYzgiboZ73puJ/Xicx4aWfMhEnhgoyWxQmHBmJpq+jPlOUGD62BBPF7K2IDLHCxNiASjYEb/7lRdI8qXrn1bO700rtOo+jCAdwCMfgwQXU4Bbq0AACj/AMr/DmSOfFeXc+Zq0FJ5/Zhz9wPn8Ar6WN6A==</latexit>

1 = Z

⤳ in particular: direct access to 
    real-time Green functions

<latexit sha1_base64="GJ9vGRwOPJnrryne+boOhmJBAXA="></latexit>

GR(t, t0) = i✓(t� t0)h[�(t),�(t0)]i
<latexit sha1_base64="ba69B8fGkd2mcZTqZnB3qTPQnek="></latexit>

GA(t, t0) = i✓(t0 � t)h[�(t0),�(t)]i
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GK(t, t0) = ih{�(t),�(t0)}i
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<latexit sha1_base64="B5RsjS03URM1LmDJY848yCqY4eg=">AAACJHicbVDJSgNBEO1xN25Rj14ag5Bcwoy4gQhBL96MYIyQCaGnU5M09vQM3TVCGPIxXvwVLx5c8ODFb7GzHDTxQdOP96qoqhckUhh03S9nZnZufmFxaTm3srq2vpHf3Lo1cao51HgsY30XMANSKKihQAl3iQYWBRLqwf3FwK8/gDYiVjfYS6AZsY4SoeAMrdTKn/qSqY4EelXEkq9H/Iz6EcOujjLUfV9CiMWhT33djVuu/USni6VWvuCW3SHoNPHGpEDGqLby73475mkECrlkxjQ8N8FmxjQKLqGf81MDCeP3rAMNSxWLwDSz4ZF9umeVNg1jbZ9COlR/d2QsMqYXBbZysLyZ9Abif14jxfCkmQmVpAiKjwaFqaQY00FitC00cJQ9SxjXwu5KeZdpxtHmmrMheJMnT5Pb/bJ3VD68PihUzsdxLJEdskuKxCPHpEIuSZXUCCeP5Jm8kjfnyXlxPpzPUemMM+7ZJn/gfP8ApXujlQ==</latexit>

hO(t)i = tr (O(t)⇢0) (Heisenberg picture)

Figure adapted from 
Kamenev, Field Theory of Non-Equilibrium Systems 
(Cambridge University Press, 2011)
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Fig. 2.1 The closed time contour C. Dots on the forward and backward branches
of the contour denote discrete time points.

sometime after (before) t = −∞. This constant is therefore frequently omitted
without causing confusion.

The next step is to divide the C contour into (2N − 2) time intervals of length δt ,
such that t1 = t2N = −∞ and tN = tN+1 = +∞, as shown in Fig. 2.1. One then
inserts the resolution of unity in the over-complete coherent state basis, Eq. (2.7),

1̂ =
∫

d[φ̄ j ,φ j ] e−|φ j |2 |φ j 〉〈φ j | (2.15)

at each point j = 1, 2, . . . , 2N along the contour. For example, for N = 3 one
obtains the following sequence in the expression for Tr{ÛC ρ̂0}, Eq. (2.10) (read
from right to left):

〈φ6|Û−δt |φ5〉〈φ5|Û−δt |φ4〉〈φ4|1̂|φ3〉〈φ3|Û+δt |φ2〉〈φ2|Û+δt |φ1〉〈φ1|ρ̂0|φ6〉, (2.16)

where Û±δt is the evolution operator (1.1) during the time interval δt in the positive
(negative) time direction. Its matrix elements are given by:
〈
φ j

∣∣∣Û±δt

∣∣∣φ j−1

〉
≡
〈
φ j

∣∣∣e∓iĤ(b†,b)δt

∣∣∣φ j−1

〉
≈
〈
φ j

∣∣∣
(
1∓ iĤ(b†, b

)
δt
)∣∣∣φ j−1

〉

=
〈
φ j |φ j−1

〉(
1∓ iH(φ̄ j ,φ j−1)δt

)
≈ e φ̄ jφ j−1 e∓iH(φ̄ j ,φ j−1)δt , (2.17)

where the approximate equalities are valid up to the linear order in δt . Here we have
employed expression (2.4) for the matrix elements of a normally-ordered operator
along with Eq. (2.6) for the overlap of the coherent states. For the toy example
(2.12) one finds H(φ̄ j ,φ j−1) = ω0φ̄ jφ j−1. However, Eq. (2.17) is not restricted to
it, but holds for any normally-ordered Hamiltonian. Notice that there is no evolu-
tion operator inserted between tN and tN+1. Indeed, these two points are physically
indistinguishable and thus the system does not evolve during this time interval.

Employing the following property of the coherent states (see Eq. (2.11)):
〈φ1|e−β(ω0−µ)b†b|φ2N 〉 = exp

{
φ̄1φ2Nρ(ω0)

}
and collecting all the exponential

factors along the contour, one finds for the partition function, Eq. (2.13),

Z = 1
Tr{ρ̂0}

∫ 2N∏

j=1

d[φ̄ j ,φ j ] exp



i
2N∑

j, j ′=1

φ̄ j G−1
j j ′ φ j ′



 . (2.18)
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closed-time path
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ei(S[�+]�S[��])

(extend evolution to t = +∞)

L.V. Keldysh, Sov. Phys. JETP 20 (1965) 1018
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⤳ in particular: direct access to 
    real-time Green functions
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G
eK(t, t0) = 0

⤳ Causal structure built 
    into the formalism!
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hO(t)i = tr (O(t)⇢0) (Heisenberg picture)

Figure adapted from 
Kamenev, Field Theory of Non-Equilibrium Systems 
(Cambridge University Press, 2011)
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+ ∞ − ∞
t

tN

tN+1 t2N

t1

Fig. 2.1 The closed time contour C. Dots on the forward and backward branches
of the contour denote discrete time points.

sometime after (before) t = −∞. This constant is therefore frequently omitted
without causing confusion.

