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why lattice field theory



standard model of particle physics



Quantum ChromoDynamics

QFT that describes the strong interaction at 
a fundamental level

Distinctive features:
asymptotic freedom: interaction grows weaker at shorter distances;
quarks and gluons confined into colourless bound states (hadrons);
spontaneous symmetry breaking determines low-energy dynamics.

Elementary d.o.f.: gluon exchanges between 
colour charges (cf. QED: photon exchanges 
between electrically charged particles).



asymptotic freedom

Asymptotic freedom: QCD coupling is 
weak at short distances (high energies), 
strong at long distances (low energies).



asymptotic freedom

Asymptotic freedom: QCD coupling is 
weak at short distances (high energies), 
strong at long distances (low energies).



high-energy regime: quarks weakly 
coupled, “seen” as individual entities 
by sufficiently energetic probes

perturbation theory applicable

asymptotic freedom



asymptotic freedom



Figures 2a and 2b: 
Real Jets
These are pictures of the results of 
electron-positron collisions at LEP, taken 
by the L3 collaboration led by Professors Ting,
Becker, and Fisher.The alignment of energetic
particles in jets is visible to the naked eye.

Figures 2c and 2d: 
Conceptual Jets
These diagrams represent our conceptual
model of the deep structure beneath jet
production as it is observed. Electrons and
positrons annihilate into “pure energy”
(a virtual photon, actually), which
materializes into a quark-antiquark pair.
The quark and antiquark usually dress
themselves with soft radiation, as described
in the text, and we observe a two-jet event.
About 10% of the time, however, a hard
gluon is radiated.Then quark, antiquark,
and gluon all dress themselves with soft

radiation, and we see three
jets. Figures 2c and 2d
have been drawn to
parallel the geometry of
the observations shown in
Figures 2a and 2b. (N.B.
To keep things simple, I
have not tried to maintain
the full color scheme from
Figure 1.)
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When we examine the results of collisions at LEP, we find there are two broad
classes of outcomes. Each happens about half the time.

In one class, the final state consists of a particle and its antiparticle moving
rapidly in opposite directions. These could be an electron and an antielectron

a muon and an antimuon or a tau and an antitau The little
superscripts denote signs of their electric charges, which are all of the same
absolute magnitude. These particles, collectively called leptons, are all closely
similar in their properties.

Leptons do not carry color charges, so their main interactions are with photons,
and thus their behavior should be governed by the rules of QED.

This is reflected, first of all, in the simplicityof their final states. Once produced,
any of these particles could—in the language of Feynman diagrams—attach a
photon using a QED hub, or alternatively, in physical terms, radiate a photon. The
basic coupling of photons to a unit charge is fairly weak, however. Therefore
each attachment is predicted to decrease the probability of the process being
described, and so the most usual case is no attachment.

In fact, the final state , including a photon, does occur, with about 1%
of the rate of simply (and similarly for the other leptons). By studying thee−e+
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infrared slavery

low-energy regime: quarks strongly 
coupled, relevant degrees of freedom 
are hadrons

perturbation theory breaks down
need of formulation, computational techniques



how strong?

electromagnetism:

strong interaction:

Ebind(H)
(me + mp)c2

� 1.4× 10−7

Ebind(proton)
(2mu + md)c2

∼ 60

vast majority of mass of baryonic matter = strong interaction binding energy



dark energy
72%

ordinary matter
5%

dark matter
23%

how strong?

?????

???

vast majority of mass of baryonic matter = strong interaction binding energy



how strong? confinement and strings

non-trivial vacuum dynamics plays crucial role in hadronic regime



how strong? confinement and strings

series.2 At αqq(µ) ≈ 0.2, the difference αqq(µ) − h(αSF(µ/s0)) is not significant
at all. We conclude that also in eq. (13) a large non-perturbative term at short
distances is excluded.

Figure 4: The potential compared to different perturbative expressions. Here,
rc = 0.54r0 [8].

Finally we show in Fig. 4 the static potential itself [8] compared to different
perturbative approximations. Full line and short dashes are given by

V (r) = V (0.15r0) +
∫ r

0.15r0

dyF (y) , F (r) = CFr2αqq(1/r) (14)

with the 3-loop and 2-loop RG-solution for αqq. Since we know that the 3-loop
RG-solution for αqq is accurate, this also hold for V (r) computed through eq. (14).
Again, the full line moves very close to the data points (r < 0.5r0), when Λr0 at
the upper end of the error bar of eq. (6) is inserted. The long dashes represent
eq. (9) with the 3-loop RG-solution for αV . As it was to be expected due to the
missing stability of this perturbative expression, it fails in describing the potential.

2 Note that the next order correction is formally enhanced by a logarithm of α, which
originates from a resummation of IR divergent terms. It reads (A log(α) + B)α4 [23,24,14].
While A = 9/(4π) has recently been calculated [25,26], B is not known. The Aα4 log(α) term
by itself constitutes a small correction in the figure, which would slightly enlarge the difference
between h(αSF(µ/s0)) and αqq(µ).

8

non-trivial vacuum dynamics plays crucial role in hadronic regime

σ ≈ (0.4 GeV)2

[Necco, Sommer 2001]
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how strong? confinement and strings

String tension from Polyakov loop correlators

�❅ ❅�

0 rt = 0

t = β = 1/T

Φ(�x) = Tr P exp

�� β

0
dt G0(�x , t)

�
,

�Φ(0)∗Φ(r)� ∼ exp (−βV (r)) , V (r) ∼ σr

σ ≈ (0.4GeV)2 ≈ 105N
As strong as a cm-thick steel cable, but 13 orders of magnitude thinner.

similar to a cm-thick steel cable, but 13 orders of magnitude thinner

non-trivial vacuum dynamics plays crucial role in hadronic regime

σ ≈ (0.4 GeV)2



how strong? confinement and strings

non-trivial vacuum dynamics plays crucial role in hadronic regime

F ∼ 105 N



why lattice field theory

crucial tool to understand physics in a hadronic environment (or: any other strongly 
coupled dynamics in HEP)

validate QCD as fundamental theory of strong interaction at low energies 

understand confinement

understand spontaneous chiral symmetry breaking (QCD; EWSB?)

compute basic hadron properties

compute electroweak amplitudes involving hadrons

study exotic states of matter (quark-gluon plasma, ...)

.........



how lattice field theory

define fields on discrete spacetime ⇒ introduce cutoff in a gauge-invariant, 
nonperturbative way

[no free lunch: break Poincaré symmetry, face subtleties regarding discrete 
symmetries]

quantise using path integral formalism

remove cutoff non-perturbatively by exploiting renormalisation group

Lattice sizes, quark masses, . . .

Systematic limitations

Lattice-spacing and finite-volume
effects

The light-quark mass m is larger
than the physical one

a

L

Available range of a, L,m must be such that the results can be
extrapolated to a→ 0, L→∞ and m→ 0

Niels Bohr Institute, 16.–18. August 2006 Lattice sizes, quark masses, ... 6/31

[Wilson 1974]
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how lattice field theory



Euclidean correlation functions

Minkowski space:

�0|φ(x)φ(0)|0� = �0|φ(0,x)e−iHx0φ(0)|0�

extend to analytic function for                 (n.b.:           )Im x0 < 0 H ≥ 0

⇒ for              we can define:x0 > 0

�φ(x)φ(0)� = �0|φ(x)φ(0)|0�x0→−ix0 = �0|φ(0,x)e−Hx0φ(0)|0�

n-point functions (ordered times):

�φ(x1) · · · φ(xn)� = �0|φ(0,x1)e−H(x1−x2)0φ(0,x2)−H(xn−1−xn)0φ(0,xn)|0�

theorem: Euclidean n-point functions are real, analytic functions in                 , 
with power singularities at coinciding points (contact terms).

x1, . . . , xn

[Pauli, Jost, Streater & Wightman, ...]



Euclidean correlation functions

example: (charged) pion two-point function

computation of hadron masses, simple 
hadronic matrix elements, ... does not 
require analytic continuation back to 
Minkowski space

G(x0) =
�

d3x �(

≡P (x)
����
ūγ5d )(x) (d̄γ5u)(0)� = −�0|P (0,x)e−Hx0P (0,0)|0�

= −

�

PS

�0|P (0,x)e−Hx0 |PS��PS|P (0,0)|0�

= −e−Mπx0 |�0|P (x)|π�|2 + O(e−3Mπx0)

x0

G�x0�



free matter fields on a lattice
Lattice sizes, quark masses, . . .

