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Physical motivations of EFTs in QCD

» QCD contains both perturbative (asymptotic freedom) and
non-perturbative aspects (confinement)
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Physical motivations of EFTs in QCD

» QCD contains both perturbative (asymptotic freedom) and
non-perturbative aspects (confinement)

» Two aspects of physics are to be treated separately
» Frameworks of EFT enable to do it
» Variety of EFTs of QCD depending on the physical process

> In this talk, focus on a pair of heavy quark and anti-quark
bound state (e.g, bottomonium, charmonium)
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EFTs for a heavy quark-antiquark pair

Non-relativistic QCD (NRQCD)

» An EFT suitable for quarkonium productions or decays

Sungmin Hwang in collaboration with Matthias Berwein, Nora Brambilla, Antonio Vairo TU Miinchen

Poincaré invariance in low-energy EFTs for QCD



EFTs for a heavy quark-antiquark pair

Non-relativistic QCD (NRQCD)
» An EFT suitable for quarkonium productions or decays

» Separation of scale: M > Mv,Aqcp (M: heavy
quark/antiquark mass, MV: momentum of heavy

quark/antiquark)

TU Miinchen

Sungmin Hwang in collaboration with Matthias Berwein, Nora Brambilla, Antonio Vairo

Poincaré invariance in low-energy EFTs for QCD



EFTs for a heavy quark-antiquark pair

Non-relativistic QCD (NRQCD)
» An EFT suitable for quarkonium productions or decays

» Separation of scale: M > Mv,Aqcp (M: heavy
quark/antiquark mass, MV: momentum of heavy
quark/antiquark)

» Take 1/M expansion in QCD Lagrangian

TU Miinchen

Sungmin Hwang in collaboration with Matthias Berwein, Nora Brambilla, Antonio Vairo

Poincaré invariance in low-energy EFTs for QCD



EFTs for a heavy quark-antiquark pair

Non-relativistic QCD (NRQCD)

» An EFT suitable for quarkonium productions or decays

» Separation of scale: M > Mv,Aqcp (M: heavy
quark/antiquark mass, MV: momentum of heavy
quark/antiquark)

» Take 1/M expansion in QCD Lagrangian

» DOF: Heavy quark and anti-quark fields, light quark fields,
soft gluon fields

Sungmin Hwang in collaboration with Matthias Berwein, Nora Brambilla, Antonio Vairo TU Miinchen

Poincaré invariance in low-energy EFTs for QCD



EFTs for a heavy quark-antiquark pair

Non-relativistic QCD (NRQCD)

>

>

An EFT suitable for quarkonium productions or decays

Separation of scale: M > Mv,Agcp (M: heavy
quark/antiquark mass, MV: momentum of heavy
quark/antiquark)

Take 1/M expansion in QCD Lagrangian

DOF: Heavy quark and anti-quark fields, light quark fields,
soft gluon fields

Limitation: not the most useful theory for transitions in
quarkonium states (i.e., mass splitting)
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From NRQCD to pNRQCD

Potential-NRQCD (pNRQCD): a nice theoretical tool for describing
the mass spectra of heavy quark-antiquark bound system

» Hierarchy of scales: M > Mv > Mv?
(Mv: inverse size of the quark-antiquark bound system)
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From NRQCD to pNRQCD

Potential-NRQCD (pNRQCD): a nice theoretical tool for describing
the mass spectra of heavy quark-antiquark bound system

» Hierarchy of scales: M > Mv > Mv?
(Mv: inverse size of the quark-antiquark bound system)

» Take multi-pole expansion in 1/M and r (r relative distance
between quark and anti-quark)

» DOF: Quark-antiquark colour singlet and octet, light quarks,
and ultra-soft gluon fields

» Proliferation of operators

» Operators come with Wilson coefficients
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Wilson coefficients in EFT

Wilson coefficients ¢, are undetermined scalar functions in front of
the series of operators in EFT (e.g., HQET/NRQCD):

cnOn

Nid—4> where [On] == dn
- M

LNr@cD =

» (O, consists of effective DOF
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Wilson coefficients in EFT