The next step is to divide the C contour into (2N − 2) time intervals of length δt ,
such that t1 = t2N = −∞ and tN = tN+1 = +∞, as shown in Fig. 2.1. One then
inserts the resolution of unity in the over-complete coherent state basis, Eq. (2.7),

1̂ =
∫

d[φ̄ j ,φ j ] e−|φ j |2 |φ j 〉〈φ j | (2.15)

at each point j = 1, 2, . . . , 2N along the contour. For example, for N = 3 one
obtains the following sequence in the expression for Tr{ÛC ρ̂0}, Eq. (2.10) (read
from right to left):

〈φ6|Û−δt |φ5〉〈φ5|Û−δt |φ4〉〈φ4|1̂|φ3〉〈φ3|Û+δt |φ2〉〈φ2|Û+δt |φ1〉〈φ1|ρ̂0|φ6〉, (2.16)

where Û±δt is the evolution operator (1.1) during the time interval δt in the positive
(negative) time direction. Its matrix elements are given by:
〈
φ j

∣∣∣Û±δt

∣∣∣φ j−1

〉
≡
〈
φ j

∣∣∣e∓iĤ(b†,b)δt

∣∣∣φ j−1

〉
≈
〈
φ j

∣∣∣
(
1∓ iĤ(b†, b

)
δt
)∣∣∣φ j−1

〉

=
〈
φ j |φ j−1

〉(
1∓ iH(φ̄ j ,φ j−1)δt

)
≈ e φ̄ jφ j−1 e∓iH(φ̄ j ,φ j−1)δt , (2.17)

where the approximate equalities are valid up to the linear order in δt . Here we have
employed expression (2.4) for the matrix elements of a normally-ordered operator
along with Eq. (2.6) for the overlap of the coherent states. For the toy example
(2.12) one finds H(φ̄ j ,φ j−1) = ω0φ̄ jφ j−1. However, Eq. (2.17) is not restricted to
it, but holds for any normally-ordered Hamiltonian. Notice that there is no evolu-
tion operator inserted between tN and tN+1. Indeed, these two points are physically
indistinguishable and thus the system does not evolve during this time interval.

Employing the following property of the coherent states (see Eq. (2.11)):
〈φ1|e−β(ω0−µ)b†b|φ2N 〉 = exp

{
φ̄1φ2Nρ(ω0)

}
and collecting all the exponential

factors along the contour, one finds for the partition function, Eq. (2.13),

Z = 1
Tr{ρ̂0}

∫ 2N∏

j=1

d[φ̄ j ,φ j ] exp



i
2N∑

j, j ′=1

φ̄ j G−1
j j ′ φ j ′



 . (2.18)
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hO(t)i

closed-time path

<latexit sha1_base64="Q++pQ4CugwXjUk12EV0AyddfS18="></latexit>

=

Z

⇢0

D�+ D�� eiS[�+,��] <latexit sha1_base64="iht+osGR+W/j5OAH9jestMJSrJU=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQILWpJxNuy6MadFewFmlgm00kzdHJh5kQooWs3voobF4q49Qnc+TZO2yy09YeBj/+cw5nzuzFnEkzzW8vNzS8sLuWXCyura+sb+uZWQ0aJILROIh6Jlosl5SykdWDAaSsWFAcup023fzWqNx+okCwK72AQUyfAvZB5jGBQVkffvbE59aBkxz67PyhB+XBMR4pswXo+lDt60ayYYxmzYGVQRJlqHf3L7kYkCWgIhGMp25YZg5NiAYxwOizYiaQxJn3co22FIQ6odNLxKUNjXzldw4uEeiEYY/f3RIoDKQeBqzoDDL6cro3M/2rtBLwLJ2VhnAANyWSRl3ADImOUi9FlghLgAwWYCKb+ahAfC0xApVdQIVjTJ89C47hinVVOb0+K1cssjjzaQXuohCx0jqroGtVQHRH0iJ7RK3rTnrQX7V37mLTmtGxmG/2R9vkD53qZJA==</latexit>

O
�
�
+(t),��(t)

�<latexit sha1_base64="g/ypExQjWh+tjrJvK6YNpA0cF+s=">AAACA3icbZDLSsNAFIZP6q3WW9SdboJFqEhLIt6WRTcuK9oLpGmZTKft0MkkzEyEEgpufBU3LhRx60u4822ctllo6w8DH/85hzPn9yNGpbLtbyOzsLi0vJJdza2tb2xumds7NRnGApMqDlkoGj6ShFFOqooqRhqRICjwGan7g+txvf5AhKQhv1fDiHgB6nHapRgpbbXNPdJKaOHObUZ92jr2iikVvaNR28zbJXsiax6cFPKQqtI2v5qdEMcB4QozJKXr2JHyEiQUxYyMcs1YkgjhAeoRVyNHAZFeMrlhZB1qp2N1Q6EfV9bE/T2RoEDKYeDrzgCpvpytjc3/am6supdeQnkUK8LxdFE3ZpYKrXEgVocKghUbakBYUP1XC/eRQFjp2HI6BGf25HmonZSc89LZ7Wm+fJXGkYV9OIACOHABZbiBClQBwyM8wyu8GU/Gi/FufExbM0Y6swt/ZHz+AGqXlr8=</latexit>
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(extend evolution to t = +∞)