Systematic limitations

Lattice-spacing and finite-volume
effects

The light-quark mass m is larger
than the physical one

a

L

Available range of a, L,m must be such that the results can be
extrapolated to a→ 0, L→∞ and m→ 0

Niels Bohr Institute, 16.–18. August 2006 Lattice sizes, quark masses, ... 6/31

replace Euclidean spacetime by 4-dimensional hypercubic lattice

x = a (n0, n1, n2, n3) , nµ ∈ Z

a ≡ lattice spacing

L/a ≡ lattice size

L ≤ ∞ , possibly T �= L

lattice “derivatives” (difference operators):

∂µf(x) =
1
a
{f(x + aµ̂)− f(x)}

∂∗µf(x) =
1
a
{f(x)− f(x− aµ̂)}

Forward & backward lattice “derivatives”

x
xµ

xν∂µψ(x) = {ψ(x + aµ̂)− ψ(x)} /a

∂∗µ ψ(x) = {ψ(x)− ψ(x− aµ̂)} /a

In momentum space

∂µ →
1

a

�
e
iapµ − 1

�
= ipµ {1 + O(ap)}

1
2(∂∗µ + ∂µ) → i

a
sin(apµ) ≡ ip̊µ

∂∗µ ∂µ → −p̂µp̂µ, p̂µ ≡
2

a
sin

�apµ

2

�

Benasque, 13.–25. July 2008 Lattice quark fields 10/17



free matter fields on a lattice
Lattice sizes, quark masses, . . .

Systematic limitations

Lattice-spacing and finite-volume
effects

The light-quark mass m is larger
than the physical one

a

L

Available range of a, L,m must be such that the results can be
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replace Euclidean spacetime by 4-dimensional hypercubic lattice

x = a (n0, n1, n2, n3) , nµ ∈ Z

a ≡ lattice spacing

L/a ≡ lattice size

L ≤ ∞ , possibly T �= L

Fourier transform:

f̃(p) = a4
�

x

e−ipxf(x) ⇔ f(x) =
� +π/a

−π/a

d4p

(2π)4
eipxf̃(p)

momentum cutoff

∂∗µ∂µ → −p̂µp̂µ , p̂µ ≡
2
a

sin
�apµ

2

�1
2
(∂∗µ + ∂µ)→ i

a
sin(apµ) ≡ ip̊µ ;



free matter fields on a lattice

action for a free real scalar field:

Scont =
�

d4x

�
1
2

(∂µφ)2 +
m2

2
φ2

�

Slatt = a4
�

x

�
1
2

�
1
2 (∂

∗
µ + ∂µ)φ

�2 +
m2

2
φ2

�

= a4
�

x,µ

1
4a2

[φ(x + aµ̂)− φ(x− aµ̂)]2 + a4
�

x

m2

2
φ(x)2



free matter fields on a lattice

action for a free (Dirac) fermion field:

Scont =
�

d4x ψ̄(x) [γµ∂µ + m]ψ(x) ; {γµ, γν} = 2δµν , γ†
µ = γµ

Slatt = a4
�

x

ψ̄(x)
�

1
2

�
γµ(∂∗µ + ∂µ)

�
+ m

�
ψ(x)



free matter fields on a lattice

action for a free (Dirac) fermion field:

Scont =
�

d4x ψ̄(x) [γµ∂µ + m]ψ(x) ; {γµ, γν} = 2δµν , γ†
µ = γµ

Dw =
�

µ

1
2

�
γµ(∂∗µ + ∂µ)− a∂∗µ∂µ

�

→ iγµp̊µ + 1
2ap̂2

Wilson-Dirac operator
(n.b. it is a very large, sparse matrix!)

Slatt = a4
�

x

ψ̄(x)
�

1
2

�
γµ(∂∗µ + ∂µ)−a∂∗µ∂µ

�
+ m

�
ψ(x)



free matter fields on a lattice

quark field two-point function — continuum:

quark field two-point function — lattice:

�ψ(x)ψ̄(0)� =
� + π

a

−π
a

d4p

(2π)4
eipx

iγµp̊µ + 1
2ap̂2 + m

←→ (Dw + m)�ψ(x)ψ̄(0)� = a−4δx0

�ψ(x)ψ̄(0)� =
�

d4p

(2π)4
eipx

iγµpµ + m
←→ (γµ∂µ + m)�ψ(x)ψ̄(0)� = δ(x)

[Källén-Lehmann representation]

=
� + π

a

−π
a

d3p

(2π)3
e−�px0+ip·x ρp

spectral density

�p =
2
a

asinh

�
a

2

�
p̊2 + m2

p

1 + amp

�

mp ≡ m + 1
2ap̂

2 , ρp =



free matter fields on a lattice

Taking the (naive) continuum limit:

the lattice spacing simply sets the scale (“standard ruler”):

therefore, the CL is obtained by setting all physical scales far away from the 
lattice spacing,

one can check e.g. that the Wilson-Dirac propagator has the correct CL:

Φ(a, m, p, . . .) = adΦ Φ(1, am, ap, . . .)

m� a−1 , |p|� a−1 , |x|� a , . . .

�p =
�

m2 + p2 + O(am, ap)

ρp =
iγµpµ −m

2ip0

����
p0=i

√
m2+p2

+ O(am, ap)



free matter fields on a lattice

Taking the (naive) continuum limit:

the lattice spacing simply sets the scale (“standard ruler”):

therefore, the CL is obtained by setting all physical scales far away from the 
lattice spacing,

one can check e.g. that the Wilson-Dirac propagator has the correct CL:

Φ(a, m, p, . . .) = adΦ Φ(1, am, ap, . . .)

m� a−1 , |p|� a−1 , |x|� a , . . .

�p =
�

m2 + p2 + O(am, ap)

ρp =
iγµpµ −m

2ip0

����
p0=i

√
m2+p2

+ O(am, ap)

taking the CL in an interacting theory will be much more complicated:

the lattice spacing will depend on dynamical quantities (e.g. in a gauge theory 
it will be related to the gauge coupling)

in the presence of interactions, all couplings and correlation functions will 
require renormalisation (unless protected by symmetries)



free matter fields on a lattice

so, why did we introduce the Wilson term?

Dw =
�

µ

1
2

�
γµ(∂∗µ + ∂µ)−a∂∗µ∂µ

�

irrelevant in CL (disappears as          ) ...

... but breaks chiral symmetry at          !

a→ 0
a �= 0

However

0
p = (p1,0 ,0)

εp

π /a−π /a

Wilson

w/o Wilson

⇒ w/o Wilson term there are additional states with energy � π/a

⇒ wrong continuum limit!

Benasque, 13.–25. July 2008 Wilson term 17/17

wrong continuum limit without 
Wi l son te rm : add i t iona l 
massless states (“doublers”) 
with energy           !� π/a



free matter fields on a lattice

so, why did we introduce the Wilson term?

Dw =
�

µ

1
2

�
γµ(∂∗µ + ∂µ)−a∂∗µ∂µ

�

irrelevant in CL (disappears as          ) ...

... but breaks chiral symmetry at          !

a→ 0
a �= 0

N.B.: several other actions for lattice fermions exist, that treat the doubling/chiral 
symmetry breaking problem in various ways — including the exact preservation of 
(a generalised form of) chiral symmetry — which in turn provides insight into the 
very nature of the latter. 

staggered (Kogut-Susskind) fermions

Wilson twisted-mass QCD

Ginsparg-Wilson fermions (Neuberger, domain wall, fixed-point ...)

