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Dynamics near critical point cncﬁ%
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Dynamics near critical point CRC-TR2n
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details on (non-universal) mapping to Ising model:
Parotto et al., PRC 101 (2020) 3, 034901
Pradeep, Stephanov, PRD 100 (2019) 5, 056003
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Critical dynamics cncﬁﬁ

Reason:

critical slowing down
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Critical dynamics cncﬁﬁ

Reason:

dynamic critical exponent

critical slowing down J
&t ~ &
/" AN

correlation time correlation length

- 7 determined by dynamic universality class

 group theories by equations of motion for critical modes

- critical mode arbitrarily slow ~ hydrodynamic theory

(form depends on: order parameter conserved or not, which other
quantities are conserved, etc.)
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Dynamic universality classes cncﬁﬁ

Static universality classes split up into dynamic universality classes:

Hohenberg & Halperin, Rev. Mod. Phys. 49, 435 (1977)
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Static universality classes split up into dynamic universality classes:

Hohenberg & Halperin, Rev. Mod. Phys. 49, 435 (1977)
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Dynamic universality classes cncﬁﬁ

Static universality classes split up into dynamic universality classes:

Hohenberg & Halperin, Rev. Mod. Phys. 49, 435 (1977)

Dynamic universality class
of chiral phase transition

Rajagopal and Wilczek, NPB 399 (1993) 395-425

Z2
// \\ chiral SU(2) X SU(2)r ~

Model A Model H O(4)

ModelB  Model C > / \

] ] ] Model A Model G
Dynamic universality class

of QCD’s critical point

Son and Stephanov, PRD 70, 056001 (2004)

This work: predict dynamic universal properties of hot and dense QCD matter
by studying simpler system from same dynamic universality class
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Outline for remaining talk cncﬁ%

1. Dynamic universality classes:
QCD'’s critical point, chiral phase transition

2. Functional renormalization group (FRG) flow
for systems with reversible mode couplings

3. Results for fixed points & dynamic critical exponents
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Dynamic universality class of critical point CRC-TR2n

Order parameter: ¢ ~ d(s/n)  (entropy per baryon) Son and Stephanov,
PRD 70, 056001 (2004)

FRG:
Chen, Tan, Fu, arXiv:2406.00679
JR, Ye, Schlichting, von Smekal, arXiv:2409.14470

Classical-statistical simulations:
Chattopadhyay, Ott, Schaefer, Skokov, PRL 133, 032301 (2024)
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Dynamic universality class of chiral phase transition cncﬁ%

Chiral order parameter: ¢ = (0, 7) Rajagopal and Wilczek,
NPB 399 (1993) 395-425

FRG:
JR, Ye, Schlichting, von Smekal, JHEP 01, 118 (2025)

Classical-statistical simulations:
Florio, Grossi, Soloviev, Teaney, PRD 105, 054512 (2022)
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Temporal gauge symmetry (here for Model G) cncﬁﬁ

Equations of motion in Poisson-bracket formulation

OF g OF
0 o =—1 - Ua = as Mlbc
10 05¢a 0, + > {Da, e} 51
> OF > o OF
a ab — 2 V- a a c
tNab, =YV S +V-Cap +9{n Mb}éq%
g OF
+ 9 {nabancd} (5ncd
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2 "5, a + 2 19a; }[5%@ ’ ]
>o OF S OF
a ab — 2[ ] " Ca a c
tNab =YV S Hap| +V - Cap +g{n Mb}éq%
g OF
+ 9 {nab7 nCd}[5ncd Hcd]

Johannes Roth Universal critical dynamics in QCD Benasque Science Center 9



Temporal gauge symmetry (here for Model G) cncﬁﬁ

1
- Apply external ‘magnetic’ field ., : F — F — 5 /ddx HaopMab

\

‘magnetization’

Equations of motion in Poisson-bracket formulation

i

o

- [ SF
t¢ 0 an -0, + = {Qbaanbc} 51 Hp
o OF G- oL
a ab — 2 " Qa a C
thab, ’leénab Hab]"‘v Cab +g1{n b’(b}égbc
OF
H + = {nab7 ncd}[ .y — Hcd]
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Temporal gauge symmetry (here for Model G) cncﬁﬁ

1
- Apply external ‘magnetic’ field ., : F — F — 5 /ddx HaopMab

\

‘magnetization’

Equations of motion in Poisson-bracket formulation

OF OF
0 a g a c = - g
t¢ +2{¢ » Tl }Hbc 05¢a+9a+2{¢a7nbc} 5nbc
Oinat, + L gy, nealt Hog = 62[5F H ]+6-5 +g{n ¢}5F
a 9 absy 'tcd cd Y 5nab ab ab g aby Pc 5¢C
g OF
+ 9 {nabancd} 5n0d
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Temporal gauge symmetry (here for Model G) cncﬁﬁ

1
- Apply external ‘magnetic’ field ., : F — F — 5 /ddx HaopMab

\

‘magnetization’

Equations of motion in Poisson-bracket formulation

OF qg OF
_ — T J
at¢a g(H¢)CL 05¢a -+ HCL + 9 {¢a7nbc} 5nbc
S0 OF - o OF
(9 ab — H; a — 2 v " Sa a C
tTab g[ n] b ”YV [(Snab Hab] _|_ C b —I_g{n b7¢ }5¢c
g OF
+ 9 {nabancd} 5n0d
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Temporal gauge symmetry (here for Model G) cncﬁﬁ

1
- Apply external ‘magnetic’ field ., : F — F — 5 /ddx HaopMab

\

‘magnetization’

- Equations of motion in Poisson-bracket formulation

g OF
Ha, a a C
S o 0F
+ v " Sa absy ¥c
S Hab] Cb‘|‘g{nb¢}5¢c
vari i;n_- ri | g 5F
inCV\?hiiha?’-[:bt: zeerg(—ecorirooiz,nt + 5 {nab7 nCd} 5ncd

of external O(4) gauge field
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Temporal gauge symmetry (here for Model G) cncﬁﬁ

1
- Apply external ‘magnetic’ field ., : F — F — 5 /ddx HaopMab

\

‘magnetization’

- Equations of motion in Poisson-bracket formulation

g OF
Ha a a C
S o 0F
+ v " Sa absy ¥c
S Hab] Cb‘|‘g{nb§b}5¢c
vari iVmA- ri | g 5F
incvyhiihi’-[:bt: zeerg(—ecor?:ooiz,nt + 5 {nab7 nCd} 5ncd

of external O(4) gauge field

Equations of motion invariant under time-gauged O(4) transformations

o3 = 0ol ) H(t.T) — ORVH(E D)OT (1) + 208,07 (¢
n(t, #) — O()n(t, )0 (t) (t.%) = OWH(t, T)O™ (1) +  O(1)20” (1)
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Temporal gauge symmetry (here for Model G) cncﬁﬁ