L.V. Keldysh, Sov. Phys. JETP 20 (1965) 1018
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h⇠(x)i = 0

solve Langevin equation

Path-integral formulation
for (real-time) FRG

in classical simulations:

However, we need:
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Statics: Landau-Ginzburg-Wilson functional

33

<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�

φ

V(φ) T > Tc

T < Tc
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• Dynamics: Langevin equations of motion
<latexit sha1_base64="EipOvKv92X7g7v7h62oZjQh9jcA="></latexit>

@2
t '+ �@t' = ��F

�'
+ ⇠

Gaussian white noise

Image adapted from P. Mörters, Y. Peres, Brownian Motion 
(Cambridge University Press, 2010)

describes particle

submerged in heat bath:

<latexit sha1_base64="5AAere4XsFjLVDnh/zY405Opu8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtfJY3f</latexit>

⇠
<latexit sha1_base64="5AAere4XsFjLVDnh/zY405Opu8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtfJY3f</latexit>

⇠

Dynamic universality classes in more detail

Statics: Landau-Ginzburg-Wilson functional

33

<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�

φ

V(φ) T > Tc

T < Tc
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• Dynamics: Langevin equations of motion
<latexit sha1_base64="EipOvKv92X7g7v7h62oZjQh9jcA="></latexit>

@2
t '+ �@t' = ��F

�'
+ ⇠

Gaussian white noise

Image adapted from P. Mörters, Y. Peres, Brownian Motion 
(Cambridge University Press, 2010)

describes particle

submerged in heat bath:

<latexit sha1_base64="5AAere4XsFjLVDnh/zY405Opu8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtfJY3f</latexit>

⇠
<latexit sha1_base64="5AAere4XsFjLVDnh/zY405Opu8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtfJY3f</latexit>

⇠

Dynamic universality classes in more detail

Statics: Landau-Ginzburg-Wilson functional

33

<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�

(generally true!)(e.g. densities of conserved quantities)

• No conservation laws here! ⤳ Model A 

• Slow modes determine critical dynamics

Model A
z = 2 + cη

φ

V(φ) T > Tc

T < Tc
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Dynamic universality classes

Statics: Landau-Ginzburg-Wilson functional 

• Dynamics: Langevin equations of motion


• Critical dynamics dominated by diffusion ⤳ Model B


• Include hydrodynamic shear modes of energy-momentum tensor 
⤳ Model H

34

<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="sqOmVoiXyfrpQBcVUSxEE/nDfMU="></latexit>

+
n2

2�0

<latexit sha1_base64="Bq6mXqLCe5lVb1NMYbdT/UXzbSY=">AAAB9HicdVDLSgMxFM3UV62vqks3wSIIypCptVNdFd24rGAf0BlKJk3b0ExmTDKFMvQ73LhQxK0f486/MX0IKnrgwuGce7n3niDmTGmEPqzM0vLK6lp2PbexubW9k9/da6gokYTWScQj2QqwopwJWtdMc9qKJcVhwGkzGF5P/eaISsUicafHMfVD3BesxwjWRvJPvNMrb4RlPGBQdPIFZDuVShFdQGSXUbHknhninqNK2YWOjWYogAVqnfy7141IElKhCcdKtR0Uaz/FUjPC6STnJYrGmAxxn7YNFTikyk9nR0/gkVG6sBdJU0LDmfp9IsWhUuMwMJ0h1gP125uKf3ntRPcqfspEnGgqyHxRL+FQR3CaAOwySYnmY0MwkczcCskAS0y0ySlnQvj6FP5PGkXbKdul21KhermIIwsOwCE4Bg5wQRXcgBqoAwLuwQN4As/WyHq0XqzXeWvGWszsgx+w3j4BLCiRuQ==</latexit>

+B'n

Model B
z = 4 – η

Dynamic universality classes in more detail

<latexit sha1_base64="KeKs0Wi+jZ2OX9sYIJNTA3p2KTw="></latexit>

⌧R@
2
t n+ @tn = �̄~r2 �F

�n
+ ~r · ~⇣

<latexit sha1_base64="EipOvKv92X7g7v7h62oZjQh9jcA="></latexit>

@2
t '+ �@t' = ��F

�'
+ ⇠

diffusive!

Gaussian white noises
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Dynamic universality classes in more detail

Statics: Landau-Ginzburg-Wilson functional 

• Dynamics: Langevin equations of motion


• Order parameter not conserved but interacts non-linearly with 
conserved (energy) density ⤳ Model C

35

<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="jXIPJ2rfd+pLdURVtY9yVbMWFLU="></latexit>

F =

Z
ddx

⇢
1

2
(~r')2 + V (')

�<latexit sha1_base64="sqOmVoiXyfrpQBcVUSxEE/nDfMU="></latexit>

+
n2

2�0

<latexit sha1_base64="DUJ2N7u5qYkbH+y05zi3EPhnYZY=">AAACAnicdVDJSgNBEO2JW4xb1JN4aQyCoAw9Y1ZPAS8eI5gFMjH0dHqSJj0L3T2BMAQv/ooXD4p49Su8+Td2FkFFHxQ83quiqp4bcSYVQh9Gaml5ZXUtvZ7Z2Nza3snu7jVkGAtC6yTkoWi5WFLOAlpXTHHaigTFvstp0x1eTv3miArJwuBGjSPa8XE/YB4jWGmpmz04dc4cT2CS9CeJPXFGWEQDdmtD7eWQWS5VCpUCRGYxX0IlpIllW+i8DC0TzZADC9S62XenF5LYp4EiHEvZtlCkOgkWihFOJxknljTCZIj7tK1pgH0qO8nshQk81koPeqHQFSg4U79PJNiXcuy7utPHaiB/e1PxL68dK6/cSVgQxYoGZL7IizlUIZzmAXtMUKL4WBNMBNO3QjLAOhClU8voEL4+hf+Thm1aRTN/nc9VLxZxpMEhOAInwAIlUAVXoAbqgIA78ACewLNxbzwaL8brvDVlLGb2wQ8Yb58AwJcw</latexit>