...



gauge fields on a lattice

gauge transformations and covariant derivatives in continuum theory:

ψ(x) → Λ(x)ψ(x) , Λ(x) ∈ SU(N)

Dµψ = (∂µ − iAµ)ψ , Aµ → ΛAµΛ† + iΛ∂µΛ†

the gauge potential provides a connection between colour spaces at infinitesimally 
separated points in spacetime



gauge fields on a lattice

on the lattice:

∂µf(x) =
1
a
{f(x + aµ̂)− f(x)} → 1

a
{Λ(x + aµ̂)f(x + aµ̂)− Λ(x)f(x)}

Uµ(x) → Λ(x)Uµ(x)Λ(x + aµ̂)† , Uµ(x) ∈ SU(3) colour transport

∇µf(x) ≡ 1
a
{Uµ(x)f(x + aµ̂)− f(x)} → Λ(x)∇µf(x) covariant diff. op.



gauge fields on a lattice

on the lattice:

∂µf(x) =
1
a
{f(x + aµ̂)− f(x)} → 1

a
{Λ(x + aµ̂)f(x + aµ̂)− Λ(x)f(x)}

Uµ(x) → Λ(x)Uµ(x)Λ(x + aµ̂)† , Uµ(x) ∈ SU(3) colour transport

∇µf(x) ≡ 1
a
{Uµ(x)f(x + aµ̂)− f(x)} → Λ(x)∇µf(x) covariant diff. op.

similarly, define a covariant backward derivative and a covariant Wilson-Dirac 
operator:

∇∗
µf(x) ≡ 1

a
{f(x)Uµ(x− aµ̂)†f(x− aµ̂)}

Dw =
1
2

�

µ

�
γµ(∇∗

µ +∇µ)− a∇∗
µ∇µ

�

an            lattice gauge field is an assignment of an            
matrix           to every link on the lattice

SU(N) SU(N)
Uµ(x)

Similarly

∇∗µ ψ(x) =
1
a

�
ψ(x)− U(x− aµ̂, µ)−1ψ(x− aµ̂)

�

⇒ gauge-covariant Wilson–Dirac operator

Dw =
3�

µ=0

1
2 {γµ(∇∗µ +∇µ )− a∇∗µ∇µ}

An SU(3) lattice gauge field is an assignment of a matrix

U(x, µ) ∈ SU(3)

to every link (x, x + aµ̂) on the lattice

µ̂x x+a

Benasque, 13.–25. July 2008 SU(3) lattice gauge fields 4/19



gauge fields on a lattice

Wilson lines: any path-ordered product of gauge 
links is gauge covariantMore generally, for any lattice curve C

U(x, y; C) = ordered product of U ’s

U(x, y; C)→ Λ(x)U(x, y; C)Λ(y)−1

y

x

In particular, for any closed curve, the Wilson loop

W (C) = tr{U(x, x; C)}

is gauge-invariant and independent of x

Benasque, 13.–25. July 2008 Wilson lines 6/19

U(x, y;P) → Λ(x)U(x, y;P)Λ(y)†

Wilson loops: the trace of a closed loop is gauge 
invariant

W (P) = tr[U(x, x;P)] → W (P)
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Wilson lines

May build gauge-covariant products

U(x, µ)U(x + aµ̂, ν)

U(x, µ)U(x + aµ̂− aν̂, ν)−1

U(x, µ)U(x + aµ̂, ν)U(x + aν̂, µ)−1U(x, ν)−1

“plaquette loop”

µ̂

µ̂ ν̂

x x+a

x+a +a

µ̂

ν̂µ̂

x x+a

x+a −a

µ̂

µ̂ ν̂ν̂x+a

x x+a

x+a +a

Benasque, 13.–25. July 2008 Wilson lines 5/19
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U(x, y;P) → Λ(x)U(x, y;P)Λ(y)†

Uµ(x)Uν(x + aµ̂)

Uµ(x)Uν(x + aµ̂− aν̂)†

Uµ(x)Uν(x + aµ̂)Uµ(x + aν̂)†Uν(x)†plaquette loop:

Wilson loops: the trace of a closed loop is gauge 
invariant

W (P) = tr[U(x, x;P)] → W (P)



gauge fields on a lattice

classical continuum limit: how can we ...

connect link variables to continuum gauge potential?

construct an action that reduces to the correct classical Yang-Mills 
theory in the continuum limit?

links = continuum Wilson lines (parallel transport) along corresponding paths

Similarly

∇∗µ ψ(x) =
1
a

�
ψ(x)− U(x− aµ̂, µ)−1ψ(x− aµ̂)

�

⇒ gauge-covariant Wilson–Dirac operator

Dw =
3�

µ=0

1
2 {γµ(∇∗µ +∇µ )− a∇∗µ∇µ}

An SU(3) lattice gauge field is an assignment of a matrix

U(x, µ) ∈ SU(3)

to every link (x, x + aµ̂) on the lattice

µ̂x x+a
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Uµ(x) = P exp
�

ia

� 1

0
dt Aµ(x + (1− t)aµ̂)

�

= 1 + iaAµ(x) +O(a2)

mapping             uniquely defined, gauge covariantA→ U



gauge fields on a lattice

classical continuum limit: how can we ...

connect link variables to continuum gauge potential?

construct an action that reduces to the correct classical Yang-Mills 
theory in the continuum limit?

links = continuum Wilson lines (parallel transport) along corresponding paths

Gauge-invariant local lattice fields

Examples of quark bilinear fields

ψψ, ψγ5τ
aψ, ψQγµψ,

ψγµ∇ν ψ, ψ∇µ∇ν ψ, . . .

“Plaquette” and ”rectangle” fields

Pµν(x) = Re tr{1− U(x, x; )},

Rµν(x) = Re tr{1− U(x, x; )}

x

x

xµ

xν

Benasque, 13.–25. July 2008 Gauge-invariant local fields 10/19

Rµν(x) = Re tr{1− U(x, x;��)}

= −2a4tr{Fµν(x)Fµν(x)} + O(a5)

Pµν(x) = Re tr{1− U(x, x;�)}

= − 1
2a

4tr{Fµν(x)Fµν(x)} + O(a5)

any gauge-invariant, local continuum field can be represented in the lattice; 
however, the representation is not unique.

[different!]



lattice QCD

classical continuum limit well understood for gauge and free fermion fields: lattice 
fields can be classified by their leading behaviour in the CL

now we know how to construct gauge-invariant operators involving both fermion 
and gauge fields on the lattice

trPµν(x) , trRµν(x) , . . .

ψ̄ψ , ψ̄γ5τ
aψ , . . .

ψ̄γµ(∇∗
µ +∇µ)ψ , ψ̄∇µ∇νψ , . . .

O(x) ∼
a→0

�

n≥0

a
n
On(x)

combine invariants into action that becomes SU(N) gauge theory in classical CL



lattice QCD

Wilson action:

[Wilson 1974]

S = SG + SF

SG =
1
g2
0

�

x;µ,ν

Pµν(x)

SF = a4
�

x

ψ̄(x)(Dw + M)ψ(x)

Pµν(x) =

Dw =

M =

plaquette field

Wilson-Dirac operator (with 
SU(3) covariant derivatives)

quark mass matrix

infinitely many lattice actions with correct continuum limit can be written

extra terms can be tuned to control approach to continuum limit (e.g. 
depressing the subleading terms in        cutoff effects)a ≡
⇒ Symanzik improvement programme



quantisation of lattice QCD

employ path integral formalism: Euclidean correlation function of n gauge-invariant 
fields given by

�φ1(x1) · · ·φn(xn)� =
1
Z

�
D[U ]

�
D[ψ]D[ψ̄]e−S[U,ψ̄,ψ] φ1(x1) · · ·φn(xn)

LQCD actionindep. variables in Euclidean qftψ, ψ̄

Z =
�

D[U ]
�

D[ψ]D[ψ̄]e−S[U,ψ̄,ψ]

the functional integral is the definition of the quantum theory

the integration measures                  are local and mostly determined by 
symmetry

provided basic properties (locality, gauge symmetry, ...) are respected, we 
expect good behaviour as

D[U ], D[ψ]D[ψ̄]

a→ 0



quantisation of lattice QCD

employ path integral formalism: Euclidean correlation function of n gauge-invariant 
fields given by

�φ1(x1) · · ·φn(xn)� =
1
Z

�
D[U ]

�
D[ψ]D[ψ̄]e−S[U,ψ̄,ψ] φ1(x1) · · ·φn(xn)

LQCD actionindep. variables in Euclidean qftψ, ψ̄

crucial: on a lattice, this is a standard integral (over a very large number of variables)

D[φ] =
�

x

dφ(x)

D[U ] =
�

x,ν

µHaar[Uν(x)]

D[ψ]D[ψ̄] =
�

x

dc(x)dc̄(x)
generators of Grassmann algebra (for each 
fermionic d.o.f.) at spacetime point x



quantisation of lattice QCD

integration over fermion fields can be done explicitly, since the action is a bilinear

ZF =
�

D[ψ]D[ψ̄] exp

�
−a4

�

x

ψ̄(x)[Dw + M ]ψ(x)

�

= det(Dw + M) =
Nf�

q=1

det(Dw + mq) (up to a power of   )a

[n.b.: the Wilson-Dirac operator 
is a function of the gauge field]

quark propagator and correlation functions involving fermion fields:

(Dw + M) S(x, y;U) = a−4δxy

�ψ(x)ψ̄(y)�F = S(x, y;U)

