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Condensation, Lasing, Superradiance

i ~ 107 Polariton Condensate T ~ 20K
Atomic BE T~10""K I

"

[Anderson et al. Science '95] [Kasprzak et al. Nature, '06]
Photon Condensate Laser Superradiance transition
T ~ 300K T ~7,<0,00

[Klaers et al. Nature, *10] [Baumann et al. Nature '10]
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Motivation: polariton condensates

@ Anthracene Polariton Lasing
T ~ 300K

[Kena Cohen and Forrest, Nat.
Photon ’10]
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Motivation: polariton condensates

@ Anthracene Polariton Lasing Q1. Vibrational replicas?
T ~ 300K Q2. Relevance of disorder?
SR Q3. Lasing vs
condensation?

[Kena Cohen and Forrest, Nat.
Photon ’10]
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Motivation: polariton condensates

@ Anthracene Polariton Lasing Q1. Vibrational replicas?
T ~ 300K Q2. Relevance of disorder?
- B Q3. Lasing vs
condensation?

W [Kena Cohen and Forrest, Nat.
- Photon '10]

@ Polariton condensates, other
materials, e.g. polymers:

[Plumhoff et al. Nat. Materials '14, Daskalakis
et al. ibid "14]
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Motivation: polariton condensates

@ Anthracene Polariton Lasing Q1. Vibrational replicas?
T ~ 300K Q2. Relevance of disorder?
= Q3. Lasing vs
condensation?

[Kena Cohen and Forrest, Nat.

Y Photon ’10]

. Frenkel to Wannier
crossover?

. Optimal vibrational
properties?
. Nonlinearities?

[Plumhoff et al. Nat. Materials '14, Daskalakis
et al. ibid "14]
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Paradigms & Models
@ Weakly interacting dilute Bose gas
H= [ rdi (-~ V) + UG5

» Single field — assumes strong coupling
» Continuum model, hard to include molecular physics
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» Single field — assumes strong coupling
» Continuum model, hard to include molecular physics

@ Laser rate equations
» Emission, absorption — assumes weak coupling, lasing.
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Paradigms & Models
@ Weakly interacting dilute Bose gas
H= [ rdi (-~ V) + UG5

» Single field — assumes strong coupling
» Continuum model, hard to include molecular physics

@ Laser rate equations
» Emission, absorption — assumes weak coupling, lasing.

@ Complex Gross-Pitaevskii/Ginzburg Landau equations
i) = (=V2 + V() + U2 v + i (P(p 0. 1) = k)

» Applies to laser, condensate — fluids of light
» Continuum theory
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Paradigms & Models
@ Weakly interacting dilute Bose gas
H= [ rdi (-~ V) + UG5

» Single field — assumes strong coupling
» Continuum model, hard to include molecular physics

@ Laser rate equations
» Emission, absorption — assumes weak coupling, lasing.

@ Complex Gross-Pitaevskii/Ginzburg Landau equations
i) = (=V2 + V() + U2 v + i (P(p 0. 1) = k)

» Applies to laser, condensate — fluids of light
» Continuum theory

@ Transfer matrix, exciton susceptibility x(v)
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Paradigms & Models
@ Weakly interacting dilute Bose gas
H= [ rdi (-~ V) + UG5

» Single field — assumes strong coupling
» Continuum model, hard to include molecular physics

@ Laser rate equations
» Emission, absorption — assumes weak coupling, lasing.

@ Complex Gross-Pitaevskii/Ginzburg Landau equations
i) = (=V2 + V() + U2 v + i (P(p 0. 1) = k)

» Applies to laser, condensate — fluids of light
» Continuum theory

@ Transfer matrix, exciton susceptibility x(v)

@ Microscopic model ...
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Tavis-Cummings & Dicke model
Model capable of lasing & condensation
@ Tavis-Cummings / Dicke model

N
H=wa'a+ Z [wxafai_ +9 <J,-+(<Aa+ an + H.C.) }

i=1
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Tavis-Cummings & Dicke model
Model capable of lasing & condensation
@ Tavis-Cummings / Dicke model + baths

N
H=wa'a+ Z [wxcffai_ +9 <a,-+(é+ an + H.C.) }
i=1

» Weak pumping — Superradiance/BEC transition
» High temperature: Maxwell-Bloch laser