Wilson coefficients ¢, are undetermined scalar functions in front of
the series of operators in EFT (e.g., HQET/NRQCD):

cnOn

ﬁ’ where [On] = dn
- M

LNr@cD =

» (O, consists of effective DOF

> Exact values of ¢, determined via matching to its UV theory
but formidable task

> Benefits from symmetry: reduce the task if not solve
completely

» Poincaré invariance from the UV theory is the symmetry we
use here
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Outline

A road map to derive constraints on the Wilson coefficients in
NRQCD and pNRQCD:

» Brief introduction to the little group/induced representation
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Outline

A road map to derive constraints on the Wilson coefficients in
NRQCD and pNRQCD:

>

>

Brief introduction to the little group/induced representation

Lagrangian structure of NRQCD and field transformations
under the little group

Lagrangian structure in pNRQCD and field transformations
under the little group

Field redefinitions and constraints in pPNRQCD

Outlook (SCET)
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QFT under Poincaré group

v

Quantum field under the Lorentz: 1, — M(A)ap105(A"1x)
with M(A) a representation of the Lorentz group

Infinitesimal form: 0y = i(aph—a-p—0-j+n- k)Y
> boost generator: k =rh—tp+ /X

v

v

Generic quantum field under the spatial boost B:

Wa(x) = (€77 F)aptp(B~"x)
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QM under Poincaré group [Weinberg, 1995]

» A momentum eigenstate in Hilbert space PV, , = p*V, ;,
transforms under Lorentz group

U(A)wp,a = Z CU’,U(A7 p)W/\p,a’

o—/
» For fixed reference frame (or momentum) k, the little group
W given, s.t. Wk = k.
> Representation of little group: Wy ,

» Lorentz transformation L, L(p)k = p, gives generic
representation: W, , = U(L(p))V»

UMNWVp5 = Dy o (W)W pp o

o—/

» Little group element: W = L=1(Ap)AL(p)
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Induced representation [Heinonen, Hill, Solon, 2012]

Transformation of a free massive field with mass M through the
induced representation

Ya(x) = D[W(A, id)]aptp(A"1x)

where D the representation of the little group, and W the little
group element associated with the Lorentz transformation A. The
transformation of the field in particular under the Lorentz boost:

%0
Ya(x) —>exp[¢n- (I\/I+\/I>\</127—82

with the reference frame chosen v = (1,0,0,0) (e.g., rest frame of
heavy particle).

R
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NR field under little group

> Free field under the little group:

n-0 in-08°
@ba(X)—>{1+iMTI'X—IZM —”74M3
> .0 2
( 21\7/) [1+4M2}+0(1/M4)}¢a(5*1x)

> Interacting field inspired by the induced representation
(postulate):

in-Diin-DDer(an)-D
2M 4M3 2M

+ O, 1/M*) }5(B7X)

¢a(x)%{l+i/\/ln-x—

(X xn)-D D?
2M 4 M2
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NRQCD - Lagrangian [Caswell, Lepage, 1986]
Bilinear sector of the NRQCD Lagrangian up to 1/M?:

D? D* o-B
T = —
Lnreep 3 ¢{ID0+C12M+C28M3 tcre—y

/ [DaE] : O'[DX,E]
+cDg 8M2 + ICs8 8M2 }1/}
—|—T{iD —cD—z—c b* - o B
X 0 15Mm 283 F& oM
+C/g[D'7E]+ngU'[DXaE]}X

bSgm2 S gM2

> 1) annihilates a heavy quark

» '\ creates a heavy anti-quark
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Field transformation

» Transformation under induced representation:

1
oM ay (P xo)

+0(g, M2) ()

Bb(x) - {1+iMn-x—Ln-D+

1
2N am (P xo)

+0(g. M) px(x)