�ψ(x1)ψ̄(y1)ψ(x2)ψ̄(y2)�F = S(x1, y1;U) S(x2, y2;U) − [perm]



quantisation of lattice QCD

⇒ in QCD functional integral quark fields can be integrated out completely

�φ1(x1) · · ·φn(xn)� =
1
Z

�
D[U ]�φ1(x1) · · ·φn(xn)�F ×

×
Nf�

q=1

det[Dw(U) + mq]e−SG[U ]

for instance, the charged pion propagator can be obtained from a purely bosonic 
integral:

�(ūγ5d)(x)(d̄γ5u)(y)�F = −tr {γ5 S(x, y;U)d γ5 S(y, x;U)u}

x y

definition of Wilson lattice QCD theory completed by integrating over the gauge 
field (integration well-defined by considering Haar measure for each link)



lattice QCD: basic properties

⇒ correlation functions are completely well-defined

⇒ lattice QCD provides a non-perturbative regularisation of QCD

in finite volume:

the space of all gauge fields is compact

after fermions are integrated out, one is normally left with a well-behaved 
integrand

the partition function is positive

1. regularity



lattice QCD: basic properties

for any observable and (regular) gauge function Λ

�O� = �OΛ� , O
Λ[U, ψ, ψ̄] = O[UΛ

, ψ̄
Λ
, ψ

Λ]

expectation values of non-invariant quantities naturally vanish; e.g.

�ψ(x)ψ̄(y)� = Λ(x)�ψ(x)ψ̄(y)�Λ(y)† = 0 if x �= y

gauge invariance is fully respected by the regulator, and there is no need of 
gauge fixing (although it may be convenient in some computations)

1. regularity

2. gauge invariance



lattice QCD: basic properties

Poincaré symmetry is broken: correlation functions are only invariant under a 
discrete subgroup of the full Poincaré group

translations by lattice vectors

rotations in the four-dimensional hypercubic group

parity, time reversal, and charge conjugation (although some of them are 
broken/modified by some fermion actions)

1. regularity

2. gauge invariance

3. spacetime symmetries



lattice QCD: basic properties

1. regularity

2. gauge invariance

3. spacetime symmetries

4. global (flavour) symmetries

the vector           symmetry works as in the continuumU(Nf )

the axial symmetry is explicitly broken (Wilson term); it can be recovered in 
the CL by properly tuning counterterms that restore AWI’s, which is feasible 
but amounts to quite some amount of non-trivial work

[other fermion regularisations preserve more axial symmetry; trade breakings 
between vector and axial symmetries; or preserve chiral symmetry altogether; 
always at the price of other complications (no-free-lunch theorem)]



lattice QCD: basic properties

1. regularity

2. gauge invariance

3. spacetime symmetries

4. global (flavour) symmetries

5. unitarity

can be shown to hold rigorously in the Wilson theory; more sophisticated 
lattice regularisations typically involve harmless short-distance violations



the continuum limit

in order to obtain fully physical results, the cutoff has to be removed: this is 
accomplished by taking the CL            in the interacting quantum theorya→ 0

once QCD has been regularised on a 
lattice, the result is a statistical mechanical 
system: the UV divergences expected as 
the cutoff is removed, which will require 
renormalisation, adopt the form of critical 
behaviour.

the continuum renormalised quantum 
theory appears as a 2nd-order phase 
transition in the CL 

g

g�

m

how does the lattice spacing relate to physical scales?



the continuum limit

how is the lattice spacing fixed?

consider two-flavour QCD in the isospin limit:

M =
�

m0 0
0 m0

�
; m0 = bare mass of u,d quarks

the parameters in the lattice action are         and  — which disappears if quark 
fields are rescaled as

g0, am0 a
ψ → a−3/2ψ , ψ̄ → a−3/2ψ̄

fixing the two parameters in the action thus requires computing two physical 
observables — e.g. the pion and proton masses

Oπ(x) = ū(x)γ5d(x) → a
3
�

x

�Oπ(x)Oπ(0)� ∼
x0→∞

e
−Mπx0

Op(x) = �αβγ(dT
a Cγ5uβ)uγ → a

3
�

x

�Op(x)Op(0)� ∼
x0→∞

e
−Mpx0

x0 = na , n = 0, 1, 2, . . . ⇒ aMπ, aMp are obtained



the continuum limit

one thus has

aMπ = fπ(g0, am0)

aMp = fp(g0, am0)

taking the continuum limit means

Mπ, Mp � a−1

keeping the ratio           fixed 
(constant physics!)

Mπ/Mp

equivalent to taking
asymptotic freedom!

g0, am0 → 0

The computation thus yields

aMπ = Φπ(g0, am0)

aMp = Φp(g0, am0)

Going to the continuum limit

Mπ � a−1, Mp � a−1

amounts to taking g0, am0 → 0

(QCD is “asymptotically free”)

am0

critical line

0

constant M  /Mπ p

g0
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the continuum limit

one thus has

aMπ = fπ(g0, am0)

aMp = fp(g0, am0)

taking the continuum limit means

Mπ, Mp � a−1

keeping the ratio           fixed 
(constant physics!)

Mπ/Mp

equivalent to taking
asymptotic freedom!

g0, am0 → 0

The computation thus yields

aMπ = Φπ(g0, am0)

aMp = Φp(g0, am0)

Going to the continuum limit

Mπ � a−1, Mp � a−1

amounts to taking g0, am0 → 0

(QCD is “asymptotically free”)

am0

critical line

0

constant M  /Mπ p

g0

Benasque, 13.–25. July 2008 How large is the lattice spacing? 4/19

setting                         gives                                               along trajectory

other physical scales can be used:          slightly convention-dependent

Mp = 938 MeV a =
aMp

Mp
= 0.21 × aMp fm

a[fm]



the continuum limit

one thus has

aMπ = fπ(g0, am0)

aMp = fp(g0, am0)

taking the continuum limit means

Mπ, Mp � a−1

keeping the ratio           fixed 
(constant physics!)

Mπ/Mp

equivalent to taking
asymptotic freedom!

g0, am0 → 0

The computation thus yields

aMπ = Φπ(g0, am0)

aMp = Φp(g0, am0)

Going to the continuum limit

Mπ � a−1, Mp � a−1

amounts to taking g0, am0 → 0

(QCD is “asymptotically free”)

am0

critical line

0

constant M  /Mπ p

g0
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renormalisation of couplings and other divergent quantities still required



analytical tools: strong coupling expansion

ψ → a−2m−1/2
0 ψ , ψ̄ → a−2m−1/2

0 ψ̄

S =
�

x

�
ψ̄(x)ψ(x) +

1
m0

ψ̄(x)Dwψ(x) +
1
g2
0

�

µν

Pµν(x)

�

⇒ simple expansion around
1

m0
,

1
g2
0

→ 0

⇒ simple picture of confinement at m0 →∞
At m0 =∞, for example,

∼
�
1/g2

0

�Nplaq
= exp{−σ × area}

⇒ quark confinement

However, this limit is unphysical since

σ =
1

a2
ln(g2

0) + . . .

Mπ = O(1/a), Mp = O(1/a), etc.

Benasque, 13.–25. July 2008 Principal tools in LQCD 7/19

∼ (1/g2
0)Nplaq = exp{−σ × area}

N.B.: not really physical — recall continuum theory is realised as g0 → 0



analytical tools: weak coupling expansion

perturbation theory can be defined as usual, by expanding in     around free fieldsg0

�φ1(x1) · · · φn(xn)� ∼
∞�

k=0

g2k
0 Ck(x1, . . . , xn)

(sum over Feynman diagrams)

Lorentz symmetry breaking generates 
new vertices proportional to an≥1

p

q

r

d,

c,

b,µ

ν

ρ

= −ig0f
bcd

�
δµν( �p− q)ρ cos(1

2arµ) + cyclic

�

On the lattice there are further vertices of order a, a2, . . .

Benasque, 13.–25. July 2008 Lattice perturbation theory 14/19

useful to

make contact with other regularisations (needed e.g. to match high-energy 
observables)

study approach to continuum limit: recall the latter is realised at 

obtain formal results (e.g. Reisz’s theorem: lattice QCD rigorously proven 
to be renormalisable at all orders in perturbation theory)

g0 → 0



renormalisation

renormalisation of couplings and other divergent quantities still required

easy to study in perturbation theory

a
∂g0

∂a
= β(g0(a)) ≈ −g3

0(b0 + b1g
2
0 + . . .) , b0 = − 1

(4π)2
{11− 2

3Nf}

⇒ g2
0 ∼

a→0

1
b0 ln(aµ)

+ . . .