Szymanska et al. PRL 06; Keeling et al. book chapter 1010.3338
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Tavis-Cummings & Dicke model
Model capable of lasing & condensation
@ Tavis-Cummings / Dicke model + baths

N
H=wdla+) [wxcr;"ai_ +g <J,-+(2H— ar) + H.c.) }

» Weak pumping — Superradiance/BEC transition
» High temperature: Maxwell-Bloch laser
Szymanska et al. PRL 06; Keeling et al. book chapter 1010.3338

@ Including molecular physics
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Tavis-Cummings & Dicke model
Model capable of lasing & condensation
@ Tavis-Cummings / Dicke model + baths

N
H=wdla+) [wxcr;"ai_ +g <J,-+(2H— ar) + H.c.) }

» Weak pumping — Superradiance/BEC transition
» High temperature: Maxwell-Bloch laser
Szymanska et al. PRL 06; Keeling et al. book chapter 1010.3338

@ Including molecular physics

Energy

e

P.hoton

\ ?/pu’cl_gsﬁr coordinate
=
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Holstein-Tavis-Cummings & Holstein-Dicke model

N
H=wala+> [wxa,.*a, +g <0,-+(31 +ah)+ H.c.)
i=1

+ o (bl — oo o (B + By) ]
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Holstein-Tavis-Cummings & Holstein-Dicke model

N
H=wa'a+ Z [wxafrai +g <0,-+(31 + &) + H.C.)
i=1
+ o (bl — oo o (B + By) ]

@ Few emitters (molecules/quantum dots)
Wilson-Rae & Imamoglu PRB 2002 McCutcheon & Nazir PRB 2011 Roy &
Hughes PRB 2011; Bera et al. PRB 2014; Pollock et al. NJP 2013; Hornecker et
al. arXiv:1609.09754; . ..
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Holstein-Tavis-Cummings & Holstein-Dicke model

I

N
H=wa'a+ Z [wxafrai +9 <0-+(,Aa—|— an + H.C.)

@ Few emitters (molecules/quantum dots)
Wilson-Rae & Imamoglu PRB 2002 McCutcheon & Nazir PRB 2011 Roy &
Hughes PRB 2011; Bera et al. PRB 2014; Pollock et al. NJP 2013; Hornecker et
al. arXiv:1609.09754; . ..

@ Weak coupling
Kirton & JK, PRL 2013, PRA 2015; PRA 2016 ...
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Holstein-Tavis-Cummings & Holstein-Dicke model

N
H=wdla+y [wxm, +g(of(a+a)+He)
v (/B ~ Yoo o (B + By) |

@ Few emitters (molecules/quantum dots)
Wilson-Rae & Imamoglu PRB 2002 McCutcheon & Nazir PRB 2011 Roy &
Hughes PRB 2011; Bera et al. PRB 2014; Pollock et al. NJP 2013; Hornecker et
al. arXiv:1609.09754; . ..

@ Weak coupling
Kirton & JK, PRL 2013, PRA 2015; PRA 2016 ...

@ Full model
Cwik et al. EPL 105 2014; Spano, J. Chem. Phys 2015; Galego et al. PRX 2015;
Cwik et al. PRA 2016; Herrera & Spano PRL 2016; Wu et al. arXiv:1608.08019;
Zeb et al. arXiv:1608.08929; Herrera & Spano arXiv:1610.04252; . ..
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Introduction and models

a Introduction and models
@ Holstein-Dicke model

e Strong coupling: polariton states
@ Exact solutions
@ Scaling with N

e Strong coupling: spectrum
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Strong coupling: polariton states

@ Strong coupling: polariton states
@ Exact solutions
@ Scaling with N
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One excitation subspace, questions

o (BB~ oo o7 (8] + )|

@ Rotating wave approximation — Holstein Tavis Cummings
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One excitation subspace, questions

o (BB~ oo o7 (8] + )|

@ Rotating wave approximation — Holstein Tavis Cummings
@ Restrict, a’'a+ )"0 0, =1.
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One excitation subspace, questions

o (BB~ oo o7 (8] + )|

@ Rotating wave approximation — Holstein Tavis Cummings
@ Restrict, a’'a+ )"0 0, =1.
@ Questions:

