
Quantum Field Theory: Standard Model Exercises

and Electroweak Symmetry Breaking TAE 2013

Exercise 1: Covariant derivative

Prove that the term Ψ /DΨ where the covariant derivative is given by:

Dµ = ∂µ − igW̃µ , W̃µ = TaWa
µ

is invariant under gauge transformations:

Ψ 7→ Ψ′ = UΨ , U = exp{−iTaθa(x)}

W̃µ 7→ W̃ ′
µ = UW̃µU† − i

g
(∂µU)U†

Ψ 7→ UΨ

W̃µ 7→ UW̃µU† − i

g
(∂µU)U†

DµΨ = (∂µ − igW̃µ)Ψ 7→ (∂µ − igUW̃µU† − (∂µU)U†)UΨ

= (∂µU + U∂µ − igUW̃µ − ∂µU)Ψ

= U(∂µ − igW̃µ)Ψ

= UDµΨ

⇒ Ψ /DΨ 7→ ΨU†U /DΨ = Ψ /DΨ

Exercise 2: Feynman rules of general non-Abelian gauge theories

Obtain the Feynman rules for cubic and quartic self-interactions among gauge fields in a

general non-Abelian gauge theory, as well as those for the interactions of Faddeev-Popov

ghosts with gauge fields:

ab

c

Lcubic =− 1

2
g fabc (∂µWa

ν − ∂νWa
µ)W

b,µWc,ν

⇒ g fabc [gµν(k1 − k2)λ + gνλ(k2 − k3)µ + gλµ(k3 − k1)ν]
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Proof:

Note that there is a summation over repeated indices abc and assume totally antisymmetric structure

constants fabc. Then, fixing abc the summation is over all possible permutations of three indices 123 labeling

the momenta and polarization vectors. Write −ik for every incoming momentum and a polarization vector

ǫ(k) for every incoming vector boson. The polarization vectors factor out of the vertex definition:

Γµνλ[V
a(k1), Vb(k2), Vc(k3)]ǫ

µ
1 ǫν

2ǫλ
3 = − i

2
g fabc (−ikaµǫaν + ikaνǫaµ)ǫ

µ
b ǫν

c

+ (ab) + (ac) + (bc) + (abc) + (acb)

= −1

2
g fabc [(k1ǫ2)(ǫ1ǫ3)− (k1ǫ3)(ǫ1ǫ2)

− (k2ǫ1)(ǫ2ǫ3) + (k2ǫ3)(ǫ2ǫ1)

− (k3ǫ2)(ǫ3ǫ1) + (k3ǫ1)(ǫ3ǫ2)

− (k1ǫ3)(ǫ1ǫ2) + (k1ǫ2)(ǫ1ǫ3)

+ (k2ǫ3)(ǫ2ǫ1)− (k2ǫ1)(ǫ2ǫ3)

+ (k3ǫ1)(ǫ3ǫ2)− (k3ǫ2)(ǫ3ǫ1)]

= g fabc {[(k1ǫ3)− (k2ǫ3)](ǫ1ǫ2)

+ (k2ǫ1)− (k3ǫ1)](ǫ2ǫ3)

+ (k3ǫ2)− (k3ǫ2)](ǫ3ǫ1)}

⇒ Γµνλ[V
a(k1), Vb(k2), Vc(k3)] = g fabc [gµν(k1 − k2)λ + gνλ(k2 − k3)µ + gλµ(k3 − k1)ν]

Lquartic =− 1

4
g2 fabe fcde Wa

µWb
ν Wc,µWd,ν

⇒ − ig2 [ fabe fcde (gµλgνρ − gµρgνλ)

+ face fdbe (gµρgνλ − gµνgλρ)

+ fade fbce (gµνgλρ − gµλgνρ)]

Proof:

Fixing abcd the summation over repeated indices leads to the following set of permutations:

Γµνλρ[V
a(k1),V

b(k2), Vc(k3), Vd(k4)]ǫ
µ
1 ǫν

2ǫλ
3 ǫ

ρ
4

= − i

4
g2
{

fabe fcde [(ǫaǫc)(ǫbǫd) + (ac) + (bd) + (ac)(bd)]