> “Left over” terms in the Lagrangian up to 1/M :

x(x) — {1—/Mn-x+Ln-D—

Loy = wT[i(lfq)n-Dfﬁ(lfcl){Do,n-D}

1
—|—W(1 —2cr+c)n-(GE x o) |y
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Constraints on the Wilson coefficients in NRQCD

Constraints on the Wilson coefficients by the invariance of the
Lagrangian, 0Ly, =0

» ci=1,¢c.=2cr—1
» Coincides with the literature [Brambilla, Gromes, Vairo, 2003]

» Relations valid at higher loop matching calculations
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PNRQCD - power counting

Potential non-relativistic QCD (pNRQCD) given by integrating out
the relative momentum, Mv ~1/r, from NRQCD

» Multipole expansion in 1/M and r
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» Coordinates: R = (x1 +x2)/2, r =x3 — X2, t
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PNRQCD - power counting

Potential non-relativistic QCD (pNRQCD) given by integrating out
the relative momentum, Mv ~1/r, from NRQCD

» Multipole expansion in 1/M and r
» Coordinates: R = (x1 +x2)/2, r =x3 — X2, t

» Power counting:

1
V- ~ Mv
r

90, VR, Ay ~ M2
E,.B ~ M2/*
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PNRQCD - field contents

| Quark-antiquark color singlet S and octet O? configuration
II' 2 x 2 spin matrix S, O,‘j for quark spin i and antiquark spin j
[II' Coordinate dependence of the fields: S = S(t, R, r),
0? = 0%(t,R,r)
IV Multipole expanded gluon fields A7(t, R)

Writing S and O? as 3 x 3 matrices in color space

1
S— —Sh, 0= 0=+20°T?
N

so that Tr[STS] = STS, Tr[OT 0] = 02702, Tr[STEO] = STE207.
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pPNRQCD Lagrangian

Schematic form of the Lagrangian up to quadratic order in singlet
and octet fields:

LpNRQCD 2 / d3xTr {5*/6555 + 0'Kpo0 + [STKsoO + H.c.]}

1 a rauv
_ZF;WF H (R7 t)

> Integration over relative distance r
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pPNRQCD Lagrangian

Schematic form of the Lagrangian up to quadratic order in singlet
and octet fields:

LpNRQCD 2 / d3xTr {5*/6555 + 0'Kpo0 + [STKsoO + H.c.]}

1 a rauv
_ZF;WF H (R7 t)

> Integration over relative distance r

» H.C. denotes hermitian conjugate
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pPNRQCD Lagrangian

Schematic form of the Lagrangian up to quadratic order in singlet
and octet fields:

LpNRQCD 2 / d3xTr {5*/6555 + 0'Kpo0 + [STKsoO + H.c.]}

1 a rauv
_ZF;WF H (R7 t)

> Integration over relative distance r
» H.C. denotes hermitian conjugate

» K includes charge conjuate terms
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pPNRQCD Lagrangian

Schematic form of the Lagrangian up to quadratic order in singlet
and octet fields:

EpNRQCD > / d3xTr {5“6555 + OT]CooO + [STICS()O + H.C.]}

1 a rauv
_ZF;WF H (R7 t)

v

Integration over relative distance r

v

H.C. denotes hermitian conjugate

v

KC includes charge conjuate terms

>
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pPNRQCD Lagrangian

Schematic form of the Lagrangian up to quadratic order in singlet
and octet fields:

EpNRQCD > / d3xTr {5“6555 + OT]CooO + [STICS()O + H.C.]}

1 a rauv
_ZF;WF H (R7 t)

v

Integration over relative distance r

v

H.C. denotes hermitian conjugate

v

KC includes charge conjuate terms
F2: ultrasoft gluons
We focus on the STKssS for the simplicity in this talk

v

>
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STKCssS [Brambilla, Gromes, Vairo, 2003]

Sticsss = ST (o0 + ﬁ{csﬂﬂ), vE} + Ci;)v%? — v
i g (7 Yow) v
+4\;;225rb2(r < V) — I\‘CIS212r§ (3(r ceMY(r- @) — r2e(). 0(2))
_ Z;;g e . @ 4 "ZIL\;-;a(, < V&) (oD — o@)

