QuanTtuM FIELD THEORY: STANDARD MODEL EXERCISES
AND ELECTROWEAK SYMMETRY BREAKING TAE 2013

Exercise 1: Covariant derivative

Prove that the term Y)Y where the covariant derivative is given by:
Dy =0, —igW,, W,=T,W;
is invariant under gauge transformations:
Y—9Y=UY, U=exp{-iT,0"(x)}
W, — W, = UW,U" — é(aHU)u+

¥ UY
Wy, — UW, Ut — é(ayu)w
DY = (3, —igW,)¥ = (9, —igUW, U — (@, U) U U¥
= (9uU + U9y, — igUW, — 2, U)¥
= U9, —igW,)¥
=UD,¥

= ¥DPY — FUTUDY = IDY

Exercise 2: Feynman rules of general non-Abelian gauge theories

Obtain the Feynman rules for cubic and quartic self-interactions among gauge fields in a
general non-Abelian gauge theory, as well as those for the interactions of Faddeev-Popov
ghosts with gauge fields:

1
Leubic = — ngﬂbc (ang — avwﬁ)wb,ﬂwcm

= Sfave [uv(ki —ka)a + gualka —k3)y + gap(ks — k1)v]
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Proof:

Note that there is a summation over repeated indices abc and assume totally antisymmetric structure
constants fg;.. Then, fixing abc the summation is over all possible permutations of three indices 123 labeling
the momenta and polarization vectors. Write —ik for every incoming momentum and a polarization vector

(k) for every incoming vector boson. The polarization vectors factor out of the vertex definition:

L [V k1), VP (k2), VO (ka) el esed = == gfune (~ikapeny + knveny)ehet
+ (ab) + (ac) + (bc) + (abc) + (ach)

= —3&fune [(ie2) (@r65) — (kies) (ere2)

— (kae1)(e2€3) + (ka€3)(€2€1)

— (ksez) (es€1) + (kzer)(e3€2)

— (ki€3)(e1€2) + (k1€2)(€1€3)

+ (ka€3) (€2€1) — (kz€1)(€2€3)

+ (kser) (€3€2) — (kaez) (€3€1)]
= gfave {[(k1€3) — (k2€3)](€1€2)

+ (kae1) — (kser)
+ (kzez) — (kse2)

(€2€3)

(€3€1)}

= T [VO(ky), VP ko), VE(k3)] = & fape 18w (k1 — k) + gualka — k3)u + gau(ks — kq)u]

1
Equartic - - Zngabefcde WZWEWC’VWd’V

H.a v,b
= = igz [ favefede (gw\gvp —gypgy)\)
+ fﬂcefdbe (gllpgv)\ - gyngp)
p.d Ac +fudefbce (g;u/gAp - gy)\gvp)}
Proof:

Fixing abcd the summation over repeated indices leads to the following set of permutations:

LoV k1), VO (ko), Ve (k3), V¥ (ky) €} ebelel

= 38 favefete [(eaec) (eveq) + (ac) + (bd) + (ac) (b))
+ fevefade [(€c€a)(€v€q) + (ac) + (bd) + (ac)(bd)]  <a < c
+ favefeae [(€aec)(€p€a) + (ab) + (cd) + (ab)(cd)]  <a < d
+ facefode [(€a€p)(€c€q) + (ab) + (cd) + (ab)(cd)] < b <> c
+ fodefeve [(€a€c)(€4€p) + (ac) + (bd) + (ac)(bd)] <«<=b<d
+ facefoae [(€4€p) (ec€a) + (ac) + (bd) + (ac)(bd)]} <=a<rd &b+ c
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= —igz{fabefcde [(e1€3) (€264) — (€2€3)(€1€4) — (€1€4) (€2€3) + (€2€4) (€1€3)]
+ fevefade [(€3€1)(€264) — (€2€1)(€3€4) — (€3€4) (€2€1) + (€264) (€3€1)]
+ favefeae [(€1€3)(€2€1) — (€2€3)(€4€1) — (€1€1)(€2€3) + (€2€1) (€4€3)]
+ facefode [(€1€2)(€3€4) — (€3€2)(€1€64) — (€1€4) (€3€2) + (€364) (€1€2)]
+ fadefeve [(€1€3) (€162) — (€1€3)(€162) — (€1€2) (€4€3) + (€162) (€1€3)]
+ facefoae [(€4€2) (€3€1) — (€3€2) (€4€1) — (€s€1) (€3€2) + (€3€1) (€4€2)]}

