Problems for SM /Higgs (I)

1

Draw all possible Feynman diagrams (at the lowest level in perturbation theory) for the processes
ete™ — putu™, vebe, vy, ZZ, WTW . Likewise, draw all possible Feynman diagrams (at lowest
order and at the partonic level) for the processes pp — dd, tt, vy, ZZ, WTW—, W+Z.

2
Using
L = (D, H) (D" H) (1)
where )
L . (H
D,H = <8u —5i9 7 W, — zqg/ )g/ BM> H (2)
and qg,H) = —1/2, check that the mass eigenstates of the gauge bosons are
1 1172
W:t —_ W# + ZW#
: V2
Z, = cos GWWS — sin by By,
A, = sin HWWS + cos Ow By, (3)
with
g/
tanfy = =, e =gsinfy (4)
g

Check also that the mass eigenvalues are
1
MEV = 1921}27 M% = 7(92 + 9/2)U27 Ms=0 (5)

where v is the Higgs VEV.

3

Consider the lifetimes of the p and 7 leptons, the different channel in which they can decay and the
different branching ratios. More precisely, discuss

1. Why does the p have just one decay mode (u — ev.v,) while the 7 has several ones.

2. Using m, ~ 106 MeV, m, ~ 1777 MeV and T, ~ 2.2 x 1076 sec, T, ~ 2.9 x 10713 sec,
estimate the fraction of 7 decays into ever; and compare with the observed BR(7 — evev; )~
(17.85 4 0.005) %. What do you expect for BR(r — uv,v,)? And for BR(7 — hadrons)?



1. Show that the SM does not violate CP unless the number of generations is > 3. In order to
do that, count the number of real parameters (angles) and phases of the Vg, if there were
just two generations of quarks.

2. Do the same exercise for the lepton sector, assuming that neutrinos have Majorana masses:
count the number of the number of angles and phases of the Up;yg matrix (the equivalent of
Vexar in the lepton sector) for two and three generations.

Could it be possible to have CP violation in the lepton sector with just two generations?
Note: the leptonic Lagrangian with Majorana masses for the neutrinos has the form
T [7,.C 1 T
—Lep = L' Y He® + §VLM’/L + h.c. (6)

Here Y, can be assumed to be diagonal (by appropriate rotation of L and e®). The MNS
matrix is the unitary matrix that diagonalizes M, i.e. M = U*D,U".

5

Determine what types of heavy particle could generate by tree-level interchange the d=>5 operator

V(L H) Ly, H). (")

which leads to Majorana masses for left-handed neutrinos. Find all different possibilities, giving for
each the quantum numbers of the heavy particle being exchanged.



Solutions to Problems for SM/Higgs (I)

1

I think this is straightforward

2
Using (H) = (v/v/2,0), the relevant piece of Jkli{rilggs is

v? 1., - 1 1., =, 1.
5 { <21g g-W,— gzg' BM> <—27,g a-Wk++ Ezg’ Bu) }11 (8)
Taking into account
Uagb = ZZ €abcOc + Oap 1 (9)
C
we see that
v? _ v? 12 2 2 : ay2 1717
5{ }11 8] g Bu+g Z(WM) — 299 W5 B,
a=1
¢ 0 0 0 W;
v? 0 ¢> 0 0 w?
- 2 Wl,W2,W3,B M 10
) ( o o o N) 0 0 g2 _gg/ WE ( )
0 0 —gg g7 B,

Diagonalizing these matrix one finds the correct mass eigenvalues and eigenstates. Since Wﬁ, W/f
are degenerate, the let states are as good as Wl}, Wﬁ:

(Wh2+ (W2)? =2W,iw,, (11)

However the Wﬁt states have physical meaning since they have definite electric charges. You can
check this by considering the infinitesimal transformation

a a aoc C 1 a
Wi — W+ fPWhat + P (12)

with a! = a? =0, o® = const.

1. The first point is trivial.

2. The amplitude for the muon decay p — et.v, is proportional to the Fermi constant, A ~ G,

so that the decay probability goes like |A|? ~ G% ~ [mass|*. Neglecting the electron mass,



me < my,, the only relevant mass scale is m,, and, therefore, the muon width I'), = 1/T), =
c G%mz, where ¢ is some numerical coefficient that takes care of the kinematics.

The partial width of the 7 into the ev v, channel is also controlled by G g and, within the same
approximation of neglecting m, < m., will go as Al'; = ¢ G%mi with the same constant c.
Knowing the total widths 1/T},, 1/T> =T';, we get

BR(7 — elery) =

AT, T,Al, T, (m;\°
= kT <m> = 0.18 (13)

r, TI,T, T,
which is a very good estimate of the measured BR.