. ZL/\S;;( < V) (W) + (,(2>)) S

> (a,b): a denotes order of 1/M, b denotes order of r

» o(1/2): spin matrix for quark/antiquark
TU Miinchen
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Symmetries for the field transformation

We construct the most generalised form of the spatial boost for
the singlet field with following criteria

» Right behaviors under C, P, T
k2 kK <, —ook™ o, k > ooko

» Proper order of truncation: include up to 1/M and r

» Same criteria apply to both singlet and octet fields
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Generalised(!) boost transformation of singlet

(10)

/ _ I (170) . .
S(t,R,r)_< /\/I 7 - VR+4/\/I {ka, n-r,Vg V,}

i k(l’o) v v i {k(l’o) V( v )} n I kt()l,o)(
+4/\/1{6” roVrRm: f}+4M VAT VR P T g ) T

(20) . K)

) (2) (1) )

SM"V"’X< +ol)+ a2 (1 rx Vg) (r (o +0?))

k( ,0)

d//

— e (o rx (oW + @) (r- V) - 8iM [k, x (60— o2

ca {2 (=) v )

B SLM {k})};;l) (77 e (0(1) _ 0(2)>) r V,}) S(t,R',r)
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Seemingly more problems from the boost...

» More undetermined coefficients — more problems...?
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Seemingly more problems from the boost...

» More undetermined coefficients — more problems...?

» Not sol
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Seemingly more problems from the boost...

» More undetermined coefficients — more problems...?
> Not so!

» Coefficients be removed by field redefinition
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Seemingly more problems from the boost...

v

More undetermined coefficients — more problems...?

Not sol

v

v

Coefficients be removed by field redefinition

>
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Field redefinition by unitary transformation

Define new singlet via S = Z/{5§

> Us: unitary operator for singlet
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Field redefinition by unitary transformation

Define new singlet via S = Z/{5§
> Us: unitary operator for singlet

» Natural choice for unitary operator: exponential function with
operators on the exponents
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Field redefinition by unitary transformation

Define new singlet via S = Z/{5§
> Us: unitary operator for singlet

» Natural choice for unitary operator: exponential function with
operators on the exponents

» Exponents are to be anti-hermitian

Sungmin Hwang in collaboration with Matthias Berwein, Nora Brambilla, Antonio Vairo

TU Miinchen

Poincaré invariance in low-energy EFTs for QCD



Field redefinition by unitary transformation

Define new singlet via S = Z/{5§
> Us: unitary operator for singlet

» Natural choice for unitary operator: exponential function with
operators on the exponents

» Exponents are to be anti-hermitian

» What about the order of 1/M expansion on the exponents?
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Boost transformation of the “new"” field
Boost transformation of the new field S determines the order of

1/M expansions of the unitary operator:

S Ul =uf(1—n-kUsS
=[1 — Ul(in - k)Us + (SUL)Us]S
=(1—in-k —[2iMn - R,InUs] + O(1/M?))S

> L{/ST = Us + 6Us assumed
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Boost transformation of the “new” field

Boost transformation of the new field S determines the order of
1/M expansions of the unitary operator:
S =UJS =uUd(1—n-k)UsS
=[1 — Ul(in - k)Us + (SUL)Us]S
=(1—in-k —[2iMn - R,InUs] + O(1/M?))S

> L{/ST = Us + 6Us assumed
» Exponents of the unitary operator to be in the order of 1/M?
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Unitary operator for singlet
Motivated by [Brambilla, Gromes, Vairo, 2003]

L g (o) L o o
Us =exp {W{q VeV, Vel - oo {0 VeV, Vi)
(1,0)
1 (1,0) 2 1 ap 2
a {7 Ve Vi | (VR
. (1,0
+ Iq((f/)

gM2 /2 <r~VR X (C’(l) +‘7(2)>> (r- V)
8/\142 (@D, Ve x (eW - o@)}
g {05

g (T (o) 9 )
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Shift in boost coefficients