1
- Apply external ‘magnetic’ field ., : F — F — 5 /ddx HaopMab

\

‘magnetization’

Equations of motion in Poisson-bracket formulation

g OF
Ha a a C
S o 0F
+ v " Sa absy ¥c
S Hab] Cb‘|‘g{nb§b}5¢c
vari i;nA- ri | g 5F
incvshi?:h%-[:bt: zeerg?corifoo?]:,nt + 5 {nab7 nCd} 5ncd

of external O(4) gauge field

Equations of motion invariant under time-gauged O(4) transformations

o3 = 0ol ) H(t.T) — ORVH(E D)OT (1) + 208,07 (¢
n(t, #) — O()n(t, )0 (t) (t.%) = OWH(t, T)O™ (1) +  O(1)20” (1)

Goal: preserve during FRG flow (next)
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2. Functional renormalization group (FRG) flow

for systems with reversible mode couplings




ldea of the functional renormalization group (FRG) cncﬁ%

- Wilson: introduce infrared cutoff to suppress fluctuations p < k

S — S+ AS; ASy = / | ¢(x) Ry (x, 2" )p(x")
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ldea of the functional renormalization group (FRG) cncﬁ%

- Wilson: introduce infrared cutoff to suppress fluctuations p < k

S — S+ AS; ASy = / | ¢(x) Ry (x, 2" )p(x")

integrate out fluctuations
‘momentum shell by momentum shell’

- Exact flow equation:

1PI effective action F [¢] I‘l‘( [] S [¢] ‘bare’ action

k—0 % k=A
k-0k k

IR . . [9AY
- ¢ 2\ ! i
Ol = §tr {(9kRk o (Rk + T ) } =3

C. Wetterich, Phys. Lett. B 301 (1993) 90-94
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ldea of the functional renormalization group (FRG) cncﬁ%

- Wilson: introduce infrared cutoff to suppress fluctuations p < k

S — S+ AS; ASy = / | ¢(x) Ry (x, 2" )p(x")

integrate out fluctuations
‘momentum shell by momentum shell’

- Exact flow equation:

1PI effective action F [¢] I‘l‘( [] S [¢] ‘bare’ action

k—0 % k=A
k-0k k

IR - . [9AY
- ¢ 2\ ! i
Opl'y = §tr {(9kRk o (Rk + T ) } =3

C. Wetterich, Phys. Lett. B 301 (1993) 90-94

- Quantitative results for (e.g.) critical exponents & amplitude ratios
Balog et al., PRL 123, 240604 (2019), Dupuis et al., Phys. Rept. 910 (2021) 1-114
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ldea of the functional renormalization group (FRG) cncﬁ%

- Wilson: introduce infrared cutoff to suppress fluctuations p < k

S — S+ AS; ASy = / | ¢(x) Ry (x, 2" )p(x")

integrate out fluctuations
‘momentum shell by momentum shell’

- Exact flow equation:

1PI effective action F [¢] I‘l‘( [] S [¢] ‘bare’ action

k—0 % k=A
k-0k k

IR - . [9AY
- ¢ 2\ ! i
Opl'y = §tr {(9kRk o (Rk + T ) } =3

C. Wetterich, Phys. Lett. B 301 (1993) 90-94

- Quantitative results for (e.g.) critical exponents & amplitude ratios
Balog et al., PRL 123, 240604 (2019), Dupuis et al., Phys. Rept. 910 (2021) 1-114

- Scale invariance at critical point ~ fixed point of FRG flow
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FRG flow for systems with reversible mode couplings cncﬁ%

Problem: preserve temporal gauge symmetry during FRG flow
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FRG flow for systems with reversible mode couplings cncﬁ%

Problem: preserve temporal gauge symmetry during FRG flow

Path-integral formulation: Martin-Siggia-Rose (MSR) technique
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FRG flow for systems with reversible mode couplings cncﬁ%

Problem: preserve temporal gauge symmetry during FRG flow

Path-integral formulation: Martin-Siggia-Rose (MSR) technique

- for every classical field % introduce ‘response’ field W (schematically)

Z:/Dmm;eis:]t Sz/[—zﬁ(@twﬂv—g{w,@b})g—g)+WT152]
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FRG flow for systems with reversible mode couplings cncﬁ%

Problem: preserve temporal gauge symmetry during FRG flow

Path-integral formulation: Martin-Siggia-Rose (MSR) technique

- for every classical field % introduce ‘response’ field W (schematically)
- ~ OF o

Effective MSR action I': introduce sources J for ¢» and J for ¢
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FRG flow for systems with reversible mode couplings cncﬁ%

Problem: preserve temporal gauge symmetry during FRG flow

Path-integral formulation: Martin-Siggia-Rose (MSR) technique

- for every classical field % introduce ‘response’ field W (schematically)
- ~ OF o

Effective MSR action I': introduce sources J for ¢» and J for ¢

S%S+/[j¢+w]
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FRG flow for systems with reversible mode couplings cncﬁ%

Problem: preserve temporal gauge symmetry during FRG flow

Path-integral formulation: Martin-Siggia-Rose (MSR) technique

- for every classical field : introduce ‘response’ field Y (schematically)
szﬂwmﬁeis =1 S=/[—zﬁ(atw+<v—g{w,w}>§—§) + iy Ty?]
Effective MSR action I': introduce sources J for ¢» and J for ¢

one step earlier: F 5 F— / J

instead of:

S%S+/[j¢+w]
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FRG flow for systems with reversible mode couplings cncﬁ%

Problem: preserve temporal gauge symmetry during FRG flow

Path-integral formulation: Martin-Siggia-Rose (MSR) technique

- for every classical field : introduce ‘response’ field Y (schematically)
szﬂwmﬁeis =1 S=/[—zﬁ(atw+<v—g{w,w}>§—§) + iy Ty?]
Effective MSR action I': introduce sources J for ¢» and J for ¢

one step earlier: F 5 F— / J

instead of: N
S — S+/[i¢+w] .G S+/ [T+ J(y + g{v, v })Y]

~

~ physical sources J couple to ‘composite’ response fields W
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FRG flow for systems with reversible mode couplings cncﬁ%

Problem: preserve temporal gauge symmetry during FRG flow

Path-integral formulation: Martin-Siggia-Rose (MSR) technique

for every classical field : introduce ‘response’ field Y (schematically)
szﬂwmﬁeis =1 S=/[—zﬁ(atw+<v—g{w,w}>§—§) + iy Ty?]
Effective MSR action I': introduce sources J for ¢» and J for ¢

one step earlier: F 5 F— / J

instead of: N
S — S+/[i¢+w] .G S+/ [T+ J(y + g{v, v })Y]

Ve

~

~ physical sources J couple to ‘composite’ response fields W

v Problem solved: temporal gauge symmetry becomes extended

symmetry of effective MSR action I see also Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101
Floerchinger, Grossi, PRD 105 (2022) 8, 085015
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FRG flow for systems with reversible mode couplings cncﬁ%