= —ig?{ fuvefede [(€163)(€264) — (€1€4) (€2€3)]
+ face fave [(€1€4) (€263) — (€162) (€3€4)]
+ fadefoce [(€1€2)(€3€4) — (€1€3) (€2€4)] }
(

HvAp = _ig2 [ faveSede Sur8vp — 8up8ur)
+facefdbe (gypgv)\ - gplvg)\p)
(

=T

+ fadefbce g]ﬂ/g/\p - gy/\gvp)]
[T
g Lpp D — gfabc(ayfu)cbwﬁ
a "'-4_9 = &fabcPy
b a

Proof:
Momentum p is outgoing. Then:

Fpl = _igfabcip]i = gfubcpy

Exercise 3: Faddeev-Popov ghosts and gauge invariance

Consider the 1-loop self-energy diagrams for non-Abelian gauge theories in the figure.
Calculate the diagrams in the ‘t Hooft-Feynman gauge and show that the sum does not
have the tensor structure g,,,k* — k,k, required by the gauge invariance of the theory unless

diagram (c) involving ghost fields is included.

Hint: Take Feynman rules from previous excercise and use dimensional regularization. It is
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convenient to use the Passarino-Veltman tensor decomposition of loop integrals:

i _ e [ dPq {1 94 quav}
T2 B0 Bur Buvk = /(27‘[)D 72 (q + k)2

where By = A, + finite

A
By =kuB1, Bi=—="+finite
k2 - Ae | .. .
By = guvBoo + kukyB11,  Boo = _EAE + finite, By = 3 + finite
with Ac = 2/€e — v +In4m and D = 4 — €. You may check that the ultraviolet divergent
part has the expected structure or find the final result in terms of scalar integrals, that for
this configuration of masses and momenta read:
1 k> D

1 7 0/ 00 4<D—1) 0/ 11 4<D—1) 0

Do not forget a symmetry factor (1/2) in front of (a) and (b), and a factor (—1) in (c).

d,o
a, Y b,v 1. qu i ,
"2 = N
: 2# /(27‘[)D q2 (q_|_k)2g facafvcd W
G p _ _ngZ(G)éab €‘/ qu N“I/ll/
2 (270)P 2(q + k)

where focqfoea = C2(G)dap

and Ny = —gu(29% + 5% + 2qk) — 109,qy — 5(quky + kuqy) + 2kky

ig?Cy(G)d
= —% {— §0(2800BP” + 5K2By + 2k, B?) — 10B,,, — 5(Byk, + B,K) + 2kkaB0}
. 2 5
- —% {—gW[(2D +10)Bog + 2k%By; + 2k2By + 5k2Bg] — kyk, (10By; + 10By — 230)}

L)
— _lg C2<G)‘Sab By _ B ' B
- 272 2(D-1) { (8D —13)guvk” — (9D 14)kykv}

)
18 CQ(G)5 b 19 2 11 .
=T Be T Sk gk o finite

1 -~ dPg —igr? .
= E.ue / Wq—zécd(_lgz)[ favefede (gyagvp —gypgva)

+ facefave (SupSvo — &uvgop)
+ fadefoce (§uv8op — uogup)]

D—1)gu
72

D
— —g2Co(G)bunc | (SﬂfD (

4
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—1 2+ 2gk + k2
=—§’C(G ab#/ B & 4%

(9 +k)?
ig’Co(G)J
= _w(D —1)8uv(8po B + 2k, B + k*By)

16712
102C,(G)é
- _%(D —1)guv(DBoo -+ K*By1 + 2k*By + k*By)
=0
d
"'/L;.A D .
ap Saqk o by e[ d7qg i 1
A s = (F)u / — S faca Gu+ku) feav qv
g ; 277)D 42 k)2
T el (270)P g2 (9 + k)
C
+k )
)
ig°Co(G)dap
= _W(BVV+kVBV)
i02C,(G)d
= —%(&41/300 + k]ikVBll + kkaBl)

fo2
_ ig°C(G)day  Bo 2
~ T 3@ 2(D-1) {guk =@~ D)tk }

f o2
18 Cz(G)(s b 1 2 1 .
== —TzﬂAe _ggHVk — gkykv +f|n|te

Summing all three diagrams (actually diagram (b) does not contribute):

o “ﬁm o

. 2 . 2
__ 18 C2(G)5ab By ) g C2(G)§Hb 5 ) o
= — 167T2 D—](ZD_B) {gl‘»vk —kyku} = —TAeg {g’wk —kykv}—}ﬂmte