RG equations do however hold beyond perturbation theory, and frameworks exist 
to work out the renormalisation of QCD (and other strongly coupled gauge 
theories) non-perturbatively

Schrödinger Functional

RI/MOM

...



finite volume

lattice field theories are usually formulated in a finite volume, which raises 
subtleties:

boundary conditions: note that even periodic 
boundary conditions are non-trivial — fields 
with gauge d.o.f. periodic only up to gauge 
transformations that satisfy cocycle condition.

in the continuum gauge fields have topological 
structure, and can be classified by their 
topological charge (instanton number) — but 
on the lattice gauge topological sectors 
become connected.

finite volume ⇒ periodicity structure, finite 
volume effects in Euclidean correlators ⇒ 
difficulties (some severe) to get  V=∞ physics.

...

Aµ(x + Lν̂) =Ων(x)Aµ(x)Ων(x)†

+ iΩν(x)∂µΩν(x)†

Somewhat puzzling may be the fact that the space of lattice fields

F ∼= SU(3)4N , N = # of lattice points

is connected!

Q = −1

Q = 0

Q = 1Q = 2

action ∼ 1/a4

Benasque, 13.–25. July 2008 QCD in finite volume 19/19

∼ a4

|h1� → |h�
1 . . . h�

n� ???



motivation: strong interaction(s) and non-perturbative physics

lattice field theory
QFT in Euclidean space 
matter and gauge fields on a lattice
interacting gauge theories on a lattice: QCD

numerical aspects
Monte Carlo techniques for non-perturbative QFT
reach of QCD computations
anatomy of an example

overview of physics capabilities
FLAG
selected lattice QCD results
beyond the SM

outline



numerical simulations

I-2



numerical simulations

employ path integral formalism: Euclidean correlation function of n gauge-invariant 
fields given by

�φ1(x1) · · ·φn(xn)� =
1
Z

�
D[U ]

�
D[ψ]D[ψ̄]e−S[U,ψ̄,ψ] φ1(x1) · · ·φn(xn)

indep. variables in Euclidean qftψ, ψ̄

crucial: on a lattice, this is a standard integral (over a very large number of variables)

D[φ] =
�

x

dφ(x)

D[U ] =
�

x,ν

µHaar[Uν(x)]

D[ψ]D[ψ̄] =
�

x

dc(x)dc̄(x)
generators of Grassmann algebra (for each 
fermionic d.o.f.) at spacetime point x



numerical simulations

employ path integral formalism: Euclidean correlation function of n gauge-invariant 
fields given by

�φ1(x1) · · ·φn(xn)� =
1
Z

�
D[U ]

�
D[ψ]D[ψ̄]e−S[U,ψ̄,ψ] φ1(x1) · · ·φn(xn)

indep. variables in Euclidean qftψ, ψ̄

crucial: on a lattice, this is a standard integral (over a very large number of variables)

untractable analytically: use numerical techniques to compute correlation functions

Nf = 2 + 1 + 1 , (L/a)3 × (T/a) = 643 × 128

⇒ Dw = (1.6× 109)2 complex matrix



Monte Carlo integration

� β

α
dx f(x) =

N−1�

i=0

β − α

N
f(xi) + O(f �/N2)

yields approximation method for the integral:

� β

α
dx f(x) Riemann integrability:

[x0 = α, x1], [x1, x2], . . . , [xN−1, xN = β]

ε(N) =
β − α

N

N−1�

i=0

�
max

x∈[xi,xi+1]
{f(x)}− min

x∈[xi,xi+1]
{f(x)}

�
N→∞→ 0



Monte Carlo integration

� β

α
dx f(x) Riemann integrability:

[x0 = α, x1], [x1, x2], . . . , [xN−1, xN = β]

ε(N) =
β − α

N

N−1�

i=0

�
max

x∈[xi,xi+1]
{f(x)}− min

x∈[xi,xi+1]
{f(x)}

�
N→∞→ 0

Monte Carlo algorithm:

1. generate a set of    random points        uniformly distributed in 
the integration interval (domain)

2. compute                

3. compute the average                                      

N

f(x[i]) ∀ i

I(N) =
β − α

N

N−1�

i=0

f(x[i])

    is Riemann integrablef ⇒ I(N) N→∞→
� β

α
dx f(x)

{x[i]}



Monte Carlo integration

basic MC technique easily generalisable to arbitrary number of variables, 
but path integrals are more complicated:

�φ1(x1) · · ·φn(xn)� =
�

Dφ e−S[φ]

Z φ1(x1) · · ·φn(xn)



Monte Carlo integration

basic MC technique easily generalisable to arbitrary number of variables, 
but path integrals are more complicated:

�φ1(x1) · · ·φn(xn)� =
�

Dφ e−S[φ]

Z φ1(x1) · · ·φn(xn)

integration measure

I =
� 1

0
dx0

� 1

0
dx1 · · ·

� 1

0
dxK−1 P (x) f(x)

points for MC cannot be uniformly distributed: they are distributed with 
weights given by measure



Monte Carlo integration

I =
� 1

0
dx0

� 1

0
dx1 · · ·

� 1

0
dxK−1 P (x) f(x)

convergence guaranteed under certain conditions by Central Limit 
theorem; in general, the convergence rate is           1/

√
N

1. generate a set of    random points        distributed with        in 
the integration domain    

2. compute                 

3. compute the average                                        

N P (x){x[i]}
D

f(x[i]) ∀ i

I(N) =
Vol(D)

N

N−1�

i=0

f(x[i])



Monte Carlo integration

how to distribute points properly: choose them to be a Markov chain

sequence of random variables: X1, X2, X3, . . .

P (Xn+1 = x|X1 = x1, X2 = x2, . . . ,Xn = xn) = P (Xn+1 = x|Xn = xn)

each step in the chain “knows” only of the immediately previous step

I =
� 1

0
dx0

� 1

0
dx1 · · ·

� 1

0
dxK−1 P (x) f(x)

1. generate a set of    random points        distributed with        in 
the integration domain    

2. compute                 

3. compute the average                                        

N P (x){x[i]}
D

f(x[i]) ∀ i

I(N) =
Vol(D)

N

N−1�

i=0

f(x[i])

several standard algorithms available and optimised for lattice QCD computations



Monte Carlo integration

in practice: computational needs determined by inversion of lattice Dirac operator

�φ1(x1) · · ·φn(xn)� =
1
Z

�
D[U ]�φ1(x1) · · ·φn(xn)�F ×

×
Nf�

q=1

det[Dw(U) + mq]e−SG[U ]

�(ūγ5d)(x)(d̄γ5u)(y)�F = −tr {γ5 S(x, y;U)d γ5 S(y, x;U)u} x y

quark propagators

computation of the determinant

cost of computation ⟷ condition number of lattice Dirac operator



Monte Carlo integration

There is a hierarchy of scales

m�Mπ � 4πFπ

linked to the spontaneous breaking of
chiral symmetry

Leutwyler ’74; Leutwyler & Smilga ’92

⇒ condition number λmax/λmin is large

⇒ computation of D−1
w φ is expensive

∆λ ∼ 1
ΣV

�

0

10 MeV

100 MeV

1000 MeV

~1/a

m

|λ|
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reaching physical quarks masses difficult because of 
spontaneous chiral symmetry breaking

hierarchy of scales ↔ SSB:

➼  condition number                  large.

➼  computation of            expensive.

[Leutwyler, Smilga 1992]

teach the physics to the algorithms!
[Sexton-Weingarten 1990s; Hasenbusch, Lüscher 2000s]

mass preconditioning/domain decomposition, deflation ⇒ mild mass dependence

m�Mπ � 4πFπ

λmax/λmin

D−1φ



reach of modern lattice QCD computations

Lattice QCD
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Fig. 6.1 Quark masses.

• It would allow to study QCD in different conditions, such as high density or
temperature, as took place in the early universe or in very dense systems such as
neutron stars

• QCD is in some sense a model field theory for many extensions of the SM, as
well as for the lattice approach. In QCD we know where the UV fixed point lies
so we know where the continuum limit is and how to approach it. The lattice
method might be necessary to study other field theories, such as those in models
of technicolor or dynamical gauge symmetry breaking, where things might not be
so easy. Clearly having solved QCD is a benchmark to guide future investigations.