+
g

2
'2n

Model C
z = 2 + α/ν

<latexit sha1_base64="KeKs0Wi+jZ2OX9sYIJNTA3p2KTw="></latexit>

⌧R@
2
t n+ @tn = �̄~r2 �F

�n
+ ~r · ~⇣

<latexit sha1_base64="EipOvKv92X7g7v7h62oZjQh9jcA="></latexit>

@2
t '+ �@t' = ��F

�'
+ ⇠

Gaussian white noises

diffusive!
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Wilson’s RG in Minkowski spacetime?

36

<latexit sha1_base64="hbEilhn6WaxoDFCqO0uNTbliaKo=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPYUbcjkERPEYwCyRD6On0JE16Gbt7hDDkJ7x4UMSrv+PNv7GTzEETHxQ83quiql6UcGas7397S8srq2vrhY3i5tb2zm5pb79hVKoJrRPFlW5F2FDOJK1bZjltJZpiEXHajIY3E7/5RLVhSj7YUUJDgfuSxYxg66RWRwnax93bbqnsV/wp0CIJclKGHLVu6avTUyQVVFrCsTHtwE9smGFtGeF0XOykhiaYDHGfth2VWFATZtN7x+jYKT0UK+1KWjRVf09kWBgzEpHrFNgOzLw3Ef/z2qmNr8KMySS1VJLZojjlyCo0eR71mKbE8pEjmGjmbkVkgDUm1kVUdCEE8y8vksZpJbionN+flavXeRwFOIQjOIEALqEKd1CDOhDg8Ayv8OY9ei/eu/cxa13y8pkD+APv8wfbF4/d</latexit>!E

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p
<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k
<latexit sha1_base64="YwCevZDL6az03Nng6hoA4JxytsM=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgxpKIr2XRjcsK9gFtKJPJpB06MwkzE6GE/oIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfJf7nSeqNIvlo5kk1Bd4KFnECDa5ND4Lx4Nqza27M6Bl4hWkBgWag+pXP4xJKqg0hGOte56bGD/DyjDC6bTSTzVNMBnjIe1ZKrGg2s9mt07RiVVCFMXKljRopv6eyLDQeiIC2ymwGelFLxf/83qpiW78jMkkNVSS+aIo5cjEKH8chUxRYvjEEkwUs7ciMsIKE2PjqdgQvMWXl0n7vO5d1S8fLmqN2yKOMhzBMZyCB9fQgHtoQgsIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AxISOEw==</latexit>

k � dk

Wilsonian renormalization in

Euclidean spacetime

Wilsonian renormalization in

Minkowski spacetime

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p

<latexit sha1_base64="VHrQ9eClRmAVgOrOT/oHjGRjlwM=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrhJ0gHvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPk3GPJQ==</latexit>!

?

?

<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k
<latexit sha1_base64="YwCevZDL6az03Nng6hoA4JxytsM=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgxpKIr2XRjcsK9gFtKJPJpB06MwkzE6GE/oIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfJf7nSeqNIvlo5kk1Bd4KFnECDa5ND4Lx4Nqza27M6Bl4hWkBgWag+pXP4xJKqg0hGOte56bGD/DyjDC6bTSTzVNMBnjIe1ZKrGg2s9mt07RiVVCFMXKljRopv6eyLDQeiIC2ymwGelFLxf/83qpiW78jMkkNVSS+aIo5cjEKH8chUxRYvjEEkwUs7ciMsIKE2PjqdgQvMWXl0n7vO5d1S8fLmqN2yKOMhzBMZyCB9fQgHtoQgsIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AxISOEw==</latexit>

k � dk

Conceptually straightforward: 
integrate out (hyper-)spheres


no need to worry about causality (at least naively)

?

vs.

Conceptually intricate: 
integrate hyperboloids?


timelike momenta?

causal structure of propagators?


…
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Wilson’s RG in Minkowski spacetime?

36

<latexit sha1_base64="hbEilhn6WaxoDFCqO0uNTbliaKo=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPYUbcjkERPEYwCyRD6On0JE16Gbt7hDDkJ7x4UMSrv+PNv7GTzEETHxQ83quiql6UcGas7397S8srq2vrhY3i5tb2zm5pb79hVKoJrRPFlW5F2FDOJK1bZjltJZpiEXHajIY3E7/5RLVhSj7YUUJDgfuSxYxg66RWRwnax93bbqnsV/wp0CIJclKGHLVu6avTUyQVVFrCsTHtwE9smGFtGeF0XOykhiaYDHGfth2VWFATZtN7x+jYKT0UK+1KWjRVf09kWBgzEpHrFNgOzLw3Ef/z2qmNr8KMySS1VJLZojjlyCo0eR71mKbE8pEjmGjmbkVkgDUm1kVUdCEE8y8vksZpJbionN+flavXeRwFOIQjOIEALqEKd1CDOhDg8Ayv8OY9ei/eu/cxa13y8pkD+APv8wfbF4/d</latexit>!E

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p
<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k
<latexit sha1_base64="YwCevZDL6az03Nng6hoA4JxytsM=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgxpKIr2XRjcsK9gFtKJPJpB06MwkzE6GE/oIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfJf7nSeqNIvlo5kk1Bd4KFnECDa5ND4Lx4Nqza27M6Bl4hWkBgWag+pXP4xJKqg0hGOte56bGD/DyjDC6bTSTzVNMBnjIe1ZKrGg2s9mt07RiVVCFMXKljRopv6eyLDQeiIC2ymwGelFLxf/83qpiW78jMkkNVSS+aIo5cjEKH8chUxRYvjEEkwUs7ciMsIKE2PjqdgQvMWXl0n7vO5d1S8fLmqN2yKOMhzBMZyCB9fQgHtoQgsIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AxISOEw==</latexit>

k � dk

Wilsonian renormalization in

Euclidean spacetime

Wilsonian renormalization in

Minkowski spacetime

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p

<latexit sha1_base64="VHrQ9eClRmAVgOrOT/oHjGRjlwM=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrhJ0gHvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPk3GPJQ==</latexit>!