Exercise 4: Propagator of a massive vector boson field ‘

Consider the Proca Lagrangian of a massive vector boson field

Show that the propagator of A, is

Pull) = o3P e {‘g’*” M2 ]
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1 1 1 1
L= - FuwF" + EMZAHA" = =50 A" A" — 0, A, 0" AM) + EMZAHAV

oL oL

T~ _ T~ 2 AV HAV _ VAR —
A Ay 0 T MATH3 (AT A =0

Euler-Lagrange:
S [0+ M)~ )4, =0
The propagator is i times the inverse of the operator in square brackets. In momentum space:
i

D kyk
—; 2 2 -1 _ uhv
Byu() = il (0 = M2) 4 )7 = o g+ o3|

where the Feynman's prescription has been included. To show that this is actually the inverse, check:

Dy (k) [~ (K2 — M?) + kk¥] = idf

Exercise 5: Propagator of a massive gauge field

Consider the U(1) gauge invariant Lagrangian £ with gauge fixing Lcg:
1
L= —1FuF" + (D) (D'p) — 12979 — Mg'9)?
where M4 = ev after spontanteous symmetry breaking (4> < 0, A > 0) when the complex

scalar field ¢ acquires a VEV and is parameterized by

p(x) = %[v + () +ix(0)], = A

Show that the propagators of ¢, x and the gauge field A, are respectively

i

N _ : 2 2 2

Dq)<k> = m with M(P = —2}1 = 2Av

~ i ~ i kuk,

DMk =t D)=t | 1)
(k) k2 — EM? +ie (k) k2 — M2 +ie S+ é(>k2—(;M§‘

I
Writing ¢ in terms of ¢ and x:

1 1 1
L+ Lap == 7R F" + S M3 AL AN — 2—§(8HAP‘)2

1

T3 @) (0%) — 5EMER

(3,90) (") — A0 @? + ...

Nl = NI

+
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— Propagator of A:

Euler-Lagrange: % —d oL

1
= ‘M v _ Qv ]/l _1/‘1/[ _
A, ”a(ay 1/)—0 = ay(aA BA)—i—CBBAV—O

o o (1) o] a0

The propagator is i times the inverse of the operator in square brackets. In momentum space:

5 - 1 ] ™ i Kk,
DP‘V(k) =1 |:_gy k2+ (1 — E) Ktk :| = m |:—g;41/+ (1 _C)Z—‘Z]

where the Feynman's prescription has been included. In fact,
Dy (k) [—gVPk2 + (1 — %) k”kP} = id,

— Propagator of x:

oL oL

=y = _AM2 Ty —
i aya@x) 0 = [Ox—EMAJx=0

Euler-Lagrange:

The propagator is —i times the inverse of the operator in square brackets. In momentum space:

i

D) = —i[-kK-—eM3] e ———
®) [ EM3] K2 — M2 +ie

— Propagator of ¢. Similarly to previous case:

D(k) = 2—716 P M%O = 2)\2}2

Exercise 6: The conjugate Higgs doublet

0% +
Show that ®° = g, ®* = ( ¢ ) transforms under SU(2) like ® = (?}0), with ¢~ =

(¢7)*. What are the weak isospins, hypercharges and electric charges of ¢, ¢**, ¢, ¢p=?
Hint: Use the property of Pauli matrices: 0" = —020;07.

1
Consider an infinitesimal SU

(2)
® = < ) 1—1159)

0* AN * .
— iy ®* s oy (1 - iﬂ(sel) & = (14i0y L0966 ) iy d*
2 2
_ _ ﬁ i c
- (1 160 ) @

e ™D = e Of

) transformation:

Under a U(1) transformation:

Then, using Q = T3 + Y and taking ® with hypercharge y = % we have

7
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| " ¢t 9™ ¢
1 1 1 1
ol I I B
Y. 3 3 -3 —2
Q| 0 1 0 -1

Exercise 7: Lagrangian and Feynman rules of the Standard Model

Try to reproduce the Lagrangian and the corresponding Feynman rules of as many Stan-
dard Model interactions as you can. Of particular interest/difficulty are [VVV]and [VVVV].