Giving the spread of quark masses that span six orders of magnitude, dealing with
all quarks in a lattice simulation is very difficult since approaching the continuum limit
in controlled conditions would require

amq � 1, (6.7)

and therefore extremely fine lattices. This brute force approach is not practical. Fortu-
nately, when we try to describe the low energy regime, the effect of the heavy quarks
can be accurately described by an effective theory that results from integrating them
out. It is a consequence of the decoupling theorem (Appelquist and Carazzone, 1975)
(which is another scenification of Wilsonian renormalization group), that the effects of
the heavy quarks in the low-energy dynamics are well represented by local operators
of the light fields only (gluons and the lighter quarks), where the effect of the heavy
scales is reabsorbed in the couplings. This implies that in order to study hadron pro-
cesses at energies much lower than the heavy quark mass scale, we can simply ignore
the heavy quarks.

We are also interested however in processes involving heavy hadrons. An efficient
way to do this is to consider them as static sources, as is done in the heavy quark ef-
fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
of this effective theory as an efficient tool to study heavy flavours on the lattice.

6.1 Wilson formulation of Lattice QCD

By now, it should be clear how to discretize this action following for example the
Wilson approach

SQCD[U, ψ̄,ψ] = S[U ] + SW [U, ψ̄,ψ] (6.8)

ΛQCD

L−1 � µ� a−1



reach of modern lattice QCD computations
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method might be necessary to study other field theories, such as those in models
of technicolor or dynamical gauge symmetry breaking, where things might not be
so easy. Clearly having solved QCD is a benchmark to guide future investigations.

Giving the spread of quark masses that span six orders of magnitude, dealing with
all quarks in a lattice simulation is very difficult since approaching the continuum limit
in controlled conditions would require

amq � 1, (6.7)

and therefore extremely fine lattices. This brute force approach is not practical. Fortu-
nately, when we try to describe the low energy regime, the effect of the heavy quarks
can be accurately described by an effective theory that results from integrating them
out. It is a consequence of the decoupling theorem (Appelquist and Carazzone, 1975)
(which is another scenification of Wilsonian renormalization group), that the effects of
the heavy quarks in the low-energy dynamics are well represented by local operators
of the light fields only (gluons and the lighter quarks), where the effect of the heavy
scales is reabsorbed in the couplings. This implies that in order to study hadron pro-
cesses at energies much lower than the heavy quark mass scale, we can simply ignore
the heavy quarks.

We are also interested however in processes involving heavy hadrons. An efficient
way to do this is to consider them as static sources, as is done in the heavy quark ef-
fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
of this effective theory as an efficient tool to study heavy flavours on the lattice.

6.1 Wilson formulation of Lattice QCD

By now, it should be clear how to discretize this action following for example the
Wilson approach

SQCD[U, ψ̄,ψ] = S[U ] + SW [U, ψ̄,ψ] (6.8)

overall cost (⇒ cpu power)
physics reach

for a long time: serious difficulties in reaching light dynamical quark masses

ΛQCD

cost = N

�
20 MeV

m

�α �
L

3 fm

�β �
0.1 fm

a

�γ

main cost factor: reiterated inversion of lattice Dirac operator on fixed gauge field

L−1 � µ� a−1
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well as for the lattice approach. In QCD we know where the UV fixed point lies
so we know where the continuum limit is and how to approach it. The lattice
method might be necessary to study other field theories, such as those in models
of technicolor or dynamical gauge symmetry breaking, where things might not be
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way to do this is to consider them as static sources, as is done in the heavy quark ef-
fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
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By now, it should be clear how to discretize this action following for example the
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ΛQCD

main cost factor: reiterated inversion of lattice Dirac operator on fixed gauge field

L−1 � µ� a−1

Simulations of lattice QCD with light sea quarks turn out to be much less
“expensive” than previously estimated

No of operations [in Tflops×year] required for an ensemble of 100 gauge fields∗

5
�
20 MeV

m

�3 �
L

3 fm

�5 �
0.1 fm

a

�7

Ukawa, Berlin 2001

0.05
�
20 MeV

m

�1 �
L

3 fm

�5 �
0.1 fm

a

�6

Giusti, Tucson 2006

∗Two-flavour QCD, O(a) improved Wilson quarks, quark mass m, 2L× L3 lattice, spacing a

Niels Bohr Institute, 16.–18. August 2006 Numerical Lattice QCD 3/31• Wilson fermions, Hybrid Monte Carlo Algorithm:

L >∼ 2.5 fm, a <∼ 0.1 fm, mmin

π
<∼ 250 MeV

→ Computer must sustain several TFlops/s

7

[Ukawa 2001]

[Giusti 2006]
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method might be necessary to study other field theories, such as those in models
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Giving the spread of quark masses that span six orders of magnitude, dealing with
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in controlled conditions would require

amq � 1, (6.7)
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can be accurately described by an effective theory that results from integrating them
out. It is a consequence of the decoupling theorem (Appelquist and Carazzone, 1975)
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way to do this is to consider them as static sources, as is done in the heavy quark ef-
fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
of this effective theory as an efficient tool to study heavy flavours on the lattice.

6.1 Wilson formulation of Lattice QCD

By now, it should be clear how to discretize this action following for example the
Wilson approach
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nately, when we try to describe the low energy regime, the effect of the heavy quarks
can be accurately described by an effective theory that results from integrating them
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way to do this is to consider them as static sources, as is done in the heavy quark ef-
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so we know where the continuum limit is and how to approach it. The lattice
method might be necessary to study other field theories, such as those in models
of technicolor or dynamical gauge symmetry breaking, where things might not be
so easy. Clearly having solved QCD is a benchmark to guide future investigations.

Giving the spread of quark masses that span six orders of magnitude, dealing with
all quarks in a lattice simulation is very difficult since approaching the continuum limit
in controlled conditions would require
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and therefore extremely fine lattices. This brute force approach is not practical. Fortu-
nately, when we try to describe the low energy regime, the effect of the heavy quarks
can be accurately described by an effective theory that results from integrating them
out. It is a consequence of the decoupling theorem (Appelquist and Carazzone, 1975)
(which is another scenification of Wilsonian renormalization group), that the effects of
the heavy quarks in the low-energy dynamics are well represented by local operators
of the light fields only (gluons and the lighter quarks), where the effect of the heavy
scales is reabsorbed in the couplings. This implies that in order to study hadron pro-
cesses at energies much lower than the heavy quark mass scale, we can simply ignore
the heavy quarks.

We are also interested however in processes involving heavy hadrons. An efficient
way to do this is to consider them as static sources, as is done in the heavy quark ef-
fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
of this effective theory as an efficient tool to study heavy flavours on the lattice.

6.1 Wilson formulation of Lattice QCD

By now, it should be clear how to discretize this action following for example the
Wilson approach
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example computation: pion mass and decay constant

(charged) pion two-point function

G(x0) =
�

d3x �(

≡P (x)
����
ūγ5d )(x) (d̄γ5u)(0)� = −�0|P (0,x)e−Hx0P (0,0)|0�

= −

�

PS

�0|P (0,x)e−Hx0 |PS��PS|P (0,0)|0�

= −e−Mπx0 |�0|P (x)|π�|2 + O(e−3Mπx0)

computation of hadron masses, simple 
hadronic matrix elements, ... does not 
require analytic continuation back to 
Minkowski space

x0

G�x0�



example computation: pion mass and decay constant

(charged) pion two-point function

G(x0) =
�

d3x �(

≡P (x)
����
ūγ5d )(x) (d̄γ5u)(0)� = −�0|P (0,x)e−Hx0P (0,0)|0�

= −

�

PS

�0|P (0,x)e−Hx0 |PS��PS|P (0,0)|0�

= −e−Mπx0 |�0|P (x)|π�|2 + O(e−3Mπx0)

decay constant: combine with

GA(x0) =
�

d3x�(ūγ0γ5d)(x)(d̄γ5u)(0)�

∝ Fπe−Mπx0



example computation: pion mass and decay constant

100 200 300 400
M
!
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L[
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]
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"=3.7
"=3.61
"=3.5
"=3.31
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1%

Figure 1: Summary of our simulation points. The pion masses and the spatial sizes of the
lattices are shown for our five lattice spacings. The percentage labels indicate regions, in which
the expected finite volume effect [3] onMπ is larger than 1%, 0.3% and 0.1%, respectively. In
our runs this effect is smaller than about 0.5%, but we still correct for this tiny effect.

In our view, item 2 marks the beginning of a new era in numerical lattice QCD, because it
avoids an extrapolation in quark masses which, generically, requires strong assumptions, thus
relinquishing the first-principles approach (see the discussion in [1]).