Similarly, add regulators also on level of LGW free energy:

1 1 [ -
F%F+§/¢Rkw — 5%5—5/\1;}2@
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FRG flow for systems with reversible mode couplings cncﬁ%

- Similarly, add regulators also on level of LGW free energy:

1 1 -
F%F+§ Y Ry — 5%3—5 U R
symmetries intact:
thermal equilibrium symmetry, Sieberer et al., PRB 92 (2015) 13, 134307
temporal (non-Abelian) gauge symmetry, Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101
BRST sym metry Crossley, Glorioso, Liu, JHEP 09 (2017) 095
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FRG flow for systems with reversible mode couplings cncﬁ%

- Similarly, add regulators also on level of LGW free energy:

1 1 -
F%F+§ YR — 5%5—5 U R
symmetries intact:
thermal equilibrium symmetry, Sieberer et al., PRB 92 (2015) 13, 134307
temporal (non-Abelian) gauge symmetry, Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101
BRST sym metry Crossley, Glorioso, Liu, JHEP 09 (2017) 095

- Exact results:

- Ward identities: flow of g vanishes

- Flow of LGW free energy independent of dynamics
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FRG flow for systems with reversible mode couplings cncﬁ%

- Similarly, add regulators also on level of LGW free energy:

1 1 -
F%F+§ YR — 5%5—5 U R
symmetries intact:
thermal equilibrium symmetry, Sieberer et al., PRB 92 (2015) 13, 134307
temporal (non-Abelian) gauge symmetry, Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101
BRST sym metry Crossley, Glorioso, Liu, JHEP 09 (2017) 095

- Exact results:

- Ward identities: flow of g vanishes

- Flow of LGW free energy independent of dynamics

- Truncation: m? — mj o — o e —1¢
A — Ak N — Nk Y — Yk

(2, ¥, p protected from renormalization)
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3. Results for fixed points & dynamic critical exponents




Fixed points of the FRG flow (statics) cncﬁ%

First look at flow of LGW free energy ~ flow of (static) couplings mk2 Ay

Z> O(4)
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Fixed points of the FRG flow (statics)

(quartic coupling)

CR:Tm

First look at flow of LGW free energy ~ flow of (static) couplings mk2 Ay
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Fixed points of the FRG flow (statics) cncﬁﬁ

First look at flow of LGW free energy ~ flow of (static) couplings mk2 Ay

Z> O(4)
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Fixed points of the FRG flow (statics) cncﬁﬁ

First look at flow of LGW free energy ~ flow of (static) couplings mk2 Ay

Z> O(4)
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Fixed points of the FRG flow (dynamics) cncﬁﬁ

Model G Model H
o T k-4 12 T pd—4
we =X —= fa < —3 wH:PJk Ju
Vk ' vk Mk LNk
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Fixed points of the FRG flow (dynamics) cncﬁﬁ

Model G Model H
Iy T ki ok’ T k4=
wg = X — fGO( & Wy = P fHO(
Tk Lk Nk OkNk
1 O I | I I T | 10 | I I |
0.8 j { 0.8+ i
o 06 ] = 06 !
+ i i + F
< 04+ | < 04 i |
[ ] ke ]
0.2 ] 0.2+ ]
OOE e F e L D L OO I AR A T T S S A S T T I T S
00 02 04 06 08 1.0 00 02 04 06 08 1.0
w/(1+w) w/(1+w)
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Dynamic critical exponents CRC-TR2n

Model G Model H
2.0J‘“N““N““N““A 2.0J“W“‘W““W‘“A 2-00””‘””“”” “““ \HWHHMHWHH
: ] - ] s 0.15 3
15 Xro o 45¢ Xy | 1.50 |- "X Xg s X,
- g - ] N \
1.0+ T 10- 1 100 1T 2. A
! 1 r 1 |/ N i
0.5 - ; 05~ : 0.50 - 4 0.05 N
00— | 0 ) 0.00 bt s
05 30 35 25 30 38 25 30 35 40 25 30 35 40
spatial dimension d
[ ~ k= ore v~ kT o~ ko 7~ kT
(order-parameter (charge mobility) (x heat conductivity) (shear viscosity)

damping rate)
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Dynamic critical exponents CRC-TR2n

Model G Model H
2.0 Ty 2.0 e 2.00 Ty Nilliataatesses
15 Xre - 15" Xy - 1.505\\\ Xg - 0-157 \\\ X, |
10 1 1ol 100~ 1 0107 . 1
05 | 05t 0.50 - . 005 Ny
00— L g 5 0.00 -t 0.00 Fo i3
25 30 35 25 30 35 25 30 35 4.0 25 30 35 4.0

spatial dimension d

[~k ore Y~ kT o~ k" N~ k=

(order-parameter (charge mobility) (x heat conductivity) (shear viscosity)
damping rate)

- Model H (d = 3): a
x.~0949 0942  0.922

x, ~ 0.051 0.058 0.034
zp ~ 3.051 3.058 3.034
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Dynamic critical exponents CRC-TR2n

Model G Model H
2.0 Ty 2.0 e 2.00 Ty Nilliataatesses
15 Xre - 15" Xy - 1.505\\\ Xg - 0-157 \\\ X, |
10 1 1ol 100~ 1 0107 . 1
05 | 05t 0.50 - . 005 Ny
00— L g 5 0.00 -t 0.00 Fo i3
25 30 35 25 30 35 25 30 35 4.0 25 30 35 4.0

spatial dimension d

[~k ore Y~ kT o~ k" N~ k=

(order-parameter (charge mobility) (x heat conductivity) (shear viscosity)
damping rate)

- Model H (d = 3): a
x.~0949 0942  0.922

x, ~ 0.051 0.058 0.034
zp ~ 3.051 3.058 3.034

- weak-scaling relation: e + Ty =25 + 2, =4 —d—mn,  (both Model G & H)
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Dynamic critical exponents CRC-TR2n

Model G Model H
2.0 Ty 2.0 e 2.00 Ty Nilliataatesses
15 Xre - 15" Xy - 1.505\\\ Xg - 0-157 \\\ X, |
10 1 1ol 100~ 1 0107 . 1
05 | 05t 0.50 - . 005 Ny
00— L g 5 0.00 -t 0.00 Fo i3
25 30 35 25 30 35 25 30 35 4.0 25 30 35 4.0

spatial dimension d

[~k ore Y~ kT o~ k" N~ k=

(order-parameter (charge mobility) (x heat conductivity) (shear viscosity)
damping rate)

- Model H (d = 3): a
x.~0949 0942  0.922

x, ~ 0.051 0.058 0.034
zp ~ 3.051 3.058 3.034

- weak-scaling relation: e + Ty =25 + 2, =4 —d—mn,  (both Model G & H)

- strong-scaling relation: Tre T N1 = Ty (only Model G) = Z¢p = Zp = d/2
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Summary & Outlook cncﬁﬁ

Summary:

- FRG flow for systems with reversible mode couplings

Model G: JR, Ye, Schlichting, von Smekal, JHEP 01, 118 (2025)
Model H: JR, Ye, Schlichting, von Smekal, arXiv:2409.14470

Outlook:
- dynamics of Model G for non-vanishing external fields (quark masses)
- dynamic universal scaling functions of Model H

- real-time dynamics of the quark-meson model
JR, Ye, Schlichting, von Smekal, in prep.
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Summary & Outlook cncﬁﬁ

Summary:

- FRG flow for systems with reversible mode couplings

Model G: JR, Ye, Schlichting, von Smekal, JHEP 01, 118 (2025)
Model H: JR, Ye, Schlichting, von Smekal, arXiv:2409.14470

Outlook:
- dynamics of Model G for non-vanishing external fields (quark masses)
- dynamic universal scaling functions of Model H

- real-time dynamics of the quark-meson model
JR, Ye, Schlichting, von Smekal, in prep.

