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Two-body Casimir energy (Scalar case)

E12 = E0 +∆E1 +∆E2 +∆E12
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E12 = E0 +∆E1 +∆E2 +∆E12

Theorem: Two-body interaction energy, ∆E12, is finite and negative
for two disjoint objects. (Kenneth and Klich, 2006)

∆E12 =
1

2

∫

∞

−∞

dζ

2π
Tr ln

[

1− G0T1G0T2

]

G0 – free Green’s function, e−ζr12/4πr12, divergent for r12 → 0.
Ti ’s – single-body transition operators, effective potential.
Log expansion, multiple scattering, closed paths.
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Theorem: Two-body interaction energy, ∆E12, is finite and negative
for two disjoint objects. (Kenneth and Klich, 2006)

∆E12 =
1

2

∫

∞

−∞

dζ

2π
Tr ln

[

1− G0T1G0T2

]

G0 – free Green’s function, e−ζr12/4πr12, divergent for r12 → 0.
Ti ’s – single-body transition operators, effective potential.
Log expansion, multiple scattering, closed paths.

Significance: Two-body interaction energy for disjoint bodies is free
of divergence from the start. Explicit calculation for various
non-trivial geometries has been achieved in the last decade. General
statements possible without detailed calculation.
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Irreducible three-body Casimir energies

Irreducible three-body contribution to (scalar) Casimir energy is finite and
positive even as two-body contributions diverge.

E123 = E0 +∆E1 +∆E2 +∆E3 +∆E12 +∆E23 +∆E31 +∆E123.
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Irreducible three-body Casimir energies

Irreducible three-body contribution to (scalar) Casimir energy is finite and
positive even as two-body contributions diverge.

E123 = E0 +∆E1 +∆E2 +∆E3 +∆E12 +∆E23 +∆E31 +∆E123.

A formal expression for ∆E123 is

∆E123 =
1

2

∫

∞

−∞

dζ

2π
Tr ln

[

1 + X12

{

T̃1T̃2T̃3X23 + T̃1T̃3T̃2X32 − T̃1T̃2T̃1T̃3

−T̃1T̃3T̃2T̃3X23 − T̃1T̃2T̃3T̃2X32

}

X13

]

,

where T̃i = G0Ti , and Xij ’s are solutions to the integral equations,

[

1− T̃i T̃j

]

Xij = 1.
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Many-body Green’s functions
The free Green’s function of a massless scalar field satisfies

[−∇
2 + ζ2]G0(x, x

′) = δ(3)(x− x′).
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Many-body Green’s functions
The free Green’s function of a massless scalar field satisfies

[−∇
2 + ζ2]G0(x, x

′) = δ(3)(x− x′).

The one-body Green’s function, Gi , satisfies

[

−∇
2 + ζ2 + Vi(x)

]

Gi(x, x
′) = δ(3)(x− x′).
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Many-body Green’s functions
The free Green’s function of a massless scalar field satisfies

[−∇
2 + ζ2]G0(x, x

′) = δ(3)(x− x′).

The one-body Green’s function, Gi , satisfies

[

−∇
2 + ζ2 + Vi(x)

]

Gi(x, x
′) = δ(3)(x− x′).

One obtains a formal solution in the form

Gi = G0 − G0TiG0,

where the transition matrix Ti is given by

Ti = Vi(1+G0Vi )
−1 = (1+ViG0)

−1Vi = Vi−ViG0Vi+ViG0ViG0Vi− . . . .

K. V. Shajesh (Rutgers-Newark) Many-body Casimir energies QFEXT11 5 / 17



Many-body Green’s functions
The free Green’s function of a massless scalar field satisfies

[−∇
2 + ζ2]G0(x, x

′) = δ(3)(x− x′).

The one-body Green’s function, Gi , satisfies

[

−∇
2 + ζ2 + Vi(x)

]

Gi(x, x
′) = δ(3)(x− x′).

One obtains a formal solution in the form

Gi = G0 − G0TiG0,

where the transition matrix Ti is given by

Ti = Vi(1+G0Vi )
−1 = (1+ViG0)

−1Vi = Vi−ViG0Vi+ViG0ViG0Vi− . . . .

We practically set G0 = 1 using the notation:

G̃i → GiG
−1
0 , Ṽi → G0Vi , and T̃i → G0Ti .
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Many-body Green’s functions: Transition matrix
N-body Green’s function satisfies the equation

[

1 + Ṽ1 + Ṽ2 + . . .+ ṼN

]

G̃1...N = 1.

The solution may again be written in the form

G̃1...N = 1− T̃1...N ,

where the N-body transition matrix T̃1...N satisfies the equation
[

1 + (Ṽ1 + Ṽ2 + · · ·+ ṼN)
]

T̃1...N = (Ṽ1 + Ṽ2 + · · · + ṼN).