To give the reader an overview of where we are in terms of simulated pion massesMπ and
spatial box sizes L, a graphical survey of (some of) our simulation points is provided in Fig. 1
(with more details given in Sec. 5). We have data at 5 lattice spacings in the range 0.054−
0.116 fm, with pion masses down to ∼120MeV and box sizes up to ∼6 fm. Comparison with
Chiral Perturbation suggests that our finite volume effects are typically below 0.5%, and close
to the physical mass point (which is the most relevant part) even smaller. Still, we correct for
them by means of Chiral Perturbation Theory [3], and test the correctness of this prediction
through explicit finite volume scaling runs (see below).

The remainder of this paper is organized as follows. In Sec. 2 details are given concerning
the action and algorithm employed, while Sec. 3 specifies how one determines the HMC force
with HEX smeared clover fermions. Our choice of the scale setting procedure and of the in-
put masses is discussed in Sec. 4, with simulation parameters tabulated in Sec. 5. Checks of
algorithmic stability are summarized in Sec. 6, while autocorrelation and (practical) ergodicity
issues are reported in Sec. 7. To corroborate the good scaling properties of our action, explicit
tests of the scaling of hadron masses in Nf =3 QCD are carried out, see Sec. 8. Details of how

4

β = 6/g2
0

Example: pion 2-point function

G(x0) =
�

d3x �(ūγ5d)(x)(d̄γ5u)(0)�

On the lattice, G(x0) is obtained at x0 = a, 2a, 3a, . . .

0 5 10 15 20 25 30
x0 /a

Benasque, 13.–25. July 2008 Euclidean correlation functions 6/17

for each simulation point, extract Mπ, Fπ

[BMW Collaboration, 2010]



example computation: pion mass and decay constant

determine dependence with quark mass, volume, lattice spacing and extra/
interpolate to physical point

16 24 32
L/a

0.14

0.15

0.16

0.17

0.18

0.19

aM
! ignored in final analysis

M
!
L=4M

!
L=3

Figure 7: Dedicated finite-volume analysis at β=3.31, with Mπ!250MeV (lower set of data)
and Mπ!300MeV (upper set). Results are compared to the prediction from Chiral Perturbation
Theory. The fit to (42) is shown by solid red curves and the prediction of ChPT [3] is the green
set of dashed curves. The steep dotted lines indicate the boundaries MπL=3 and MπL=4.

0.15 fm), with a slight preference for O(a2) over O(αa) scaling, and this suggests that our tree-
level value of cSW (see Sec. 2 for the definition and details) is close to the nonperturbative value
(which is not known for our action). This finding is in accordance with the results of [8]. Next,
the continuum extrapolated values shown in Fig. 6 are in perfect agreement with the continuum
extrapolated baryon masses found in [9] with a different action. Last but not least, the slope
in either panel of Fig. 6 is small1, and an action which shows generically a flat slope in scaling
quantities is useful for obtaining precise predictions in the continuum.

In summary we find that both the 6stout action used in [2, 9] and the 2HEX action used in
the present work exhibit small cut-off effects on standard hadron masses over a broad range of
lattice spacings.

9 Finite volume corrections
For a fixed set of bare parameters, β, mud, ms, energies and matrix elements of hadronic states
depend on the spatial size L of the lattice. Typically, the finite volume tends to increase the

1The deviation of the result on the coarsest lattice from the continuum is 2.0% at most [∆ with O(αa) ansatz].
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Figure 8: M2
π/m

PCAC
ud (left) and Fπ (right) versusmPCAC

ud (cf. Sec. 11) for our 4 lightest ensem-
bles at β = 3.5, at fixed ams =−0.006, which is close to mphys

s . A joint fit to the NLO chiral
ansatz (45, 46) yields reasonable values of the low-energy constants. Error bars are statistical.

These results confirm our rule of thumb that simulations with MπL ≥ 4 and/or L>∼5 fm
yield infinite-volume masses within statistical accuracy. An overview of the expected size of
RMπ

in our simulations is given in Fig. 1. In all of these points the mass correction is less than
about 5 permil, and for points close toMphys

π (which dominate our analysis) it is even smaller.
Nevertheless, we include these (tiny) shifts into our global analysis (cf. Sec. 14).

10 Chiral behavior of pion mass and decay constant
To illustrate the quality of our results obtained in lattice QCD calculations with physical or
larger than physical values of the quark mass mud = (mu+md)/2, we briefly investigate here
whether the mud dependence of the pion mass and decay constant can be described by ChPT
[37, 38] in this range of quark masses.

To this end we compare our results forM2
π and Fπ versusmud at fixed (nearly physical)ms

(cf. Tab. 1) to the NLO predictions of the SU(2) framework. The latter read [37]

M2
π = M2

[

1 +
1

2
x log(

M2

Λ2
3

)
]

(45)

Fπ = F
[

1− x log(
M2

Λ2
4

)
]

(46)

with x =M2/(4πF )2 and M2 = 2Bmud a shorthand expression for the light quark mass (up
to the factor 2B, with B = Σ/F 2). The NNLO expressions can be found in [39]. In all of
these expressions F,Σ, B refer to the pion decay constant, the absolute value of the quark
condensate and the condensate parameter in the 2-flavor chiral limit mud → 0 with ms held

21

0.005 0.01
amud

PCAC

2.4

2.5

2.6

2.7

2.8

aM
!2 /m

udPC
AC

0.005 0.01
amud

PCAC

0.04

0.045

0.05

0.055

aF
!

Figure 8: M2
π/m

PCAC
ud (left) and Fπ (right) versusmPCAC

ud (cf. Sec. 11) for our 4 lightest ensem-
bles at β = 3.5, at fixed ams =−0.006, which is close to mphys

s . A joint fit to the NLO chiral
ansatz (45, 46) yields reasonable values of the low-energy constants. Error bars are statistical.

These results confirm our rule of thumb that simulations with MπL ≥ 4 and/or L>∼5 fm
yield infinite-volume masses within statistical accuracy. An overview of the expected size of
RMπ

in our simulations is given in Fig. 1. In all of these points the mass correction is less than
about 5 permil, and for points close toMphys

π (which dominate our analysis) it is even smaller.
Nevertheless, we include these (tiny) shifts into our global analysis (cf. Sec. 14).

10 Chiral behavior of pion mass and decay constant
To illustrate the quality of our results obtained in lattice QCD calculations with physical or
larger than physical values of the quark mass mud = (mu+md)/2, we briefly investigate here
whether the mud dependence of the pion mass and decay constant can be described by ChPT
[37, 38] in this range of quark masses.

To this end we compare our results forM2
π and Fπ versusmud at fixed (nearly physical)ms

(cf. Tab. 1) to the NLO predictions of the SU(2) framework. The latter read [37]

M2
π = M2

[

1 +
1

2
x log(

M2

Λ2
3

)
]

(45)

Fπ = F
[

1− x log(
M2

Λ2
4

)
]

(46)

with x =M2/(4πF )2 and M2 = 2Bmud a shorthand expression for the light quark mass (up
to the factor 2B, with B = Σ/F 2). The NNLO expressions can be found in [39]. In all of
these expressions F,Σ, B refer to the pion decay constant, the absolute value of the quark
condensate and the condensate parameter in the 2-flavor chiral limit mud → 0 with ms held

21

[BMW Collaboration, 2010]



motivation: strong interaction(s) and non-perturbative physics
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overview of current QCD physics from the lattice

very competitive area, several large collaborations (Europe/Japan/USA)
example collaboration:
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overview of current QCD physics from the lattice

effort by the lattice community to summarise and qualify results for non-experts

FLAG-2 review partially published online, full version to appear within year end
new published review every 2nd year; regular web updates in between.

advisory board: S. Aoki (J), C. Bernard (US), C. Sachrajda (EU)

editorial board: G. Colangelo, H. Leutwyler, A. Vladikas, U. Wenger

working groups:

quark masses

LECs
Vud, Vus

BK
αs

fB , BB , fD

B,D → H�ν

T. Blum, L. Lellouch, V. Lubicz
A. Jüttner, T. Kaneko, S. Simula

S. Dürr, H. Fukaya, S. Necco
J. Laiho, S. Sharpe, H. Wittig

T. Onogi, J. Shigemitsu, R. Sommer
Y. Aoki, M. Della Morte, A. El Khadra

E. Lunghi, CP, R. Van de Water



overview of current QCD physics from the lattice

FLAG quantities

light quark masses
LECs (light hadron dynamics)
decay constants
pion and kaon form factors
kaon bag parameter
D meson leptonic and semileptonic decays
B meson leptonic and semileptonic decays, mxing
strong coupling constant