» Competition of gv/N vs wy, wy A3
» Scaling with N
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Exact solution, N =2
Vibrational Wigner function:

(bt b
W(x,p) = / dy(x + y/2|plx — y/2);e", (bjé') )i = x|X);
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Exact solution, N =2
Vibrational Wigner function:

. b + b
W(x,p) = /dY<X+Y/2|ﬂ|X—Y/2>ie’yp, (b':/%b’) [X)i = X|X)i

Conditioned on Photon |P)/Exciton at /, |X)/Other site [X); ;

1P) 12X 12X j%i

- ' ‘ ' ”
- o -

0.00

2.0
-

Ao
o

-

2.5
p
)

Ao
o

-10 12 3 4 -10 12 3 4 1012 3 4
T T x

N=2w=wx,wg=9g/VN=1
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Exact solution, N =2
Vibrational Wigner function:

B,‘ + B}L
V2
Conditioned on Photon |P)/Exciton at /, | X),/Other site |X)

W(x,p) = /d}’<X+Y/2|p|X—Y/2>ieiyp, ( ) X)i = x[x)i

J#i
1P) 1X)i 1X) i
1
=1
N ao 024
2 2
a 1
0.16 0
Vie, -1
1 2
w 3
W . 0.08 4
o B
£
1
0.00

-10 12 3 4 -10 12 3 4 1012 3 4
T T x

N=2w=wx,wg=9g/VN=1
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Exact solution, larger N

@ Brute force approach, N sites, b'b < M, Dyippert = MN
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Exact solution, larger N

@ Brute force approach, N sites, b'b < M, Dyippert = MN
@ Permutation symmetry. Dyipert ~ NM, typical M ~ 5 — 6
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Exact solution, larger N

@ Brute force approach, N sites, b'b < M, Dyippert = MN
@ Permutation symmetry. Dyipert ~ NM, typical M ~ 5 — 6

|P) 1X)i 1X) i
1
;I' a0 . . 0.24 .
2 . (*) |aneaS|ng N, suppress
Wip, (x #0)
1
;I‘f,l- s . ‘ . 0.08
< 1
0.00
101234 101234 1012334

N =20,w=wx,wg=g/VN=1
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Exact solution, larger N

@ Brute force approach, N sites, b'b < M, Dyippert = MN
@ Permutation symmetry. Dyipert ~ NM, typical M ~ 5 — 6

|P) 1X)i 1X) i
1

;I' a0 . ’ 0.24

< @ Increasing N, suppress
016 Wipy(x # 0)

! @ Distinct behaviour vs \g

cl\l‘» a0 . ' . 0.08

< -1
0.00

-1012 3 4 -1012 3 4 1012 3 4
x x x

N =20,w=wx,wg=g/VN=1
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Exact solution, larger N

@ Brute force approach, N sites, b'b < M, Dyippert = MN
@ Permutation symmetry. Dyipert ~ NM, typical M ~ 5 — 6

|P) 1X)i 1X) i
1
;I' a0 . ’ 0.24
< @ Increasing N, suppress
0.16 VV|P> (X 7'5 0)
! @ Distinct behaviour vs \g
o 0.08
se . ‘ . @ Exact energy and state
1 000 VS wpg, Ag for validation
1012 3 4 1012 3 4 1012 3 4

N =20,w=wx,wg=g/VN=1
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Extending to arbitrary N, polaron ansatz

@ Polaron transform, D;(\) = exp (A(B}L - b,))

=] = = E DA
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Extending to arbitrary N, polaron ansatz

@ Polaron transform, D;(\) = exp (A(B,T - B,-))

@ Single molecule ansatz:

W) = [aD(M) [1) + BD(A) [1)][0)y
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Extending to arbitrary N, polaron ansatz

@ Polaron transform, D;(\) = exp (A(B,T - f),-))

@ Single molecule ansatz:

(W) = [aD(M) [1) + BD(A) [WT10)y

@ Extend to N sites

W) = |a|P) ][] Pi(Na) +—Z|X Di(Ap) [[ Di(Ae) | 10)y
J J#

[Wu et al. arXiv:1608.08019, Zeb et al. arXiv:1608.08929]
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Extending to arbitrary N, polaron ansatz