?

?

<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k
<latexit sha1_base64="YwCevZDL6az03Nng6hoA4JxytsM=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgxpKIr2XRjcsK9gFtKJPJpB06MwkzE6GE/oIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfJf7nSeqNIvlo5kk1Bd4KFnECDa5ND4Lx4Nqza27M6Bl4hWkBgWag+pXP4xJKqg0hGOte56bGD/DyjDC6bTSTzVNMBnjIe1ZKrGg2s9mt07RiVVCFMXKljRopv6eyLDQeiIC2ymwGelFLxf/83qpiW78jMkkNVSS+aIo5cjEKH8chUxRYvjEEkwUs7ciMsIKE2PjqdgQvMWXl0n7vO5d1S8fLmqN2yKOMhzBMZyCB9fQgHtoQgsIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AxISOEw==</latexit>

k � dk

Conceptually straightforward: 
integrate out (hyper-)spheres


no need to worry about causality (at least naively)

?

vs.

Problem: Frequency-dependent regulators 
usually violate causal structure 

Conceptually intricate: 
integrate hyperboloids?


timelike momenta?

causal structure of propagators?


…
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Wilson’s RG in Minkowski spacetime?

36

<latexit sha1_base64="hbEilhn6WaxoDFCqO0uNTbliaKo=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPYUbcjkERPEYwCyRD6On0JE16Gbt7hDDkJ7x4UMSrv+PNv7GTzEETHxQ83quiql6UcGas7397S8srq2vrhY3i5tb2zm5pb79hVKoJrRPFlW5F2FDOJK1bZjltJZpiEXHajIY3E7/5RLVhSj7YUUJDgfuSxYxg66RWRwnax93bbqnsV/wp0CIJclKGHLVu6avTUyQVVFrCsTHtwE9smGFtGeF0XOykhiaYDHGfth2VWFATZtN7x+jYKT0UK+1KWjRVf09kWBgzEpHrFNgOzLw3Ef/z2qmNr8KMySS1VJLZojjlyCo0eR71mKbE8pEjmGjmbkVkgDUm1kVUdCEE8y8vksZpJbionN+flavXeRwFOIQjOIEALqEKd1CDOhDg8Ayv8OY9ei/eu/cxa13y8pkD+APv8wfbF4/d</latexit>!E

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p
<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k
<latexit sha1_base64="YwCevZDL6az03Nng6hoA4JxytsM=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgxpKIr2XRjcsK9gFtKJPJpB06MwkzE6GE/oIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfJf7nSeqNIvlo5kk1Bd4KFnECDa5ND4Lx4Nqza27M6Bl4hWkBgWag+pXP4xJKqg0hGOte56bGD/DyjDC6bTSTzVNMBnjIe1ZKrGg2s9mt07RiVVCFMXKljRopv6eyLDQeiIC2ymwGelFLxf/83qpiW78jMkkNVSS+aIo5cjEKH8chUxRYvjEEkwUs7ciMsIKE2PjqdgQvMWXl0n7vO5d1S8fLmqN2yKOMhzBMZyCB9fQgHtoQgsIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AxISOEw==</latexit>

k � dk

Wilsonian renormalization in

Euclidean spacetime

Wilsonian renormalization in

Minkowski spacetime

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p

<latexit sha1_base64="VHrQ9eClRmAVgOrOT/oHjGRjlwM=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrhJ0gHvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPk3GPJQ==</latexit>!

?

?

<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k
<latexit sha1_base64="YwCevZDL6az03Nng6hoA4JxytsM=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgxpKIr2XRjcsK9gFtKJPJpB06MwkzE6GE/oIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfJf7nSeqNIvlo5kk1Bd4KFnECDa5ND4Lx4Nqza27M6Bl4hWkBgWag+pXP4xJKqg0hGOte56bGD/DyjDC6bTSTzVNMBnjIe1ZKrGg2s9mt07RiVVCFMXKljRopv6eyLDQeiIC2ymwGelFLxf/83qpiW78jMkkNVSS+aIo5cjEKH8chUxRYvjEEkwUs7ciMsIKE2PjqdgQvMWXl0n7vO5d1S8fLmqN2yKOMhzBMZyCB9fQgHtoQgsIjOAZXuHNEc6L8+58zFtLTjFzCH/gfP4AxISOEw==</latexit>

k � dk

Conceptually straightforward: 
integrate out (hyper-)spheres


no need to worry about causality (at least naively)

?

vs.

Problem: Frequency-dependent regulators 
usually violate causal structure 

Conceptually intricate: 
integrate hyperboloids?


timelike momenta?

causal structure of propagators?