Plugging this into [2iMn - R, InUs] from the boost transformation
of S, we observe the following shifts in boost coefficients

KO, 4 30 5 (0 5 10)
KEO 5 (00 g0

1,0
2q§ )

(1,0) (1,0) (1,0)

ka/// — kam - 4qa///

1,0) (1,0)

— ky, 1.0)

kS — 4q}

> g's are freely chosen
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Shift in boost coefficients

Plugging this into [2iMn - R, InUs] from the boost transformation
of S, we observe the following shifts in boost coefficients

k(lvo) k(lvo) _ q(170) _ 2q(170)

a a/ a//
kL0, 10) 5 10) _

KO, L0 _ 4,10
kL(,LO) _ k[()l,O) . 4qi()1,0)

2qgl ,0)

> g's are freely chosen

» Eliminate as many terms as possible to simplify the
generalised expression of the boost
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Intermezzo

After dropping tilde notation on singlet

k(lO)
s = ( L VR+4M {k(”)n ", VR}
(1,0) (1,0)
ke ky
1 2 1 _ 52
8Mn VRx(a' +o )+8M2(77 rxVR)( (a' o ))
L (10)

d’’

Yy (77 or X (a(l) + 0'(2))> (r-Vg)— iMn V, x (0'(1) — 0'(2)>>
xS(t,R',r'Y=(1—-in-k)S

» 5 coefficients to be determined
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Intermezzo

After dropping tilde notation on singlet

4M 4M

k;\/(;)n Vk X (a(l) + 0'(2)) + g,t,oi (n-rx VR)( (0(1) _ a_(z)))

- g‘/(’\i;(:: (77 X (a(l) + 0'(2))> (r-Vg)— iMn V, x (0'(1) - 0'(2)>>

xS(t,R',r'Y=(1—-in-k)S

k(lO) 10
s = n-Vg+ {k( 'y rV, VR}

» 5 coefficients to be determined

» Any other constraints to impose?
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1st constraint: commutation relation
» Commutation relation between boost generators k
[1— i€ k,1—in-Kk|S=i(€ xn) jS

fixes coefficients: k(1 0 — 10 = 1 and kc(,, 0 = k((;/o) =0
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1st constraint: commutation relation
» Commutation relation between boost generators k
[1— i€ k,1—in-Kk|S=i(€ xn) jS

fixes coefficients: k(1 0 _ k(1 0 _ =1 and kc(,, 0 _ k((;/o) =0
» Boost simplified further:

(10)
I
S = ( 4M n- VR+—{17 r,V, Vg}
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1st constraint: commutation relation
» Commutation relation between boost generators k
[1— i€ k,1—in-Kk|S=i(€ xn) jS

fixes coefficients: k(1 0 _ k(1 0 _ =1 and kc(,, 0 _ k((;/o) =0
» Boost simplified further:

(10)
I
S = ( 4M n- VR+—{17 r,V, Vg}

1 . )
> k(D 0) remains to be constrained
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2nd constraint: Lorentz invariance
» After taking the boost transformation upon the Lagrangian

§Los — ST(i< (“”)n vR_ﬁ(kgm “‘”)n V 2%

1
(Viesa + Vizso + 5 V& )m - Vg

o
M

s (Vizsa + 50V (0 1)(r - V)
2}\/, (VLgsa + 8 V. 0)) (0'(1) — 0'(2)) X r)S

is to vanish up to total der|vat|ves.