Thank you for your attention!
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Anomalous dimension cncﬁ%

Z>

IIIIIIIIIIIIIIIIIII

FRG (LPA) ,7 1

0.25]
0.20
0.15
0.10
0.05

€2 (LO) .

OOO T I O A
25 3.0 35

[T T T [T T T T [T T T T 1
N B B B A B B A B BB B A B B A

T T

Result from e-expansion:

~5N* - 230N3

)= e2(N + 2) {1 (—N? + 56N + 272) 1

2(N + 8)2 IN+82 16N t8) |

+1124N? + 17920N + 46144 — 384(5N + 22)(N + 8)((3)] 52} + 0 (£°)

Zinn-Justin, Quantum Field Theory and Critical Phenomena, Oxford University Press (2021)
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Detailed formulas (Model H) cncﬁﬁ

- Generating functional

Z[H,H, A, j /D¢D¢DnDn exp {ZS—I—Z/ (H¢—|—Al]l)

’L/ H( — O'k;VQQB + g{¢,jm}7-mojo) + 14 / Al( - nkv2ﬁ030 + g’n’m{jma ¢}$ + gﬂM{jmajn},ﬁ%OEO)}

- MSR action

s= [{ =05 —o95; st 5

Xl OF OF
— i <at Tim [W i +g{Jm,<b} 50 +g{Jm,Jn} ]nD

— 'LT&U€2¢ - ’LT]ﬂﬂ?mV ]m}

- Composite operators
O
Ji

_0k62€5 + 9{¢ajm}Tmojo
1.V Ti0jo + 9Tim{dm,> 830 + G Tim{dm, n Y Tnodo
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Detailed FRG setup (Model H) mcﬁm

- effective average MSR action

~

—

Fk[gb?i)?ja ]E sup {_Zlogzkz[vaagaA]_/(f{qb_l_H(i)_l_Al]l_"Aljl)}

H,H,A,

A

- full (truncated) propagators

ng,k (w,m - T — 2 | — b ) Gj,k: (w,ﬁ) - T . - j
+iw — opp?(m2 + 2 + RY(P)) +iw — nep*(1/p + Ry, (D))

. T
iFyj(w,p) = —

(GEja(n) = Gy tw.9))

* (truncated) 1Pl vertex functions

(i .
Fk¢3l(p7Q7r) — —g — —

J
L' (p,q,1) = g~ +g

~ ~ 2 2T m — — m — —
ng)¢¢(p7 q,T, S) — ;Lég — (77 E’p +—‘T2 + 77 E’ +"r2 ) TiSm
OLP”° Okq k(P + 1) (7 +7)
D2 kG2 ok (P + 7) Mkp? MeG? ok (7 + 7)
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Detailed FRG flow equations cncﬁﬁ

- projection onto kinetic coefficients (Model H)

2 2
I
Oy = —ZE lim 72 Tim 2 Okl
201" =07 w=0 5O (—p)dd(p) |
p 520,
Oy = ——n,k lim $° lim Tim (D) = O L
2T 50" w—0 d—1 §J,(=p)6Jm(p) o

 analytical result:

Do — 2¢°Quk? 1T d—1 1 ( o7 B 1 )
2m)d d—2m \(m/p+ou(k?+m3)? (k2 +mj})?
O = — gLk T
(2m)% (2 + d)og (k2 + mi)®

- analytical result (Model G):

d—2.d. __ k*v/x
oo~ 90N —1)dQek* 1T ¢ 2+ (d—4) 21 (1,7,5,—F£(kzimi))
k — —
Fen)d (R mp) e | k2n/x + T (k2 + m3) (d—2) (k2 +m2)
2g2Qdkd+1T
Ok = — 3

(2m)aT) (k2 4 m2)

Johannes Roth Universal critical dynamics in QCD Benasque Science Center 24



Beta functions cncﬁﬁ

- dynamic couplings (Model G):

kOnfo = fa(d—4) +

Fz de g2T kd_4 G 1+ k>3
wa EX%; fG = (27.‘.)d FCb 2 ?
k
. - p— 1 1
with Id(m2,wG) = _(1_|_m2)2{1 + 1—|‘m2)wG

(
4—d d—2 d 1
- "ok (1=
+d—2[ 2 1(’ 9 9’ (1—|—m2)wg>]}

kopfa = fu(d—4)

- dynamic couplings (Model H):

, 2 (d—1) d—1
LY (d(1/wH+ (1+m2))2 d(1+m2)2)
1 1

O'ka . d 2y gQT fd—4
— (d+2) (14 m?)3

2
+fHd

1 1
d(d+2) (1 +m2)3

kEOvwg = 2wy + wy fr [

+ 3 a7 s FAE ~ aa TR
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Fixed points & critical exponents (dynamic sector) cncﬁ%

- Model G (strong-scaling FP): critical exponents:

— %2 * 2
(4 —d)d(1 +m?)° la(m™ we) = = N —hai + my d

1 xl“qS:fo:Q_i

fa=

numerical inversion: ~ W

* Model G (weak-scaling FP 1):
(N = 1)(4 —d)d(1 + m>)

. (4—d)(d—2)d(1 +m*)’ ] T AN+ m2) — m2) — 2

16 = SaN (1 + m2) —me) 4

o (4-dd-2)
T d(N(1+m*) —m*) -2
- Model G (weak-scaling FP 2):
1
J& =5 (4 —d)d(1 + m2*)? W = 00 xre =0 Ty =d
« Model H: ) .
Ty =
x 4 - d " d22 d(lin12)2 + d(dl_‘_2) (1+ 2)3 d—2 d(l +m2)
o= 2 d—1__ . 1 1 wH:O (26)
d—2 d(1+m?)2 T d(d+2) (T+m?)3 4—d 1 1
€Xx., =
N et ke (e A+ 2) (1 + )
(27)
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Include momentum dependence in Model G cncﬁﬁ