+ fcbe fade [(ǫcǫa)(ǫbǫd) + (ac) + (bd) + (ac)(bd)] ⇐ a ↔ c

+ fdbe fcae [(ǫdǫc)(ǫbǫa) + (ab) + (cd) + (ab)(cd)] ⇐ a ↔ d

+ face fbde [(ǫaǫb)(ǫcǫd) + (ab) + (cd) + (ab)(cd)] ⇐ b ↔ c

+ fade fcbe [(ǫaǫc)(ǫdǫb) + (ac) + (bd) + (ac)(bd)] ⇐ b ↔ d

+ fdce fbae [(ǫdǫb)(ǫcǫa) + (ac) + (bd) + (ac)(bd)]
}

⇐ a ↔ d & b ↔ c
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= − i

4
g2
{

fabe fcde [(ǫ1ǫ3)(ǫ2ǫ4)− (ǫ2ǫ3)(ǫ1ǫ4)− (ǫ1ǫ4)(ǫ2ǫ3) + (ǫ2ǫ4)(ǫ1ǫ3)]

+ fcbe fade [(ǫ3ǫ1)(ǫ2ǫ4)− (ǫ2ǫ1)(ǫ3ǫ4)− (ǫ3ǫ4)(ǫ2ǫ1) + (ǫ2ǫ4)(ǫ3ǫ1)]

+ fdbe fcae [(ǫ4ǫ3)(ǫ2ǫ1)− (ǫ2ǫ3)(ǫ4ǫ1)− (ǫ4ǫ1)(ǫ2ǫ3) + (ǫ2ǫ1)(ǫ4ǫ3)]

+ face fbde [(ǫ1ǫ2)(ǫ3ǫ4)− (ǫ3ǫ2)(ǫ1ǫ4)− (ǫ1ǫ4)(ǫ3ǫ2) + (ǫ3ǫ4)(ǫ1ǫ2)]

+ fade fcbe [(ǫ1ǫ3)(ǫ4ǫ2)− (ǫ4ǫ3)(ǫ1ǫ2)− (ǫ1ǫ2)(ǫ4ǫ3) + (ǫ4ǫ2)(ǫ1ǫ3)]

+ fdce fbae [(ǫ4ǫ2)(ǫ3ǫ1)− (ǫ3ǫ2)(ǫ4ǫ1)− (ǫ4ǫ1)(ǫ3ǫ2) + (ǫ3ǫ1)(ǫ4ǫ2)]
}

= −ig2
{

fabe fcde [(ǫ1ǫ3)(ǫ2ǫ4)− (ǫ1ǫ4)(ǫ2ǫ3)]

+ face fdbe [(ǫ1ǫ4)(ǫ2ǫ3)− (ǫ1ǫ2)(ǫ3ǫ4)]

+ fade fbce [(ǫ1ǫ2)(ǫ3ǫ4)− (ǫ1ǫ3)(ǫ2ǫ4)]
}

⇒ Γµνλρ = −ig2 [ fabe fcde (gµλgνρ − gµρgνλ)

+ face fdbe (gµρgνλ − gµνgλρ)

+ fade fbce (gµνgλρ − gµλgνρ)]

ab

c

LFP ⊃− g fabc(∂
µca)cbWc

µ

⇒ g fabc pµ

Proof:

Momentum p is outgoing. Then:

Γµ = −ig fabcipµ = g fabc pµ

Exercise 3: Faddeev-Popov ghosts and gauge invariance

Consider the 1-loop self-energy diagrams for non-Abelian gauge theories in the figure.

Calculate the diagrams in the ‘t Hooft-Feynman gauge and show that the sum does not

have the tensor structure gµνk2 − kµkν required by the gauge invariance of the theory unless

diagram (c) involving ghost fields is included.

Hint: Take Feynman rules from previous excercise and use dimensional regularization. It is
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convenient to use the Passarino-Veltman tensor decomposition of loop integrals:

i

16π2
{B0, Bµ, Bµν} = µǫ

∫
dDq

(2π)D

{1, qµ, qµqν}
q2(q + k)2

where B0 = ∆ǫ + finite

Bµ = kµB1 , B1 = −∆ǫ

2
+ finite

Bµν = gµνB00 + kµkνB11 , B00 = − k2

12
∆ǫ + finite , B11 =

∆ǫ

3
+ finite

with ∆ǫ = 2/ǫ − γ + ln 4π and D = 4 − ǫ. You may check that the ultraviolet divergent

part has the expected structure or find the final result in terms of scalar integrals, that for

this configuration of masses and momenta read:

B1 = −1

2
B0 , B00 = − k2

4(D − 1)
B0 , B11 =

D

4(D − 1)
B0 .