…

Solution: Interpret regulator as

fictitious scale-dependent heat bath

⇒ Spectral representationJR, L. von Smekal, JHEP 10, 065 (2023)
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Causal regulators

Solution: Observe that regulator is a self-energy


• Self-energies generally inherit causal structure  

⤳ Spectral representation from (subtracted) Kramers-Kronig relations

37

<latexit sha1_base64="R0hK/kVB2bpskA0rvVAblKsp2a8="></latexit>

RR/A
k (!,p) = RR/A

k (0,p)�
Z 1

0

d!0

2⇡

2!2Jk(!0,p)

!0((! ± i")2 � !02)

JR, von Smekal, JHEP 10, 065 (2023) 
JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)
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Causal regulators

Solution: Observe that regulator is a self-energy


• Self-energies generally inherit causal structure  

⤳ Spectral representation from (subtracted) Kramers-Kronig relations

37

mass-like part

(trivially causal)

<latexit sha1_base64="R0hK/kVB2bpskA0rvVAblKsp2a8="></latexit>

RR/A
k (!,p) = RR/A

k (0,p)�
Z 1

0

d!0

2⇡

2!2Jk(!0,p)

!0((! ± i")2 � !02)

JR, von Smekal, JHEP 10, 065 (2023) 
JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)
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Causal regulators

Solution: Observe that regulator is a self-energy


• Self-energies generally inherit causal structure  

⤳ Spectral representation from (subtracted) Kramers-Kronig relations

37

mass-like part

(trivially causal)

<latexit sha1_base64="R0hK/kVB2bpskA0rvVAblKsp2a8="></latexit>

RR/A
k (!,p) = RR/A

k (0,p)�
Z 1

0

d!0

2⇡

2!2Jk(!0,p)

!0((! ± i")2 � !02)

‘spectral density’
<latexit sha1_base64="aMXDCbaietVe1yZ+/YMSvsbd5GA="></latexit>

Jk(!,p) = 2 ImRR
k (!,p)

JR, von Smekal, JHEP 10, 065 (2023) 
JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)
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Causal regulators

Solution: Observe that regulator is a self-energy


• Self-energies generally inherit causal structure  

⤳ Spectral representation from (subtracted) Kramers-Kronig relations

37

mass-like part

(trivially causal)

<latexit sha1_base64="R0hK/kVB2bpskA0rvVAblKsp2a8="></latexit>

RR/A
k (!,p) = RR/A

k (0,p)�
Z 1

0

d!0

2⇡

2!2Jk(!0,p)

!0((! ± i")2 � !02)

‘spectral density’
<latexit sha1_base64="aMXDCbaietVe1yZ+/YMSvsbd5GA="></latexit>

Jk(!,p) = 2 ImRR
k (!,p)

JR, von Smekal, JHEP 10, 065 (2023) 
JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)

<latexit sha1_base64="IW74oZth54iDVbNOfo2RbpTklN8="></latexit>

Jk(!) = ⇡
X

s

g2s(k)

!s(k)
(�(! � !s(k))� �(! + !s(k)))

...
.

. . .
<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x <latexit sha1_base64="OQ6vcQT4vElzZ+PhJapbLQDXCdo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9iHtUDJppg1NMiHJFMrQr3DjQhG3fo47/8a0nYVWD1w4nHMv994TKc6M9f0vr7Cyura+UdwsbW3v7O6V9w+aJkk1oQ2S8ES3I2woZ5I2LLOctpWmWESctqLR7cxvjak2LJEPdqJoKPBAspgRbJ302B1jrYasZ3rlil/150B/SZCTCuSo98qf3X5CUkGlJRwb0wl8ZcMMa8sIp9NSNzVUYTLCA9pxVGJBTZjND56iE6f0UZxoV9KiufpzIsPCmImIXKfAdmiWvZn4n9dJbXwdZkyq1FJJFovilCOboNn3qM80JZZPHMFEM3crIkOsMbEuo5ILIVh++S9pnlWDy+rF/XmldpPHUYQjOIZTCOAKanAHdWgAAQFP8AKvnvaevTfvfdFa8PKZQ/gF7+MbDP2Qlg==</latexit>'s

<latexit sha1_base64="CRd2yjlu3ugbWp5S9OmpaSdFDGE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw6BneuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFZEo3b</latexit>gs

<latexit sha1_base64="qeRFptRkdn/pzlFA85rBfHDCCTw=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWTAZQ0+nkzTpZejuEcKQv/DiQRGv/o03/8ZOMgdNfFDweK+KqnpRzJmxvv/t5VZW19Y38puFre2d3b3i/kHDqEQTWieKK92KsKGcSVq3zHLaijXFIuK0GY1upn7ziWrDlLy345iGAg8k6zOCrZMeOkrQAe6ax0q3WPLL/gxomQQZKUGGWrf41ekpkggqLeHYmHbgxzZMsbaMcDopdBJDY0xGeEDbjkosqAnT2cUTdOKUHuor7UpaNFN/T6RYGDMWkesU2A7NojcV//Paie1fhSmTcWKpJPNF/YQjq9D0fdRjmhLLx45gopm7FZEh1phYF1LBhRAsvrxMGpVycFE+vzsrVa+zOPJwBMdwCgFcQhVuoQZ1ICDhGV7hzTPei/fufcxbc142cwh/4H3+AEvfkK8=</latexit>

!2
s

⤳ Spectral density encodes

           spectrum of bath oscillators

⇔

• Interpret as coupling to fictitious heat bath:

here:

(Hubbard-Stratonovich transformation)
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Causal regulators

Solution: Observe that regulator is a self-energy


• Self-energies generally inherit causal structure  

⤳ Spectral representation from (subtracted) Kramers-Kronig relations

37

mass-like part

(trivially causal)