@ Polaron transform, D;(\) = exp (A(B,T - f),-))
@ Single molecule ansatz:
(W) = [@D(M) [1) + 5D(A) [1]10)y

@ Extend to N sites

W) = |a|P) ][] Pi(Na) +—Z|X Di(Ap) [[ Di(Ae) | 10)y
J J#

[Wu et al. arXiv:1608.08019, Zeb et al. arXiv:1608.08929]

> Allows distinct Wigner functions |P) , [X);, [X),;
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Polaron ansatz energy

2
Ox = wx + wy(Ap? — 20Ap + (N — 1)

o Polaron energy: Ep — 2X %P _ \/(

wx + @
2
ACZ)?

P2
>+a;2,q

(:)P = W + CUVN)\az

o = wexp [~(\a = 26)? = (N = 1)(\a = Ac)?]
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Polaron ansatz energy

. - N2
wx +w Wy +w ~
e Polaron energy: Ep = X *F _ \/(%> + a2

2
Ox = wx +wy(Ap2 =200 + (N — 1)A2), @p = w + wy N2
i = whexp [~(\a = 2)2 = (N = 1)(\a — Ao)?]

@ At N — oo Suggests \g = A\c ~ 1/vVN = 0
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Polaron ansatz energy

. - N2
wx +w Wy +w ~
e Polaron energy: Ep = X *F _ \/(%> + a2

2
ox = wx + wv()\bz —2X0p + (N — 1))\02), wp=w+ va)\az
i = whexp [~(\a = 2)2 = (N = 1)(\a — Ao)?]

@ At N — oo Suggests \g = A\c ~ 1/vVN = 0
@ Ifwg > wy, suggests \a = A\p = Ac ~ 1/+/N — factorisation
[Herrera and Spano PRL 2016]

Jonathan Keeling Vibrationally dressed polaritons Quantum Nanophotonics 2017 13



Polaron ansatz energy

Qx + & ox +op\?
@ Polaron energy: E p = % - (%) + &4

ox = wx + wv()\bz —2X0p + (N — 1))\02), wp=w+ va)\az
&2 = wdexp | —(a— Ap)2 — (N = 1)(ha— Ac)ﬂ

@ At N — oo Suggests A\g = Ac ~1/vV/N =0

@ Ifwg > wy, suggests \a = A\p = Ac ~ 1/+/N — factorisation
[Herrera and Spano PRL 2016]

@ Minimisation:

0 . T T T 1

0.8+

01 PPAENEA, —— 0.6y
] EP: A=A =0 —— 04} ]

5
02 0.2 q
6 or 6
e 0ol N=10U A=l ]
0 0.5 1 1.5 2 25 0 0.5 1
) O
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Polaron ansatz energy

Qx + & ox +op\?
@ Polaron energy: E p = % - (%) + &4

ox = wx + wv()\bz —2X0p + (N — 1))\02), wp=w+ va)\az
&2 = wdexp | —(a— Ap)2 — (N = 1)(ha— Ac)ﬂ

@ At N — oo Suggests A\g = Ac ~1/vV/N =0
@ Ifwg > wy, suggests \a = A\p = Ac ~ 1/+/N — factorisation
[Herrera and Spano PRL 2016]
@ Minimisation:
S

-0.1

Erp

-0.2

O L
| N=20, A=l

0 0.5 1
o
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Polaron ansatz energy

Qx + & ox +op\?
@ Polaron energy: E p = % - (%) + &4

ox = wx + wv()\bz —2X0p + (N — 1))\02), wp=w+ va)\az
&2 = wdexp | —(a— Ap)2 — (N = 1)(ha— Ac)ﬂ

@ At N — oo Suggests A\g = Ac ~1/vV/N =0
@ Ifwg > wy, suggests \a = A\p = Ac ~ 1/+/N — factorisation
[Herrera and Spano PRL 2016]
@ Minimisation:
P

-0.1

Erp

-0.2

O L
N=20, Ag=1 b

0 0.5 1
o
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Polaron crossover

@ Crossover near wg ~ wv)\g [Silbey and Harris, J. Chem. Phys. 1984]
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Polaron crossover