Do not forget a symmetry factor (1/2) in front of (a) and (b), and a factor (−1) in (c).

k
q + k

q
=

1

2
µǫ
∫

dDq

(2π)D

−i

q2

−i

(q + k)2
g2 facd fbcdNµν

= − g2C2(G)δab

2
µǫ
∫

dDq

(2π)D

Nµν

q2(q + k)2

where facd fbcd ≡ C2(G)δab

and Nµν = −gµν(2q2 + 5k2 + 2qk)− 10qµqν − 5(qµkν + kνqµ) + 2kµkν

= − ig2C2(G)δab

32π2

{
−gµν(2gρσBρσ + 5k2B0 + 2kρBρ)− 10Bµν − 5(Bµkν + BνKµ) + 2kµkνB0

}

= − ig2C2(G)δab

32π2

{
−gµν[(2D + 10)B00 + 2k2B11 + 2k2B1 + 5k2B0]− kµkν(10B11 + 10B1 − 2B0)

}

= − ig2C2(G)δab

32π2

B0

2(D − 1)

{
−(8D − 13)gµνk2 − (9D − 14)kµkν

}

= − ig2C2(G)δab

32π2
∆ǫ

{
−19

6
gµνk2 +

11

3
kµkν

}
+ finite

k

q
=

1

2
µǫ
∫

dDq

(2π)D

−igρσ

q2
δcd(−ig2)[ fabe fcde (gµσgνρ − gµρgνσ)

+ face fdbe (gµρgνσ − gµνgσρ)

+ fade fbce (gµνgσρ − gµσgνρ)]

= −g2C2(G)δabµǫ
∫

dDq

(2π)D

(D − 1)gµν

q2
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= −g2C2(G)δabµǫ
∫

dDq

(2π)D

(D − 1)gµν

q2

q2 + 2qk + k2

(q + k)2

= − ig2C2(G)δab

16π2
(D − 1)gµν(gρσBρσ + 2kρBρ + k2B0)

= − ig2C2(G)δab

16π2
(D − 1)gµν(DB00 + k2B11 + 2k2B1 + k2B0)

= 0

k

q + k
q

= (−1)µǫ
∫

dDq

(2π)D

i

q2

i

(q + k)2
g2 fdca (qµ + kµ) fcdb qν

= −g2C2(G)δabµǫ
∫

dDq

(2π)D

(qµ + kµ)qν

q2(q + k)2

= − ig2C2(G)δab

16π2
(Bµν + kµBν)

= − ig2C2(G)δab

16π2
(gµνB00 + kµkνB11 + kµkνB1)

= − ig2C2(G)δab

32π2

B0

2(D − 1)

{
gµνk2 − (2 − D)kµkν

}

= − ig2C2(G)δab

32π2
∆ǫ

{
−1

6
gµνk2 − 1

3
kµkν

}
+ finite

Summing all three diagrams (actually diagram (b) does not contribute):

= − ig2C2(G)δab

16π2

B0

D − 1
(2D − 3)

{
gµνk2 − kµkν

}
= − ig2C2(G)δab

16π2
∆ǫ

5

3

{
gµνk2 − kµkν

}
+ finite

Exercise 4: Propagator of a massive vector boson field

Consider the Proca Lagrangian of a massive vector boson field

L = −1

4
FµνFµν +

1

2
M2Aµ Aµ , with Fµν = ∂µ Aν − ∂ν Aµ .

Show that the propagator of Aµ is

D̃µν(k) =
i

k2 − M2 + iǫ

[
−gµν +

kµkν

M2

]
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L = −1

4
FµνFµν +

1

2
M2Aµ Aµ = −1

2
(∂µ Aν∂µ Aν − ∂µ Aν∂ν Aµ) +

1

2
M2 Aµ Aµ

Euler-Lagrange:
∂L

∂Aν
− ∂µ

∂L
∂(∂µ Aν)

= 0 ⇒ M2Aν + ∂µ(∂
µ Aν − ∂ν Aµ) = 0

⇒ [gµν(2+ M2)− ∂µ∂ν]Aµ = 0

The propagator is i times the inverse of the operator in square brackets. In momentum space:

D̃µν(k) = i[−gµν(k2 − M2) + kµkν]−1 =
i

k2 − M2 + iǫ

[
−gµν +

kµkν

M2

]

where the Feynman’s prescription has been included. To show that this is actually the inverse, check:

D̃µν(k)[−gνρ(k2 − M2) + kνkρ] = iδ
ρ
µ

Exercise 5: Propagator of a massive gauge field

Consider the U(1) gauge invariant Lagrangian L with gauge fixing LGF:

L = −1

4
FµνFµν + (Dµφ)†(Dµφ)− µ2φ†φ − λ(φ†φ)2

LGF = − 1

2ξ
(∂µ Aµ − ξMAχ)2 , with Dµ = ∂µ + ieAµ , Fµν = ∂µ Aν − ∂ν Aµ

where MA = ev after spontanteous symmetry breaking (µ2 < 0, λ > 0) when the complex

scalar field φ acquires a VEV and is parameterized by

φ(x) =
1√
2
[v + ϕ(x) + iχ(x)] , µ2 = −λv2.