TU Miinchen

Sungmin Hwang in collaboration with Matthias Berwein, Nora Brambilla, Antonio Vairo

Poincaré invariance in low-energy EFTs for QCD



2nd constraint: Lorentz invariance
» After taking the boost transformation upon the Lagrangian

§Los — sf(i( (“”)n vR_ﬁ(kgm “‘”)n V 2%

1
(Viesa + Vizso + 5 V& )m - Vg

X
(Viesa + av“’)( )(r- Vg)

2}\/] (VLgsa + 8 V. 0)) (0'(1) — 0'(2)) X r)S

is to vanish up to total der|vat|ves.
» Constraints on the Wilson coefficients are found:

M2

1
kg,o) = cél’o) =1, Vps,+ Vies, + EVS(O) =0,
r 0 1 0
Vizsa = =30 VO Viss, = —5,0r v

TU Miinchen
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Coda

Finalised version of the boost after free parameters are chosen

i

S'(t,R,r) = (1—2/Mn~R+—n'VR+W{n~r,VR~V,}

am
1 1
i1V x (60 +0@) = o ¥, x (oW - o)

+0(1/M3)) S(¢',R',¥)

» But why choose the free parameters as was shown?
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Coda

Finalised version of the boost after free parameters are chosen

S’(t,R,r):<1—2//\/ln R+ M” Ve + ;w{n~r,VR~V,}
1 1
ik Vi x (o (1)+U(2))_Wn V, x (e — @)

+0(1/M3)) S(¢',R',¥)

» But why choose the free parameters as was shown?

» This matches to the one from induced representation from
Wigner's little group formalism

Sungmin Hwang in collaboration with Matthias Berwein, Nora Brambilla, Antonio Vairo TU Miinchen

Poincaré invariance in low-energy EFTs for QCD



Coda

Finalised version of the boost after free parameters are chosen

S’(t,R,r):<1—2//\/ln R+ M” Ve + ;w{n~r,VR~V,}
1 1
ik Vi x (o (1)+U(2))_Wn V, x (e — @)

+0(1/M3)) S(¢',R',¥)

» But why choose the free parameters as was shown?

» This matches to the one from induced representation from
Wigner's little group formalism

» Bottomline: boost from induced representation is rather a
particular choice in the non-interacting theory
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Epilogue: another application

Soft collinear effective theory (SCET)
» B meson decay to light and energetic hadrons

» Different power counting scheme in EFT expansion:
A = Agcp/E instead of 1/M

» DOF: collinear quarks and gluons, soft gluons
» Transformation of the field with similar scheme
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Summary and Outlook

Summary

» Lagrangian structure of NRQCD (bilinear sector)

» Boost transformations in NRQCD and constraints on the
Wilson coefficients
Lagrangian structure of pPNRQCD (bilinear sector)

v

Boost transformations in pNRQCD and constraints on the
Wilson coefficients

Outlook
» SCET (work in progress)

v

» Dark matter candidates (bottom-up approach in EFT)
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Thank you for your attention.
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Little group element

» L(p) a rotation in the plane of k/M = w and p/M = v:

Lw,v)k = gt — (w’wy, + viv,) + whv, — viw,

1+v-w
» For A = B(n), B(n)v = v +n, and explicit form of the boost:
B}, = gl — (v, — n"w) + O(n?)

» Little group element for the infinitesimal boost:

TR
Wwwm)=1+ﬂﬁj7jfﬁ—ﬁﬁmﬂ+0W)

where pi =p’ —(v-p)v’ and (T, = i(gﬁgf —gﬁgf)
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Unitary operator: octet-octet
» Unitary operator for the octet - octet sector

(—iDg - (k%7 + k&Y + k&) + hee.

U, = exp[zM

» Boost on the octet after the field redefinition:

0 = (1-mk R gB) ) - LROe( - gE)
2M{/<1°)n-rvr-D;;>}— — (k- Drym -V,

+ +O(M2))o

» Similar shift in the parameters
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Constraints: octet-octet sector (1/2)

Octet - octet sector includes:

Lo0 3 of(mvggg( NV, rx gB}

+W{(v Dg). Voo (1)(r - gE)}
16M2{V D7, Voo (r)PgE'}
+ 1 VD VO (1) gE)

1 Vé%‘;’( )

eV DY, re(r - E)})o+c.c.
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Constraints: octet-octet sector (2/2)

Constraints under the little group:

VB2 VD < o
Voor = Voo = 2
Ve, = 0
Viod = 0 (1)
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