Strong-scaling of charge diffusion coefficient in Model G

D, (p,7) = SQ_ZDn(sp, 31/”7')
~ Dy(p, 7))~ L(r7"p)  p=[fTp

JR, Ye, Schlichting, von Smekal, arXiv:2403.04573
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Include momentum dependence in Model G cncﬁﬁ

- Strong-scaling of charge diffusion coefficient in Model G

D, (p,7) = SQ_ZDn(sp, 31/”7')
= Du(p,7) ~77"E79L

________________________________

T=10"10
T=10"°
t=107%
T=10"7
—4 T=10"°
— Pade fit

Scaling function log (£(p&(T)))

-4 -2 0 2 4 6 8 10

Scaling variable log pé(T)

dynamic universal scaling function

JR, Ye, Schlichting, von Smekal, arXiv:2403.04573
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Dynamic (hyper-)scaling relations cncﬁ%

- What can we say about the scaling exponents? [~ kv o~ k%o
Investigate fixed-point equation of f: v~ kT n o~ ko
_ d g 92T fd—4

fa =

(27T)d Fi”yk

fy = d )y g2T fd—4
1T 2nd o
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Dynamic (hyper-)scaling relations cncﬁﬁ

- What can we say about the scaling exponents? ¢ ~ k= %ro L
Investigate fixed-point equation of f: v~ kT n o~ ko

2 d—4
fGEdeng k¢ e ath: (d—4—|—gjr¢ —I—Qj,y)fG
(27T) Fk/yk
dS)g g2T kd—4

=T = Oufn = (A~ 4+ aq +ag)
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Dynamic (hyper-)scaling relations cncﬁﬁ

- What can we say about the scaling exponents? [~ k%o o~ ke
Investigate fixed-point equation of f: v~ kT n o~ ko
fe #0

fczdgdg)zTﬁz4 — Oifc=(d—4+zre +24)fc = e taz,=4-d
@ Lk Vk

fu#0

2 d—4
:deng — 8tfH:(d—4—|—xU—|—azn)fH — $g+$n:4—d

=00 o
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Dynamic (hyper-)scaling relations cncﬁﬁ

- What can we say about the scaling exponents? [~ k%o o~ ke
Investigate fixed-point equation of f: v~ kT n o~ ko
fe #0

fczdgdg)zTﬁZ4 — Oifc=(d—4+zre +24)fc = e taz,=4-d
@ Lk Vk

fu#0

2 d—4
:deng — 8tfH:(d—4—|—xU—|—azn)fH — 580—1—51377:4—61

=00 o

in both Model G and H: ‘weak-scaling’ relation
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Dynamic (hyper-)scaling relations cncﬁﬁ

- What can we say about the scaling exponents? [~ k%o o~ ke
Investigate fixed-point equation of f: v~ kT n o~ ko
fe #0

fczdgdg)zTﬁZ4 — Oifc=(d—4+zre +24)fc = e taz,=4-d
@ Lk Vk

fu#0

2 d—4
:deng — 8tfH:(d—4—|—xU—|—azn)fH — 580—1—51377:4—61

=00 o

in both Model G and H: ‘weak-scaling’ relation

- Try same argument with fixed-point eq. of w:

F¢
wag = X—k
Yk
A\ k2
wg = p
Nk
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Dynamic (hyper-)scaling relations cncﬁ%

- What can we say about the scaling exponents? [~ k%o o~ ke
Investigate fixed-point equation of f: v~ kT n o~ ko
fe #0

fczdgdg)zTﬁZ4 — Oifc=(d—4+zre +24)fc = e taz,=4-d
@ Lk Vk

fu#0

2 d—4
:deng — 8tfH:(d—4—|—CCO-—|—ZE‘n)fH — 580—1—51377:4—61

=00 o

in both Model G and H: ‘weak-scaling’ relation

- Try same argument with fixed-point eq. of w:
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Dynamic (hyper-)scaling relations cncﬁﬁ

- What can we say about the scaling exponents? [~ k%o o~ ke
Investigate fixed-point equation of f: v~ kT n o~ ko
fe #0

fczdgdg)zTﬁZ4 — Oifc=(d—4+zre +24)fc = e taz,=4-d
@ Lk Vk

fu#0

2 d—4
:deng — 8tfH:(d—4—|—xU—|—azn)fH — 580—1—51377:4—61

=00 o

in both Model G and H: ‘weak-scaling’ relation

- Try same argument with fixed-point eq. of w:

r? we # 0
wa = X’Y_: — 5‘th = (QZ‘7 — .CUFqb)UJG — Lre — Ly
2
Wer — Ak o L 9 doesn’t lead to new scaling relation,
H =P o — tWH = (xn — Lo — )wH since we have wj = 0in Model H
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Dynamic (hyper-)scaling relations cncﬁ%

- What can we say about the scaling exponents? [~ k%o o~ ke
Investigate fixed-point equation of f: v~ kT n o~ ko
fe #0

fczdgdg)zTﬁZ4 — Oifc=(d—4+zre +24)fc = e taz,=4-d
@ Lk Vk

fu#0

2 d—4
Ideng — 8tfH:(d—4—|—CCO-—|—ZE‘n)fH — 580—1—51377:4—61

=00 o

in both Model G and H: ‘weak-scaling’ relation

- Try same argument with fixed-point eq. of w:

r? we # 0
wa = X’Y_: — 5‘th = (QZ‘7 — .CUFqb)UJG — Lre — Ly
2
Wer — Ak o L 9 doesn’t lead to new scaling relation,
H =P o — tWH = (xn — Lo — )wH since we have wj = 0in Model H

only at ‘strong-scaling’ fixed point of Model G:
also ‘strong-scaling’ relation
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Dynamic universality class of chiral transition cncﬁ%

V(o)
Statics: O(4) Landau-Ginzburg-Wilson (LGW) functional
\ / T<Te
1, .. : m? A ¢
F = /ddx _(az¢a)(82¢a) + _¢a¢a + —(¢a¢a)2 \/\/
2 2 4N
1 :
six conserved iso-vector and + Inabnab} (higher-order
terms irrelevant)

iso-axialvector charge densities \_X/4
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Dynamic universality class of chiral transition cncﬁ%

V(o)
Statics: O(4) Landau-Ginzburg-Wilson (LGW) functional
\ / T<Te
1, .. : m? A ¢
F = /ddx _(az¢a)(82¢a) + _¢a¢a + —(¢a¢a)2 \/\/
2 2 4N
1 :
six conserved iso-vector and + Inabnab} (higher-order
terms irrelevant)

iso-axialvector charge densities \_X/4

Dynamics: need equations of motion which drive system towards e~

[see Landau & Lifshitz, Statistical Physics, Part 1 (Butterworth-Heinemann, Oxford, 1980)]

F/T
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Dynamic universality class of chiral transition CRC-TR2n