The decay 7 — pv,v; will proceed along a similar G coupling and the corresponding BR will
be of the same order, except a little bit lower due to the phase space factors (since m, > me).
This can be checked in the PDG review of particle properties.

Concerning BR(7 — hadrons), one can follow similar steps. For kinematic reasons, there is
just one hadronic channel (at the quark level) 7 — duv,. The amplitude of this decay is
roughly similar to that of 7 — ev.v, and 7 — uv,v,.. However the quarks have three colors,
so there are three different hadronic final states. Hence the BR for 7—hadronic decays should
be roughly three times BR(7 — duv,) and BR(r — duv;).

Consequently, the total BR for hadronic 7—decays should be about 60%, which is not far from
the experimental value.



4

(a) Starting in a basis where the kinetic (and thus gauge) interactions are flavor-diagona, the

quark part of the SM Lagrangian reads
Z D Z QiDQi + Z dipd; + Z u; Pu;
— (QF (Vu)yHd + QF (Yu)iy HuS + h.c.) (14)
The Yy, Y, matrices (in generation space) can be diagonalized using two unitary matrices:
Yy =Uj Dy,Uqp, Y, = Ul Dy,Uyp. (15)

Replacing these expressions in .Z and redefining Uy, @ — Q, Ug,d® — d°, Uy u® — d°,
the Lagrangian reads

Z — —(Q"Dy,Hd* + Q"U}; Ul Dy, Hu +h.c.) + Lan/gange + - (16)
(Note that Ly /gauge Temains invariant.). The matrix

. T
U= (U;UL) =U, U} (17)

ur

is essentially the CKM matrix, but it can be simplified using field redefinitions.

In principle U is a complex 3 x 3 complex matrix (thus having 18 real parameters), but
the unitarity condition UTU = 1 eliminates nine of them, so U has 9 (real) parameters.
As any other unitary matrix, it can be parametrized in the following way:

U=oU'dy (18)
where @1 5 are diagonal (3 x 3) matrices whose entries are phases:
P, = diag(e'®1, e'22, ¢'23), by = diag(eiﬁl,ew2, eiﬁ3), (19)

and U’ contains the remaining parameters. One of the phases in ® 5, say a3 is irrelevant,
since multiplying ®; by e7* x 1 and ®, by €3 x 1 does not affect U’, but cancels the
third entry of ®; . So we can take

O = diag(e’™, 2, 1), ®y = diag(e"™, e, '), (20)

In summary we have taken out 5 out of the 9 parameters in U. Thus U’ still has 4 pa-
rameters, and they must include one phase since if U were real, it would be an orthogonal
matrix. But orthogonal 3 x 3 matrices have just three parameters (e.g. the three Euler
angles).

Now, looking at eq.(16), the phases in ®; (®2) can be re-absorbed in a redefinition of
u® (Q). Then the latter phase re-appears in the first term of eq.(16), but it can be re-
absorbed in a redifinition of d° since the Yukawa matrix of the d—quarks has diagonal
form. But the phase in U’ cannot be re-absorbed. This U’ with 4 parameters is the CKM
matrix.



Consequently the mass matrix for the u—quarks has a phase which cannot be re-absorbed,
and thus the theory is not CP-conserving.

Following the same steps for the 2-generation case we arrive at a U’ matrix which has
just one parameter. SInce an orthogonal 2 x 2 matrix has just one parameter (a rotation
angle), one concludes that, for two generations, CP cannot be violated in the quark sector
of the SM.

For the leptonic case we have
_ 1
D%ep = — (LT}/eHeC + ngMVL + h.C.) + ,Zkin/gauge 4+ .. (21)

Y., M are matrices in generation-space (we drop indices). recall that Y, can be assumed
to be diagonal (by appropriate rotation of Ly, and e®). The MNS matrix is essentially the
unitary matrix that diagonalizes M, i.e.

M =U*D,U". (22)
U can be factorized in a way similar to eq.(18), i.e.
U=o,VP, (23)
where we choose
P, = diag(e'1, e'*2, £'3), ®y = diag(er, €72, 1), (24)
So the neutrino mass term of the Lagrangian reads
vl @1V e5D,d5V 0T vy + he. (25)

Now we can redefine ®jv;, — vr (actually we must redefine the whole L doublets, i.e.
®iL; — Lp). Then a diagonal phase appears in the first term of (21), which can be
re-absorbed in a redefinition of e® since Y, is diagonal.

At the end of the day, the part of the U matrix, eq.(23), that cannot be re-absorbed is:
Vuns = VP (26)

where V has a structure similar to Uckps. So in this case there are two extra phases that
can trigger CP violation.

Following the same steps for the case of two generations one arrives at a Vjsng with the
same structure as eq.(26). So there is a phase that cannot be absorbed and, consequently,
CP can vilated in the neutrino sector, even with just two generations. (I think this is
correct!).
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