Show that the propagators of ϕ, χ and the gauge field Aµ are respectively

D̃ϕ(k) =
i

k2 − M2
ϕ + iǫ

with M2
ϕ = −2µ2 = 2λv2

D̃χ(k) =
i

k2 − ξM2
A + iǫ

, D̃µν(k) =
i

k2 − M2
A + iǫ

[
−gµν + (1 − ξ)

kµkν

k2 − ξM2
A

]

Writing φ in terms of ϕ and χ:

L+ LGF =− 1

4
FµνFµν +

1

2
M2

A Aµ Aµ − 1

2ξ
(∂µ Aµ)2

+
1

2
(∂µχ)(∂µχ)− 1

2
ξM2

Aχ2

+
1

2
(∂µ ϕ)(∂µ ϕ)− λv2 ϕ2 + . . .
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– Propagator of Aµ:

Euler-Lagrange:
∂L

∂Aν
− ∂µ

∂L
∂(∂µ Aν)

= 0 ⇒ ∂µ(∂
µ Aν − ∂ν Aµ) +

1

ξ
∂ν∂µ Aµ = 0

⇒
[

gµν
2−

(
1 − 1

ξ

)
∂µ∂ν

]
Aµ = 0

The propagator is i times the inverse of the operator in square brackets. In momentum space:

D̃µν(k) = i

[
−gµνk2 +

(
1 − 1

ξ

)
kµkν

]−1

=
i

k2 − M2 + iǫ

[
−gµν + (1 − ξ)

kµkν

k2

]

where the Feynman’s prescription has been included. In fact,

D̃µν(k)

[
−gνρk2 +

(
1 − 1

ξ

)
kνkρ

]
= iδ

ρ
µ

– Propagator of χ:

Euler-Lagrange:
∂L
∂χ

− ∂µ
∂L

∂(∂µχ)
= 0 ⇒ [2χ − ξM2

A]χ = 0

The propagator is −i times the inverse of the operator in square brackets. In momentum space:

D̃(k) = −i[−k2 − ξM2
A]

−1 =
i

k2 − ξM2
A + iǫ

– Propagator of ϕ. Similarly to previous case:

D̃(k) =
i

k2 − M2
ϕ + iǫ

, M2
ϕ = 2λv2

Exercise 6: The conjugate Higgs doublet

Show that Φc ≡ iσ2Φ∗ =

(
φ0∗

−φ−

)
transforms under SU(2) like Φ =

(
φ+

φ0

)
, with φ− =

(φ+)∗. What are the weak isospins, hypercharges and electric charges of φ0, φ0∗, φ+, φ−?

Hint: Use the property of Pauli matrices: σ∗
i = −σ2σiσ2.

Consider an infinitesimal SU(2) transformation:

Φ =

(
φ+

φ0

)
7→
(

1 − i
σi

2
δθi
)

Φ

⇒ Φc =

(
−φ0∗

φ−

)
= iσ2Φ∗ 7→ iσ2

(
1 − i

σi

2
δθi
)∗

Φ∗ =
(

1 + iσ2
σ∗

i

2
σ2δθi

)
iσ2Φ∗

=
(

1 − i
σi

2
δθi
)

Φc

Under a U(1) transformation:

Φ 7→ e−iαYΦ ⇒ Φc 7→ eiαYΦc

Then, using Q = T3 +Y and taking Φ with hypercharge y = 1
2 we have
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φ0 φ+ φ0∗ φ−

T3 − 1
2

1
2

1
2 − 1

2

Y 1
2

1
2 − 1

2 − 1
2

Q 0 1 0 −1

Exercise 7: Lagrangian and Feynman rules of the Standard Model

Try to reproduce the Lagrangian and the corresponding Feynman rules of as many Stan-

dard Model interactions as you can. Of particular interest/difficulty are [VVV] and [VVVV].