<latexit sha1_base64="R0hK/kVB2bpskA0rvVAblKsp2a8="></latexit>

RR/A
k (!,p) = RR/A

k (0,p)�
Z 1

0

d!0

2⇡

2!2Jk(!0,p)

!0((! ± i")2 � !02)

‘spectral density’
<latexit sha1_base64="aMXDCbaietVe1yZ+/YMSvsbd5GA="></latexit>

Jk(!,p) = 2 ImRR
k (!,p)

⤳  Physical only for positive-semidefinite 
    spectral densities

<latexit sha1_base64="fYaUceHRhqZGnypBhnElVyxSX7o=">AAACCnicbVDLSgMxFM3UV62vqks30SJUkDIjvpZFN+Kqgn1AZxgy6Z02NDMZk4xQhq7d+CtuXCji1i9w59+YPhZaPRByOOde7r0nSDhT2ra/rNzc/MLiUn65sLK6tr5R3NxqKJFKCnUquJCtgCjgLIa6ZppDK5FAooBDM+hfjvzmPUjFRHyrBwl4EenGLGSUaCP5xd1rv192RQRdcugGgnfUIDJflgwPsNuFO2z7xZJdscfAf4kzJSU0Rc0vfrodQdMIYk05Uart2In2MiI1oxyGBTdVkBDaJ11oGxqTCJSXjU8Z4n2jdHAopHmxxmP1Z0dGIjVa0VRGRPfUrDcS//PaqQ7PvYzFSaohppNBYcqxFniUC+4wCVTzgSGESmZ2xbRHJKHapFcwITizJ/8ljaOKc1o5uTkuVS+mceTRDtpDZeSgM1RFV6iG6oiiB/SEXtCr9Wg9W2/W+6Q0Z017ttEvWB/fObSZ+Q==</latexit>

Jk(!,p) � 0
<latexit sha1_base64="ImNpR2at5ivMYfQ7fguYwbBvaQU=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfJ0k6MVjBPOA7BJmJ7PJkJnZZWZWCEt+w4sHRbz6M978GyfJHjSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdju6mfvuJKs1i+WjGCQ0EHkgWMYKNlfyqHws6wOgGuae9csWtuTOgZeLlpAI5Gr3yl9+PSSqoNIRjrbuem5ggw8owwumk5KeaJpiM8IB2LZVYUB1ks5sn6MQqfRTFypY0aKb+nsiw0HosQtspsBnqRW8q/ud1UxNdBxmTSWqoJPNFUcqRidE0ANRnihLDx5Zgopi9FZEhVpgYG1PJhuAtvrxMWmc177J28XBeqd/mcRThCI6hCh5cQR3uoQFNIJDAM7zCm5M6L8678zFvLTj5zCH8gfP5AwMnkGA=</latexit>

(! > 0)

JR, von Smekal, JHEP 10, 065 (2023) 
JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)

<latexit sha1_base64="IW74oZth54iDVbNOfo2RbpTklN8="></latexit>

Jk(!) = ⇡
X

s

g2s(k)

!s(k)
(�(! � !s(k))� �(! + !s(k)))

...
.

. . .
<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x <latexit sha1_base64="OQ6vcQT4vElzZ+PhJapbLQDXCdo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9iHtUDJppg1NMiHJFMrQr3DjQhG3fo47/8a0nYVWD1w4nHMv994TKc6M9f0vr7Cyura+UdwsbW3v7O6V9w+aJkk1oQ2S8ES3I2woZ5I2LLOctpWmWESctqLR7cxvjak2LJEPdqJoKPBAspgRbJ302B1jrYasZ3rlil/150B/SZCTCuSo98qf3X5CUkGlJRwb0wl8ZcMMa8sIp9NSNzVUYTLCA9pxVGJBTZjND56iE6f0UZxoV9KiufpzIsPCmImIXKfAdmiWvZn4n9dJbXwdZkyq1FJJFovilCOboNn3qM80JZZPHMFEM3crIkOsMbEuo5ILIVh++S9pnlWDy+rF/XmldpPHUYQjOIZTCOAKanAHdWgAAQFP8AKvnvaevTfvfdFa8PKZQ/gF7+MbDP2Qlg==</latexit>'s

<latexit sha1_base64="CRd2yjlu3ugbWp5S9OmpaSdFDGE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw6BneuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFZEo3b</latexit>gs

<latexit sha1_base64="qeRFptRkdn/pzlFA85rBfHDCCTw=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWTAZQ0+nkzTpZejuEcKQv/DiQRGv/o03/8ZOMgdNfFDweK+KqnpRzJmxvv/t5VZW19Y38puFre2d3b3i/kHDqEQTWieKK92KsKGcSVq3zHLaijXFIuK0GY1upn7ziWrDlLy345iGAg8k6zOCrZMeOkrQAe6ax0q3WPLL/gxomQQZKUGGWrf41ekpkggqLeHYmHbgxzZMsbaMcDopdBJDY0xGeEDbjkosqAnT2cUTdOKUHuor7UpaNFN/T6RYGDMWkesU2A7NojcV//Paie1fhSmTcWKpJPNF/YQjq9D0fdRjmhLLx45gopm7FZEh1phYF1LBhRAsvrxMGpVycFE+vzsrVa+zOPJwBMdwCgFcQhVuoQZ1ICDhGV7hzTPei/fufcxbc142cwh/4H3+AEvfkK8=</latexit>

!2
s

⤳ Spectral density encodes

           spectrum of bath oscillators

⇔

• Interpret as coupling to fictitious heat bath:

here:

(Hubbard-Stratonovich transformation)
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QM example for causal regulator

38

<latexit sha1_base64="3qC8mr0DmchwvfvNe3MVJyFP+2M="></latexit>

�(2)
k

R
(!) = (! + i")2 �m2 +RR

k (!)in
<latexit sha1_base64="9THfptj356aGb7cLMUqU7bt4hmw="></latexit>

RR/A
k (!) = RR/A

k (0)�
Z 1

0

d!0

2⇡

2!2Jk(!0)

!0((! ± i")2 � !02)

• spectral density:


• assume UV finiteness:


 ⇒ IR mass shift:


Solution: choose IR mass shift                      positive (at cost of UV finiteness)

<latexit sha1_base64="HRDR5JPUZh7ze+en8QwjUrrFLnU="></latexit>

Jk(!) = 2k! e�!2/k2

= 2 ImRR
k (!)