I 1
Check your results in http://www.ugr.es/local/jillana/SM/FeynmanRulesSM.pdf (taken from FeynArts)

Exercise 8: Z pole observables at tree level

Show that

(@ T(ff)=T(Z— ff)= choc];/lz (v}—i—aj%) , Ni=1 (3) for f = lepton (quark)

['(ete )I'(had)
MZT

(b)  Ohaa =127

ZUfﬂf

3 .
(c) AFB:EAf/ with Af: U?—l—ajzf

(a) Amplitude for Z — f(p1)f(p2) in the SM at tree level:

iM =9(p1)ier" (vf —agpys)u(pa)eu(A)

Averaging over the 3 initial polarizations and summing over final polarizations:

N

LIME =5 L eaWer() olpn)r* (e —apru(pai(pa) (or +ay75)7"o(p1)

2
e
= —gTr{lﬁl’Y”(Uf —agys)p2(vf +arys)vu}
= é8 (0% 4 a%) = éAJEM2 (0% +a%)
= g onp2\vy T iy) = &Mz \Up T iy
where fermion masses have been neglected and we have inserted:
. kyk
Z en(Mey(A) = —guv + %
A=4,0 Z

(the second term does not contribute in the limit of massless fermions) and substituted:

2p1p2 = (p1+ p2)*> = M3
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The differential width is then:

ar; 1 g 1 2

a
- N2
dQ ~ 3272 M2 M = 6412 My | ¢

2 2
127‘[MZ(Uf + af)

(isotropic) where a factor has been included to account for a sum over 3 colors in the case of the

fermion being a quark, and the total width is:
drz DCMZ

f 2, 2
FZ—4 m NC 3 ('Uf"‘{;lf)

(b) Amplitude for e (p1)e™(p2) — f(p3)f(pa) with f # e in the SM at tree level (unitary gauge):

M= My + Mgz
e f

7 iM, =T(ps) (—ieQp)7" v(ps)— B(p1) (—ieQe)r” u(p2)
e f
P ! (g Ko/ M2)

. _ = ol _ W =8uv kv 7
7 iMy ”(P4) 1ey (Ue ﬂe'}’S) U(Ps) S—M%—l—iMzrz
x 0(p1) iey"(vf —asys) u(pa)

e f

where the term proportional to k;k, is irrelevant in the limit of m, = 0. The cross-section in the
CM (unpolarized case and m, = 0) is, after some Diracology:

da_ ,3f N
dQ 64712 4ZI

— N/ ﬁf {14 cos? 0+ (1— p3)sin0| G (s) +2(B} — 1)Ga(s) + 2B cos 0G(s) |

with  Gi(s) = Q7Q% +2QeQvevfRexz(s) + (02 +a7) (v + a3)[xz(s)?
Ga(s) = (v +a7)a?|xz(s)?
Gs(s) = 2QeQacasRexz (s) + 4vevacas|xz(s)|?

7'[062
= ols) = N2 B [(3- B)Gils) — 301 — B1)Ga(s)]

s
s— M2 +iMzTy
terms come from the exchange of 7y, Z and the interference.

where xz(s) = and Nér =1 (3) for f = lepton (quark). It is easy to guess which

At the Z pole (s = M%) the interference terms vanish. Neglecting all fermion masses and the
exchange, the total cross-section is
rdma?

G{(M%) = N,
1( Z) c 3FZZ

4rra?
o(M3) = N[ ==
( Z) c 3M%

(02 + a%)(v} + a})



QuanTtuM FIELD THEORY: STANDARD MODEL EXERCISES
AND ELECTROWEAK SYMMETRY BREAKING TAE 2013

We see that in fact

['(ete)I'(had) 4rra®
( M%l"zi =355+ ) 0] + )

Ohad = 127t

(c) The forward-backward asymmetry at the Z pole, neglecting fermion masses and 7y exchange, is:

O — 0B 3(33(A4% 3 .
Arg = = - =-A/A th Ar =
FB UF+UB 4G1(M%) 4 f e WI f

2Z)fllf
2 2
Uf+llf

10