V(p)
Statics: O(4) Landau-Ginzburg-Wilson (LGW) functional
\ / T<Te
e ST i m? Nl
P [t { 506,00 00) + -bu60 + (0060

1 :

six conserved iso-vector and + Inabnab} (higher-order
terms irrelevant)

iso-axialvector charge densities \_X/4

Dynamics: need equations of motion which drive system towards e

[see Landau & Lifshitz, Statistical Physics, Part 1 (Butterworth-Heinemann, Oxford, 1980)]

—_F/T

Langevin dynamics

Image adapted from e
P. Moérters, Y. Peres, Brownian Motion & VL
(Cambridge University Press, 2010)
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Dynamic universality class of chiral transition cncﬁﬁ

V(o)
Statics: O(4) Landau-Ginzburg-Wilson (LGW) functional
\ / T<Tec
1 . . m2 ®
F= [ 3000000 + Tbuta + o @ata
2 2 4'N
1 :
six conserved iso-vector and + 4_nabna,b } (hlgh.er-order
iIso-axialvector charge densities \_X/4 terms irrelevant)

Dynamics: need equations of motion which drive system towards ¢~/

[see Landau & Lifshitz, Statistical Physics, Part 1 (Butterworth-Heinemann, Oxford, 1980)]

damping/diffusion
8¢a — —I‘O Zi . Langevin dynamics
ot 694 G ke
anab 9 5F ' i

)
Image adapted from h i
P. Moérters, Y. Peres, Brownian Motion & VL
(Cambridge University Press, 2010)
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Dynamic universality class of chiral transition cncﬁﬁ

V(o)
Statics: O(4) Landau-Ginzburg-Wilson (LGW) functional
\ / T<Tec
1 . . m2 ®
F= [ 3000000 + Tbuta + o @ata
2 2 4'N
1 :
six conserved iso-vector and + 4_nabna,b } (hlgh.er-order
iIso-axialvector charge densities \_X/4 terms irrelevant)

Dynamics: need equations of motion which drive system towards ¢~/

[see Landau & Lifshitz, Statistical Physics, Part 1 (Butterworth-Heinemann, Oxford, 1980)]

damping/diffusion stochastic forces
O, SF
— —I Langevin dynamics
o1 "50, Lt
anab 2 5F
o TV ONab +V .Cab

)
Image adapted from i i
P. Morters, Y. Peres, Brownian Motion & VL
(Cambridge University Press, 2010)
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Dynamic universality class of chiral transition cncﬁﬁ

V(o)
Statics: O(4) Landau-Ginzburg-Wilson (LGW) functional
\ / T<Tec
1 . . m2 ®
F= [ 3000000 + Tbuta + o @ata
2 2 4'N
1 :
six conserved iso-vector and + 4_nabna,b } (hlgh.er-order
iIso-axialvector charge densities \_X/4 terms irrelevant)

Dynamics: need equations of motion which drive system towards ¢~/

[see Landau & Lifshitz, Statistical Physics, Part 1 (Butterworth-Heinemann, Oxford, 1980)]

fixed by fluctuation-dissipation
/ (Einstein) relations, e.g.:

8¢damping/diﬁusio;F stochastic forces <9a (a:)@b(:c/)> _ 2F0T5ab(5(az B x')
“* — _T Langevin dynamics
ot T
8nab 5F
= +9V°— 4+ V.
ot Mt 5nab _|_ Cab

)
Image adapted from i i
P. Morters, Y. Peres, Brownian Motion & VL
(Cambridge University Press, 2010)
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Reversible mode couplings cncﬁﬁ

- Besides dissipative part, equations of motion also contain ideal part
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Reversible mode couplings cncﬁﬁ

- Besides dissipative part, equations of motion also contain ideal part

- O(4) Lie algebra:

[naba ncd] =1 (5acnbd + 5bdnac

— 5adnbc — 5bcnad)
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Reversible mode couplings cncﬁﬁ

- Besides dissipative part, equations of motion also contain ideal part
- O(4) Lie algebra:

[naba ncd] =1 (5acnbd + 5bdnac [qba) nbc] =1 (5ac¢b — 5ab§bc)

— 5adnbc — 5bcnad)
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Reversible mode couplings cncﬁﬁ

- Besides dissipative part, equations of motion also contain ideal part
- O(4) Lie algebra:

[naba ncd] =1 (5acnbd + 5bdnac [qba) nbc] =1 (5ac¢b — 5ab§bc)

— daabe = OpcNad) (n’s generate O(4) transformations)
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Reversible mode couplings cncﬁﬁ

- Besides dissipative part, equations of motion also contain ideal part
- O(4) Lie algebra:

[naba ncd] =1 (5acnbd + 5bdnac [qba) nbc] =1 (5ac¢b — 5ab§bc)

— daabe = OpcNad) (n’s generate O(4) transformations)

- Reversible (ideal) part: Poisson bracket technique

Odq

ot — {gba?F}
anab o

ot — {nava}

{'7'} — _i['v']
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Reversible mode couplings cncﬁﬁ

- Besides dissipative part, equations of motion also contain ideal part
- O(4) Lie algebra:

[naba ncd] =1 (5acnbd + 5bdnac [qba) nbc] =1 (5ac¢b — 5ab§bc)

— daabe = OpcNad) (n’s generate O(4) transformations)

- Reversible (ideal) part: Poisson bracket technique

6’% ! OF

— {gbaa } — §{¢a7nbc}5nbc
on, OF OF
atb — {naba F} — {nab7 ¢c}5¢c + {nabancd} T

{'7 } — _i['v ]
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Reversible mode couplings cncﬁﬁ

- Besides dissipative part, equations of motion also contain ideal part
- O(4) Lie algebra:

[naba ncd] =1 (5acnbd + 5bdnac [qba) nbc] =1 (5ac¢b — 5ab§bc)

— daabe = OpcNad) (n’s generate O(4) transformations)

- Reversible (ideal) part: Poisson bracket technique

0P, 1 OF —
gb — {Qba, } — _{¢a7nbc} ‘/
2 5 bc
ana T e 5F F
{'7 } — _i['a ]
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Reversible mode couplings cncﬁﬁ

- Besides dissipative part, equations of motion also contain ideal part
- O(4) Lie algebra:

[naba ncd] =1 (5acnbd + 5bdnac [qba) nbc] =1 (5ac¢b — 5ab§bc)

— daabe = OpcNad) (n’s generate O(4) transformations)

- Reversible (ideal) part: Poisson bracket technique

09, 1 OF —
gb — {Qba, } — _{¢a7nbc} ‘/
2 on Npc
ONab N SF
5 — {nab, F} = {naba ¢c} 5¢ + {nab, ncd} - Larmor precession
{.7.} N —i[-,-] f
reversibility
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Reversible mode couplings cncﬁﬁ

- Besides dissipative part, equations of motion also contain ideal part
- O(4) Lie algebra:

[naba ncd] =1 (5acnbd + 5bdnac [qba) nbc] =1 (5ac¢b — 5ab§bc)