@ Crossover near wg ~ wyA3

[Silbey and Harris, J. Chem. Phys. 1984]

wr/wy

o = na
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Polaron crossover

@ Crossover near wg ~ wyA3

[Silbey and Harris, J. Chem. Phys. 1984]

e ,,////
v S TmemT
Lo TTTNs - e
\‘\Q /;;/ ~~~~~ .
o 0.1 ‘\\:==:”‘,__-\ .
or SzzzZemTTss N / %
\\\\\\ JRe 3
-0.2 N, T -
\\\ ’,/
EP -----
-0.3
0 0.5 1 1.5 2 25 3
A

@ Suggests multi-polaron ansatz [Bera et al. PRB 2014]
» Superpose multiple polarons
» Multimodal Wigner function

Jonathan Keeling Vibrationally dressed polaritons
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Polaron crossover

o Crossover near wg ~ wy A3

[Silbey and Harris, J. Chem. Phys. 1984]

wpr/w,

@ Suggests multi-polaron ansatz [Bera et al. PRB 2014]
» Superpose multiple polarons
» Multimodal Wigner function

@ Simplifed 2-polaron form [Zeb et al. arXiv:1608.08929]

) = [1P) 3 3 (an +a2Di() + 7= 371X (51 -+ AP | 0}y
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Polaron crossover

o Crossover near wg ~ wy A3

[Silbey and Harris, J. Chem. Phys. 1984]

wpr/w,

@ Suggests multi-polaron ansatz [Bera et al. PRB 2014]
» Superpose multiple polarons
» Multimodal Wigner function

@ Simplifed 2-polaron form [Zeb et al. arXiv:1608.08929]

) = [1P) 3 3 (an +a2Di() + 7= 371X (51 -+ AP | 0}y
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Simplified two-polaron physics

@ Accurate energy & wavefunction
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Simplified two-polaron physics

@ Accurate energy & wavefunction
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Simplified two-polaron physics

@ Accurate energy & wavefunction

-0.1

Erp

-0.2

Jonathan Keeling Vibrationally dressed polaritons

PP: A =hy=A,

EP: A=A =0 —— 0.4
2P§ -----
Exact  x 0.21 =
0
N=20, wg=1 N=20, Ap=1
R 0.2 Mo
0 0.5 1 1.5 25 0 0.5
o

. 0.30

|P) 1X): 1X) j2i
o L)

. 0.20

[

. 0.00

2101234 2101234 2101234
z z

z
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Simplified two-polaron physics

@ Accurate energy & wavefunction

|P) 1X): 1X) j2i

) . . 0.30

=2.0
P

o
3
Ao

-0.1 PP: A =A,=A,

2.5
P

2
1
0
1
2
2
1 a -
a EP: A=A =0 —— o e
=) a— ¢ 0.4 ] 0.20
o 2P§ ----- B "
02 Exact x oAz.m-ur*\’\ :
0 = 1
N=20, i=1 ol N0 i L I o0
. o<
0 05 1 15 2 25 0 0.5 1 I :
7“0 (")R w 1 -
N oa
_’<‘= 1 . . . 0.00
2

2101234 2101234 2101234
z z z

@ NB, a1, as, 81, B2, A finite at N — ~c.
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Simplified two-polaron physics

@ Accurate energy & wavefunction

|P) 1X): 1X) j2i
2
o 1
&
SRR =
o« 2
il 2
=z 2
w 1
&
1o R =
53 -1
-2
2
o 1
(ARE BRI IS
Loa 0.10
Bl 2
il
2
Zm. 1
i W LR
2 -1 0.00
2

2101234 2101234 2101234
z z z

@ NB, a1, as, 81, B2, A finite at N — ~c.
@ Recovers Wigner function (analytic)
» Wpy(x # 0,p) ~ 1/N, no other suppression
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Strong coupling: spectrum

e Strong coupling: spectrum

=] = = E na
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Calculating spectra: Input-Output formalism

@ Obsevable features: absorption spectrum, A(v) =1 — T(v) — R(v)
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Calculating spectra: Input-Output formalism

@ Obsevable features: absorption spectrum, A(v) =1 — T(v) — R(v)

=] = = E = 9ace
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Calculating spectra: Input-Output formalism