Check your results in http://www.ugr.es/local/jillana/SM/FeynmanRulesSM.pdf (taken from FeynArts)

Exercise 8: Z pole observables at tree level

Show that

Γ( f f̄ ) ≡ Γ(Z → f f̄ ) = N
f
c

αMZ

3
(v2

f + a2
f ) , N

f
c = 1 (3) for f = lepton (quark)(a)

σhad = 12π
Γ(e+e−)Γ(had)

M2
ZΓ2

Z

(b)

AFB =
3

4
A f , with A f =

2v f a f

v2
f + a2

f

(c)

(a) Amplitude for Z → f (p1) f (p2) in the SM at tree level:

iM = v(p1)ieγµ(v f − a f γ5)u(p2)ǫµ(λ)

Averaging over the 3 initial polarizations and summing over final polarizations:

∑̃|M|2 =
e2

3 ∑
λ=±,0

ǫµ(λ)ǫ
∗
ν(λ) v(p1)γ

µ(v f − a f γ5)u(p2)u(p2)(v f + a f γ5)γ
νv(p1)

= − e2

3
Tr{/p1γµ(v f − a f γ5)/p2(v f + a f γ5)γµ}

=
e2

3
8p1p2(v

2
f + a2

f ) =
e2

3
4M2

Z(v
2
f + a2

f )

where fermion masses have been neglected and we have inserted:

∑
λ=±,0

ǫµ(λ)ǫ
∗
ν(λ) = −gµν +

kµkν

M2
Z

(the second term does not contribute in the limit of massless fermions) and substituted:

2p1p2 = (p1 + p2)
2 = M2

Z
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The differential width is then:

dΓZ

dΩ
=

1

32π2

|~p|
M2

Z

|M|2 =
1

64π2MZ
|M|2 = N

f
c

α

12π
MZ(v

2
f + a2

f )

(isotropic) where a factor has been included to account for a sum over 3 colors in the case of the

fermion being a quark, and the total width is:

ΓZ = 4π
dΓZ

dΩ
= N

f
c

αMZ

3
(v2

f + a2
f )

(b) Amplitude for e+(p1)e
−(p2) → f (p3) f (p4) with f 6= e in the SM at tree level (unitary gauge):

M = Mγ +MZ

e

e f

f

γ iMγ = u(p4) (−ieQ f )γ
µ v(p3)

−igµν

s
v(p1) (−ieQe)γ

ν u(p2)

e

e f

f

Z
iMZ = u(p4) ieγµ(ve − aeγ5) v(p3)

i(−gµν + kµkν/M2
Z)

s − M2
Z + iMZΓZ

× v(p1) ieγν(v f − a f γ5) u(p2)

where the term proportional to kµkν is irrelevant in the limit of me = 0. The cross-section in the

CM (unpolarized case and me = 0) is, after some Diracology:

dσ

dΩ
=

β f

64π2

N
f
c

4 ∑̃|M|2

= N
f
c

α2

4s
β f

{[
1 + cos2 θ + (1 − β2

f ) sin2 θ
]

G1(s) + 2(β2
f − 1)G2(s) + 2β f cos θG3(s)

}

with G1(s) = Q2
e Q2

f + 2QeQ f vev f ReχZ(s) + (v2
e + a2

e )(v
2
f + a2

f )|χZ(s)|2

G2(s) = (v2
e + a2

e )a2
f |χZ(s)|2

G3(s) = 2QeQ f aea f ReχZ(s) + 4vev f aea f |χZ(s)|2

⇒ σ(s) = N
f
c

2πα2

3s
β f

[
(3 − β2

f )G1(s)− 3(1 − β2
f )G2(s)

]

where χZ(s) ≡
s

s − M2
Z + iMZΓZ

and N
f
c = 1 (3) for f = lepton (quark). It is easy to guess which

terms come from the exchange of γ, Z and the interference.

At the Z pole (s = M2
Z) the interference terms vanish. Neglecting all fermion masses and the γ

exchange, the total cross-section is

σ(M2
Z) = N

f
c

4πα2

3M2
Z

G1(M2
Z) = N

f
c

4πα2

3Γ2
Z

(v2
e + a2

e )(v
2
f + a2

f )
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We see that in fact

σhad = 12π
Γ(e+e−)Γ(had)

M2
ZΓ2

Z

= 3
4πα2

3Γ2
Z

(v2
e + a2

e )(v
2
f + a2

f )

(c) The forward-backward asymmetry at the Z pole, neglecting fermion masses and γ exchange, is:

AFB =
σF − σB

σF + σB
=

3

4

G3(M2
Z)

G1(M2
Z)

=
3

4
A f Ae with A f =

2v f a f

v2
f + a2

f
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