— daabe = OpcNad) (n’s generate O(4) transformations)

- Reversible (ideal) part: Poisson bracket technique

P 1 OF o
¢ = {¢a, F'} = §{¢a,nbc}5 —
5’nab 5F S

+ {naba ncd}

8t — {nabv F} — {nab7¢c}

{.7.} SN —i[-,-] f k

reversibility non-Abelian nature of O(4)
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Summary of Schwinger-Keldysh formalism cncﬁﬁ

Goal: compute non-equilibrium correlation functions

~ Path integral requires doubling number of fields: LV Keldysh, Sov. Phys. JETP 20 (1965) 1018
<O(t)> = tr (O(t)po) (Heisenberg picture)

= tr (U(—o00,t)OU(t, —0)po)
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Summary of Schwinger-Keldysh formalism cncﬁﬁ

Goal: compute non-equilibrium correlation functions

~ Path integral requires doubling number of fields: LV Keldysh, Sov. Phys. JETP 20 (1965) 1018
<O(t)> = tr (O(t)po) (Heisenberg picture)

= tr (U(—o00,t)OU(t, —0)po)

(extend evolution to t = +o0)

— / D¢‘|‘ Do~ e i(S[gT]-S[o7]) O (gb+(t), b~ (t))
PO
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Summary of Schwinger-Keldysh formalism cncﬁﬁ

Goal: compute non-equilibrium correlation functions

~ Path integral requires doubling number of fields: LV keldysh Sov. Phys. JETP 20 (1965) 1018

<O(t)> = tr (O(t)po) (Heisenberg picture)

tr (U(—o00,t)OU(t, —o0)po)

(extend evolution to t = +o0)

_ / Dot D~ ' SOT1=S17D o (4t (1), 6 (1)
PO

Figure adapted from

Kamenev, Field Theory of Non-Equilibrium Systems closed-time path
(Cambridge University Press, 2011)
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Summary of Schwinger-Keldysh formalism cncﬁﬁ

Goal: compute non-equilibrium correlation functions

~ Path integral requires doubling number of fields:  Lv.Keidysh Sov. Phys. JETP 20 (1965) 1018

<O(t)> — tr (O(t) ,00) (Heisenberg picture) ~ in particular: direct access to
real-time Green functions

= tr (U(—00,t)OU(t, —00)po) GE(t,t") = i({o(t), o(t)})
(extend evolution to t = +o0) GR (t, t/) — (t — )<[¢(t), ¢(t,)]>
— / Dot Do~ !ST1-5107]) (0T (1), (2)) Gf(t’ P == nletn), ol
Po G5 (t,t) =

+ oo /' ® @ ‘ el el — oo
t \= o o } o o o
Figure adapted from i
Kamenev, Field Theory of Non-Equilibrium Systems closed-time path

(Cambridge University Press, 2011)
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Summary of Schwinger-Keldysh formalism cncﬁﬁ

Goal: compute non-equilibrium correlation functions

~ Path integral requires doubling number of fields: LV keldysh Sov. Phys. JETP 20 (1965) 1018

<O(t)> — tr (O(t) Po) (Heisenberg picture) ~ in particular: direct access to
real-time Green functions

= tr (U(—00,t)OU(t, —00)po) GE(t,t") = i({o(t), o(t)})
(extend evolution to t = +o0) GR (t, t/) — (t — 1 )<[¢(t)a ¢(t/)]>
— / Dot D~ S8 1=51671) (ot (1), 0~ (1)) G,Ai(t’ £ = 2D, el

Po G5 (t,t) =
~ built
into the formalism!
+oo /7 - - < - T —o0
t N R

Figure adapted from i
Kamenev, Field Theory of Non-Equilibrium Systems closed-time path
(Cambridge University Press, 2011)
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Summary of Martin-Siggia-Rose (MSR) formalism cncﬁﬁ

In classical simulations:
solve Langevin equation

5F (€()) =
Ofp +0sp = —— +
HPFIOP= TR T e = ot )

Path-integral formulation
for (real-time) FRG
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Summary of Martin-Siggia-Rose (MSR) formalism cncﬁﬁ

In classical simulations:
solve Langevin equation

5F (€()) =
Ofp +0sp = —— +
HPFIOP= TR T e = ot )

Introduce (Hubbard)
response field ¢ §

- C QT F
7 — /Dgp Dy eS¢ S[p, ] = / [—cﬁ (83(/) + O + g—go) +i’yT<Z>2]

Path-integral formulation
for (real-time) FRG
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Summary of Martin-Siggia-Rose (MSR) formalism cncﬁﬁ

In classical simulations:
solve Langevin equation

§F (€(x)) =
O+ y0yp = —— +
A S L S

Introduce (Hubbard)
response field ¢ §

- QT F
Y= /DQO ’DSO GZS[SO’QD] S[@, (p] :/ [—QE (8?904‘7&5904‘ (;—§0> —|—Z"YT(ZD2]

deterministic part of eom’s

Path-integral formulation
for (real-time) FRG
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Summary of Martin-Siggia-Rose (MSR) formalism cncﬁﬁ

In classical simulations:
solve Langevin equation

SF (€(z)) =
O p +v0hp = —— +
tp Y0 = —50 T4 (§(@)¢(a)) = 29To(x — ')

Introduce (Hubbard)
response field ¢ §

- O OF
Z = /DSO Dy ezs[%@] S|p, ] = / [—95 (815290 + v0rp + %> + i’YT@QI
v fluctuations

deterministic part of eom’s

Path-integral formulation
for (real-time) FRG
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Summary of Martin-Siggia-Rose (MSR) formalism cncﬁﬁ

In classical simulations:
solve Langevin equation

SF (€(z)) =
O p +v0hp = —— +
tp Y0 = —50 T4 (§(@)¢(a)) = 29To(x — ')

Introduce (Hubbard)

response field ¢ integrate ¢

- O OF
Z = /DSO Dy ezs[%@] S|p, ] = / [—95 (815290 + v0rp + %> + i’YT@QI
v fluctuations

deterministic part of eom’s

Path-integral formulation
for (real-time) FRG
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Dynamic universality classes in more detall cncﬁ%

Statics: Landau-Ginzburg-Wilson functional

F=/ddfv {%(ﬁw)%ﬂ/(so)}
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Dynamic universality classes in more detalil CRC-TR2n

Statics: Landau-Ginzburg-Wilson functional

V(o)
F=/ddw {%(ﬁw)%ﬂ/(so)} \ JT<T.
Nl N
- Dynamics: Langevin equations of motion
SE describes particle
070 4+ y0pp = —— + & submerged in heat bath:

% \

Gaussian white noise

Image adapted from P. Mérters, Y. Peres, Brownian Motion
(Cambridge University Press, 2010)
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Dynamic universality classes in more detalil CRC-TR2n

Statics: Landau-Ginzburg-Wilson functional

V(o)
|
__ d - 2
T ¢
- Dynamics: Langevin equations of motion
SF describes particle
6?90 + ’y@tgp — —5— —+ f submerged in heat bath:
v \ ’
S i3
aussian white noise i

7~

« No conservation laws here! ~ Model A

- Slow modes determine critical dynamics

Image adapted from P. Mérters, Y. Peres, Brownian Motion
(e.g. densities of conserved quantities) (generally true!) (Cambridge University Press, 2010)
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Dynamic universality classes in more detall cncﬁﬁ

' Model B |
Statics: Landau-Ginzburg-Wilson functional ﬂ z=4-n
d l = 9 n’
F:/d X {—(Vgo) +V(e) + Bon + — }
2 2X0

- Dynamics: Langevin equations of motion

OF
O +0ip = —— +
LT =5 $

/

— 5F — —
On = >\V2% +V-¢ diffusive!