For each quantity provide:

complete list of references, summary of formulae/notations, ...

summary of essential aspects of each computation

averages (if sensible)

“lattice dictionary” for non-experts



light hadron spectrum

[BMW Collaboration 2008]



light hadron dynamics: pion scattering

H. Leutwyler – Bern

Compare the lattice results with prediction and experiment
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On the history of the strong interaction – p. 44/49

[Leutwyler 2011]



light hadron dynamics: kaon and pion decay



fundamental parameters: quark masses



fundamental parameters: strong coupling constant
Non-perturbative running of α in the SF scheme
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Nf = 4
2-loop β function
3-loop β function
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[ LPHAA
Collaboration , 2010 ]

Rainer Sommer Fundamental parameters of Nf = 2 QCD



flavour physics + fundamental parameters: CKM

Γ(P → P ��ν) =
G2

FM5
P

192π3
|Vij |2

�
c+(q2)|f+(q2)|2 + c0(q2)|f0(q2)|2

�

Flavor physics
Test SM paradigm of quark flavor mixing and CP violation and look for new physics

Unitary CKM matrix

V

u

b W

ub

d s b

→ V =

u

c

t





1 − λ
2 λ Aλ3(ρ − iη)

−λ 1 − λ
2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1




+O(λ4)

→ scalar product of d−b columns =0
⇒ unitarity triangle

In experiment, must account for confining QCD interactions

d
u

b
W+

B0

π−

νl

l+

∼ |Vub|× �π−|b̄γµu|B0�

→ lattice QCD (or LCSR)

Laurent Lellouch DESY Zeuthen, 12 December 2011

|Vub|, |Vcb|

π
D(∗)

, c



flavour physics + fundamental parameters: CKM
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flavour physics + fundamental parameters: CKM
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flavour physics + fundamental parameters: CKM

Γ(P → P ��ν) =
G2

FM5
P

192π3
|Vij |2

�
c+(q2)|f+(q2)|2 + c0(q2)|f0(q2)|2

�

n.b.: computations involving heavy quarks still face several issues, are less developed 
than light physics counterparts

Lattice QCD

� � � �mtmbmcmsmdmu

10 102 103 104 105 MeV

Fig. 6.1 Quark masses.

• It would allow to study QCD in different conditions, such as high density or
temperature, as took place in the early universe or in very dense systems such as
neutron stars

• QCD is in some sense a model field theory for many extensions of the SM, as
well as for the lattice approach. In QCD we know where the UV fixed point lies
so we know where the continuum limit is and how to approach it. The lattice
method might be necessary to study other field theories, such as those in models
of technicolor or dynamical gauge symmetry breaking, where things might not be
so easy. Clearly having solved QCD is a benchmark to guide future investigations.

Giving the spread of quark masses that span six orders of magnitude, dealing with
all quarks in a lattice simulation is very difficult since approaching the continuum limit
in controlled conditions would require

amq � 1, (6.7)

and therefore extremely fine lattices. This brute force approach is not practical. Fortu-
nately, when we try to describe the low energy regime, the effect of the heavy quarks
can be accurately described by an effective theory that results from integrating them
out. It is a consequence of the decoupling theorem (Appelquist and Carazzone, 1975)
(which is another scenification of Wilsonian renormalization group), that the effects of
the heavy quarks in the low-energy dynamics are well represented by local operators
of the light fields only (gluons and the lighter quarks), where the effect of the heavy
scales is reabsorbed in the couplings. This implies that in order to study hadron pro-
cesses at energies much lower than the heavy quark mass scale, we can simply ignore
the heavy quarks.

We are also interested however in processes involving heavy hadrons. An efficient
way to do this is to consider them as static sources, as is done in the heavy quark ef-
fective theory. I refer to R. Sommer’s lectures (Sommer, 2009) for a detailed discussion
of this effective theory as an efficient tool to study heavy flavours on the lattice.

6.1 Wilson formulation of Lattice QCD

By now, it should be clear how to discretize this action following for example the
Wilson approach

SQCD[U, ψ̄,ψ] = S[U ] + SW [U, ψ̄,ψ] (6.8)



heavy quark dynamics: decay constants
Pure leptonic decays

In the Standard Model

Tree level mediated by only W
boson.

Helicity suppressed

B → τ ν̄ ≈ 10
−4

B → µν̄ ≈ 10
−7

B → eν̄ ≈ 10
−12

Sensitive to fB , given Vub

Vub and fB dominate SM

uncertainty.

B(B → �ν) =
G2

FmB

8π
m2

�(1−
m2

�

m2

B

)
2f 2B |Vub|2τB

M. Bellis April. 2010 FNAL 4 / 26



beyond QCD



beyond QCD



electroweak symmetry breaking

Emphasis biased because of technical difficulties posed by strongly coupled dynamics.

May the success story of lattice QCD make up for that?

two classes of models:

EW symmetry broken by weakly coupled scalar field(s):

without SUSY (hierarchy problem);

with SUSY (natural, but plethora of soft-breaking parameters);

EWSB degrees of freedom are actual Nambu-Goldstone bosons:

immediately connects EWSB and flavour;

dynamics necessarily strongly coupled.



strong electroweak symmetry breaking

technicolour

composite Higgs

Chiral SSB in QCD provides qualitatively correct mechanism for W mass generation:

SU(2)V × U(1)B

SU(2)L × SU(2)R × U(1)B

QCD

SU(2)L × U(1)Y

π

Figure 2: Cartoon of QCD with part of its chiral symmetry gauged by the weak interactions.

. . .

= +

+ +

Gµν(q) =
−i

q2 − g2Π(q2)/2
(PT )µν , (PT )µν ≡ ηµν −

qµqν
q2

, (19)

where

iΠµν(q) =−
�
d4x e−iq·x�0|T

�
J+
µ (x)J

−
ν (0)

�
|0�

Πµν(q) =

�
ηµν −

qµqν
q2

�
Π(q2) .

(20)

Then, a mass for the W arises if Πµν(q2) has a pole at q2 = 0. The pole in fact exists
as a result of the symmetry breaking, due to the exchange of the pion:

�0|J+
µ |π−(p)� = i

fπ√
2
pµ (21)

=⇒ Π(q2) =
f 2
π

2
.

This implies that the W acquires a mass

mW =
gfπ
2

� 29MeV .

Although this number is far from the experimental value, the above discussion shows
that QCD is, at the qualitative level, a good example of electroweak symmetry breaking
sector. This is even more true considering that the unbroken SU(2)V isospin invariance
acts as a custodial symmetry so that ρ = 1 at tree level in the QCD vacuum.

12

MW ≈ gfπ

2
� 29 MeV

Postulate super-strong interaction with                      . fπ ∼ 250 GeV
[Weinberg, Susskind 1979]

flavour:

ψL ψR

�Ψ̄TCΨTC�
mq ∼

ΣTC

M2
X

∼ ΣTC

f2
TC

mixing (⊂ FCNC)

[Dimopoulos et al. 1979; Eichten et al. 1980]



strong electroweak symmetry breaking

LATTICE GAUGE THEORIES AT THE ENERGY
FRONTIER

Thomas Appelquist, Richard Brower, Simon Catterall, George Fleming,

Joel Giedt, Anna Hasenfratz, Julius Kuti, Ethan Neil, and David Schaich

(USQCD Collaboration)

(Dated: February 11, 2013)

Abstract

This White Paper has been prepared as a planning document for the Division of High Energy Physics

of the U. S. Department of Energy. Recent progress in lattice-based studies of physics beyond the

standard model is summarized, and major current goals of USQCD research in this area are

presented. Challenges and opportunities associated with the recently discovered 126 GeV Higgs-like

particle are highlighted. Computational resources needed for reaching important goals are described.

The document was finalized on February 11, 2013 with references that are not aimed to be complete,

or account for an accurate historical record of the field.
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extremely active field, providing crucial input for the understanding of Higgs physics



(a large part of) QCD in the hadronic regime tamed by the lattice

essential tool in several studies at the frontier of particle physics

understand hadron dynamics

study flavour physics

explore dynamics underlying EWSB and the flavour sector

challenges for the immediate future

does new physics appear in flavour?

is dynamical EWSB compatible with LHC findings? does it offer room to 
understand flavour?

conclusions