<latexit sha1_base64="aRVXyFMltKv1Ku6eWg+7t+ZZyk0=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqAkB+NMcLsocTnoQYjBLJBl6On0JM30LHT3CGHIH3jxV7x4UMSrV2/+jZ1kDpr4oODxXhVV9ayAUSF1/VtLzMzOzS8kF1NLyyura+n1jarwQ45JBfvM53ULCcKoRyqSSkbqASfItRipWc7l0K89EC6o793LfkBaLup61KYYSSWZ6d3mFWESwVszuikP2oWsk4OncK9sOu2ovH8+yOo5eAZ1M53R8/oIcJoYMcmAGCUz/dXs+Dh0iScxQ0I0DD2QrQhxSTEjg1QzFCRA2EFd0lDUQy4RrWj0zwDuKKUDbZ+r8iQcqb8nIuQK0Xct1eki2ROT3lD8z2uE0j5pRdQLQkk8PF5khwxKHw7DgR3KCZasrwjCnKpbIe4hjrBUEaZUCMbky9OkWsgbR/nDu4NM8SKOIwm2wDbIAgMcgyK4BiVQARg8gmfwCt60J+1Fe9c+xq0JLZ7ZBH+gff4AkUGZLw==</latexit>

�M2
IR(k) = �RR/A

k (0) > 0

<latexit sha1_base64="yvF4hRvtloyDn1kivz8K7edqgAM="></latexit>

�M2
UV (k) = �RR/A

k (0) +

Z 1

0

d!0

⇡

Jk(!0)

!0
| {z }

�0

� �M2
IR(k)

<latexit sha1_base64="LoIjVHL4IObi/5DCUr7wRGvXxKk=">AAAB+nicbVDLSsNAFJ3UV62vVJduRovgqiTiayMU3bisYB/QhjKZTtqhk0mYuVFKzKe4caGIW7/EnX/jtM1CWw9cOJxzL/fe48eCa3Ccb6uwtLyyulZcL21sbm3v2OXdpo4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/dDPxWw9MaR7JexjHzAvJQPKAUwJG6tnlrgZCR4qJ9CBLrzLs9OyKU3WmwIvEzUkF5aj37K9uP6JJyCRQQbTuuE4MXkoUcCpYVuommsVmBxmwjqGShEx76fT0DB8ZpY+DSJmSgKfq74mUhFqPQ990hgSGet6biP95nQSCSy/lMk6ASTpbFCQCQ4QnOeA+V4yCGBtCqOLmVkyHRBEKJq2SCcGdf3mRNE+q7nn17O60UrvO4yiifXSIjpGLLlAN3aI6aiCKHtEzekVv1pP1Yr1bH7PWgpXP7KE/sD5/AMftk7I=</latexit>

!
= 0

<latexit sha1_base64="D8dJBrzXHVQ61QfC1PANfo2+CwA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePEc0DkiXMTmaTIbOzy0yvEJZ8ghcPinj1i7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v0VcXvlilt1ZyB/iZeTCuSo98qf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohR1bpkzDWthSSmfpzIqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZf/kuaJ1XvvHp2d1qpXedxFOEADuEYPLiAGtxCHRrAYABP8AKvjnSenTfnfd5acPKZffgF5+MbUjqNLg==</latexit>

< 0

negative mass shift!

Re[Rk(ω)/k2]

Im[Rk(ω)/k2]

-4 -2 2 4
ω/k

-0.4

-0.2

0.2

0.4

0.6

Re[Rk(ω)/k2]

Im[Rk(ω)/k2]

-4 -2 2 4
ω/k

-0.4

-0.2

0.2

0.4

0.6
sign fixed by positivity

Regulator (retarded part):

is negative!

(positivity)

⤳

<latexit sha1_base64="u81mhR2+HQJZgnzDCkqcoudsEQA=">AAAB/3icbVDJSgNBEO2JW4zbqODFS2MQ4iXMBLeTBPWgByGKWSAZQ0+nJmnSs9DdI4QxB3/FiwdFvPob3vwbO8kcNPqg4PFeFVX13IgzqSzry8jMzM7NL2QXc0vLK6tr5vpGTYaxoFClIQ9FwyUSOAugqpji0IgEEN/lUHf7ZyO/fg9CsjC4VYMIHJ90A+YxSpSW2uZW6xy4IviqnVzeDO9Khf4ePsFW28xbRWsM/JfYKcmjFJW2+dnqhDT2IVCUEymbthUpJyFCMcphmGvFEiJC+6QLTU0D4oN0kvH9Q7yrlQ72QqErUHis/pxIiC/lwHd1p09UT057I/E/rxkr79hJWBDFCgI6WeTFHKsQj8LAHSaAKj7QhFDB9K2Y9oggVOnIcjoEe/rlv6RWKtqHxYPr/Xz5NI0ji7bRDiogGx2hMrpAFVRFFD2gJ/SCXo1H49l4M94nrRkjndlEv2B8fAMMYpQw</latexit>

�M2
IR(k) > 0