Gaussian white noises

- Critical dynamics dominated by diffusion ~ Model B

* Include hydrodynamic shear modes of energy-momentum tensor
~ Model H
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Dynamic universality classes in more detall cncﬁﬁ

Statics: Landau-Ginzburg-Wilson functional

F=/ddflf {%(§¢)2+V(¢) + }

- Dynamics: Langevin equations of motion

OF
O +0ip = —— +
LT =5 $

/

— 5F — —
On = >\V2% +V-¢ diffusive!

Gaussian white noises

- Order parameter not conserved but interacts non-linearly with
conserved (energy) density ~

Benasque Science Center 35
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Wilson’s RG in Minkowski spacetime?

Wilsonian renormalization in VS. Wilsonian renormalization in
Euclidean spacetime Minkowski spacetime
Conceptually straightforward: Conceptually intricate:

integrate out (hyper-)spheres integrate hyperboloids?
no need to worry about causality (at least naively) timelike momenta?

causal structure of propagators?

CR:T%
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Wilson’s RG in Minkowski spacetime? cnﬁm

Wilsonian renormalization in VS. Wilsonian renormalization in
Euclidean spacetime Minkowski spacetime
Conceptually straightforward: Conceptually intricate:

integrate out (hyper-)spheres integrate hyperboloids?
no need to worry about causality (at least naively) timelike momenta?

causal structure of propagators?

Problem: Frequency-dependent regulators
usually violate
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Wilson’s RG in Minkowski spacetime? cnﬁm

Wilsonian renormalization in VS. Wilsonian renormalization in
Euclidean spacetime Minkowski spacetime
Conceptually straightforward: Conceptually intricate:

integrate out (hyper-)spheres integrate hyperboloids?
no need to worry about causality (at least naively) timelike momenta?

causal structure of propagators?

Problem: Frequency-dependent regulators ]
usually violate Solution: Interpret regulator as

fictitious scale-dependent heat bath
JR, L. von Smekal, JHEP 10, 065 (2023)
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Causal regulators cncﬁﬁ

Solution: Observe that regulator is a self-energy

- Self-energies generally inherit

~ Spectral representation from (subtracted) Kramers-Kronig relations

R/A _ R/A ©dw' 2w TR (W, p)
R, (w,p) = R, (0,p) _/0 21 W' ((w £ ig)? — w'?)

JR, von Smekal, JHEP 10, 065 (2023)
JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)
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Causal regulators cncﬁﬁ

Solution: Observe that regulator is a self-energy

- Self-energies generally inherit

~ Spectral representation from (subtracted) Kramers-Kronig relations

mass-like part
(trivially causal)

\4 o0 / 2 /
dw 2w J, (W', P)
R = R0 —/ ’
e p) = B 0p) = i) — W)

JR, von Smekal, JHEP 10, 065 (2023)
JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)
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Causal regulators cncﬁﬁ

Solution: Observe that regulator is a self-energy

- Self-energies generally inherit

~ Spectral representation from (subtracted) Kramers-Kronig relations

mass-like part ‘spectral density’

(trivially causal)
\ J(w, p) = 2Im Ri}(w, p)

R/A *_R/A ©dw' 2w TR (W, p)
R, (w,p) = R, (0,p) _/0 21 W' ((w £ ig)? — w'?)

JR, von Smekal, JHEP 10, 065 (2023)
JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022)
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Causal regulators cncﬁﬁ

Solution: Observe that regulator is a self-energy

- Self-energies generally inherit

~ Spectral representation from (subtracted) Kramers-Kronig relations

mass-like part ‘spectral density’

(trivially causal)
\ J(w, p) = 2Im Ry} (w, p)

R/A *_R/A ©dw' 2w TR (W, p)
R, (w,p) = R, (0,p) _/0 21 W' ((w £ ig)? — w'?)

JR, von Smekal, JHEP 10, 065 (2023)

JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022) %
- Interpret as coupling to fictitious heat bath: . @mgmy 2 w?
S
(Hubbard-Stratonovich transformation) . Js

nere: Ju(w) = 3 208 (3w — (k) - 3w+ (1)

~ Spectral density encodes
spectrum of bath oscillators
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Causal regulators cncﬁﬁ

Solution: Observe that regulator is a self-energy

- Self-energies generally inherit

~ Spectral representation from (subtracted) Kramers-Kronig relations

mass-like part ‘spectral density’

(trivially causal)
\ J(w, p) = 2Im Ry} (w, p)

R/A *_R/A ©dw' 2w TR (W, p)
R, (w,p) = R, (0,p) _/0 21 W' ((w £ ig)? — w'?)

JR, von Smekal, JHEP 10, 065 (2023)

JR, Schweitzer, Sieke, von Smekal, Phys. Rev. D 105, 116017 (2022) %
- Interpret as coupling to fictitious heat bath: . @mgmy 2 w?
S
(Hubbard-Stratonovich transformation) . Js
g5 (k)

here: Jy(w)=mY_ oo (h) (6(w —ws(k)) — 6(w + ws(k)))

~ Physical only_ for positive-semidefinite - Spectral density encodes
spectral densities Jx(w,p) >0 (w > 0) spectrum of bath oscillators
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QM example for causal regulator cncﬁﬁ

o0 d / 2 2J / . R .
R W) = RH0) - / 2c7uT w’((w:}: i:)(;u >w/2) n Ty (W) = (w+ie)® = m® + R (w)
. _
- spectral density: ~  Regulator (retarded part):
Jk (w) _ 9, e_wz/kQ — 9Tm Rg(w) negative\m‘ass shift!
- assume UV finiteness: - Relfuwn - \

Im[Ri(w)/k?]

R/A *dw Jp(w')
AMEy () = —RUA0) + [ SEAE Lo

N ~ J = ~
>0 (positivity) ‘4\ /

= IR mass shift:

AM:s(k) = —R,f/ 40) <0 s negative! 6

Solution: choose IR mass shift AM7,(k) > 0 positive (at cost of UV finiteness)
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