@ Obsevable features: absorption spectrum, A(v) =1 — T(v) — R(v)

@ Scattering matrix gives:

Alv) =

e [2IM[DAW)] + (e + )| D ()]

=] = = E = 9ace
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Calculating spectra: Input-Output formalism

@ Obsevable features: absorption spectrum, A(v) =1 — T(v) — R(v)

@ Scattering matrix gives:
AWw) = ke [2Im[DRW)] + (ke + )| DA ()2
@ Green'’s function:

DR(t) = —i <o [a(t), éT(O)] ] o> o(t)

Jonathan Keeling Vibrationally dressed polaritons Quantum Nanophotonics 2017 17



Tavis-Cummings-Holstein vs Coupled Oscillators

@ Coupled oscillator model:

H= wpéTé-l- Z
i

wn =wx + Nwy,  f(Ao) = (n|D(A0)[0)

Jonathan Keeling Vibrationally dressed polaritons

wRr | 4
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Tavis-Cummings-Holstein vs Coupled Oscillators
@ Coupled oscillator model:

wRr | 4
IN (azn: fa(ANo)o™ + H.C.> + wna,'-m]

Exciton

H= wpéTé-l- Z
i

Photon

wn =wx + Nwy,  f(Ao) = (n|D(A0)[0)
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Tavis-Cummings-Holstein vs Coupled Oscillators
@ Coupled oscillator model:

wRr | 4
IN (azn: fa(ANo)o™ + H.C.> + wna,m]

Exciton

H = wpéTé—I- Z
i

Photon

wn =wx + Nwy,  f(Ao) = (n|D(A0)[0)

@ Corresponds to classical susceptibility,
wilfa(No)?

X(V):_Zu+i’y/2—wn

n
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Tavis-Cummings-Holstein vs Coupled Oscillators
@ Coupled oscillator model:

H = wpéTé-l- Z
i

wRr [ A

Exciton

Photon

wn =wx + Nwy,  f(Ao) = (n|D(A0)[0)

l)

@ Corresponds to classical susceptibility,

2 2
ws|f(No)|
x(v) = _Z - n(2 )
—~ v+ iv/2 —wn
@ Ignores vibrational dressing of unexcited molecules

1
o
L . ‘ .
<
Bl

101234 101234 101234
T z T
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Tavis-Cummings-Holstein spectrum
@ Direct calculation

DR(t) = —i<0 [é(t), éT(O)} ‘ o> o(t)
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Tavis-Cummings-Holstein spectrum
@ Direct calculation

DR(t) = —i<0 [é(t), éT(O)} ‘ o> o(t)

@ Time-evolve |i) = &'|0)
@ Fourier transform
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Tavis-Cummings-Holstein spectrum
@ Direct calculation

DA(t) = —i (0 [é(t), éT(O)} ‘ o> o(t)
0.8t
5
@ Time-evolve [¢) = a7|0) 206
@ Fourier transform =
5 0.41
|9}
[
Q.
0.2
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Tavis-Cummings-Holstein spectrum
@ Direct calculation

DA(t) = —i (0 [é(t), éT(O)} ‘ o> o(t)

0.8}

£
@ Time-evolve |¢) = &f|0) 'g 0.6}

@ Fourier transform =
@ Mean-field Green’s function £ 04

1 q’

R o Q.
D) = e v ix) V02

2 2
- B lfn(Mo)]
ox = ;y+ify/2—wm

(Classical expression)
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@ Direct calculation
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Tavis-Cummings-Holstein spectrum
@ Direct calculation

DA(t) = —i (0 [é(t), éT(O)} ‘ o> o(t)

0.8t

£
@ Time-evolve |¢) = &f|0) 'g 0.6}

@ Fourier transform =
@ Mean-field Green’s function £ 04

1 m

R o Q.
D) = e v ix) V02

2 2
L wg|fm(Ao)
X = ;y+i’y/2—wm -4

(Classical expression)

@ Why? Multiple excitation ~ 1/N, ~~< oo o~
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Summary

@ Holstein-Dicke and Holstein-Tavis-Cummings models
@ Single polariton state
» Exact solution

[Zeb, Kirton, JK, arxiv:1608.08929]
@ Validity of mean-field Green’s functions
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