T̃1...N =
N
∑

i=1

N
∑

j=1

T̃
ij
1...N = Sum

[

T̃1...N

]

; T̃1...N =

















T̃ 11
1...N T̃ 12

1...N · · · T̃ 1N
1...N

T̃ 21
1...N T̃ 22

1...N · · · T̃ 2N
1...N

...
...

. . .
...

T̃N1
1...N T̃N2

1...N · · · T̃NN
1...N

















K. V. Shajesh (Rutgers-Newark) Many-body Casimir energies QFEXT11 6 / 17



Many-body Green’s functions: Faddeev’s equations
In matrix notation the transition matrix satisfies

[

1+ Ṽdiag + Θ̃V
1...N

]

· T̃1...N = Ṽdiag,

where we have introduced general matrix symbols

Θ
A
1...N =



















0 A1 A1 · · · A1

A2 0 A2 · · · A2

A3 A3 0 · · · A3

...
...

...
. . .

...

AN AN AN · · · 0



















, Adiag =



















A1 0 0 · · · 0

0 A2 0 · · · 0

0 0 A3 · · · 0

...
...

...
. . .

...

0 0 0 · · · AN



















.

Using these definitions we have
[

1+ Ṽdiag

]

· T̃diag = Ṽdiag and
[

1+ Ṽdiag

]

· Θ̃T
1...N = Θ̃V

1...N ,

which leads to the Faddeev’s equation:
[

1+ Θ̃
T
1...N

]

· T̃1...N = T̃diag.
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Catalytic dissociation (scalar analog)

Consider atom-like potentials on a Dirichlet plate:
a

h
1 2
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Consider atom-like potentials on a Dirichlet plate:
a

h
1 2

∆E12 = −
λ1λ2

64π3a3
, ∆Ei3 = −

λi

32π2h2
,
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Catalytic dissociation (scalar analog)

Consider atom-like potentials on a Dirichlet plate:
a

h
1 2

∆E12 = −
λ1λ2

64π3a3
, ∆Ei3 = −

λi

32π2h2
, ∆E123 = +

λ1λ2

64π3a3
g(β),

g(β) = 2
β(1+β) −

1
β3

β =

√

1 + (2h/a)2
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Catalytic dissociation (scalar analog)

Consider atom-like potentials on a Dirichlet plate:
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∆E12 = −
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64π3a3
, ∆Ei3 = −

λi

32π2h2
, ∆E123 = +
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β =

√
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Weak triangular-wedge on a Dirichlet plate

α
β

(a, 0) (b, 0)

(0, h)

y

z

x
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Weak triangular-wedge on a Dirichlet plate

α
β

(a, 0) (b, 0)

(0, h)

y

z

x

E(α, β) =
∆EW

123

Lx

[

λ1λ2

32π3

]

−1

= |ã b̃|

∫ 1

0

∫ 1

0

du1du2

ū212
Q

(

u212
ū212

)

,

Q(x) = −
2 ln x

1− x
− 1

ū212 = (ãu1 − b̃u2)
2 + [|1− u1|+ |1− u2|]

2,

u212 = (ãu1 − b̃u2)
2 + (u1 − u2)

2.
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Weak triangular-wedge on a Dirichlet plate

α
β

(a, 0) (b, 0)

(0, h)

y

z

x

E(α, β) =
∆EW

123

Lx

[

λ1λ2

32π3

]

−1

= |ã b̃|

∫ 1

0

∫ 1

0

du1du2

ū212
Q

(

u212
ū212

)

,

Q(x) = −
2 ln x

1− x
− 1

ū212 = (ãu1 − b̃u2)
2 + [|1− u1|+ |1− u2|]

2,

u212 = (ãu1 − b̃u2)
2 + (u1 − u2)

2.

1.0

−1.0

ã

E(ã, b̃)
A = h2

|b̃ − ã| = 2

0.5-0.5-1.5-2.5

b̃ = 0 ã = 0

E(ã, b̃)
|ãb̃|
Reflections
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Weak parabolic-wedge on a Dirichlet plate

z=
α
(y

+
a
)2

z =
β(y− b)2

(−a, 0) (b, 0)

(0, h)
y

z

x
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Weak parabolic-wedge on a Dirichlet plate

z=
α
(y

+
a
)2

z =
β(y− b)2

(−a, 0) (b, 0)

(0, h)
y

z

x

E(α, β) =
∆EW

123

Lx

[

λ1λ2

32π3

]

−1

= |ã b̃|

∫ 1

0

∫ 1

0

du1du2

ū212
Q

(

u212
ū212

)

,

Q(x) = −
2 ln x

1− x
− 1

ū212 = (ãu1 − b̃u2)
2 + [(1− u1)

2 + (1− u2)
2]2,

u212 = (ãu1 − b̃u2)
2 + [(1− u1)

2 − (1− u2)
2]2.
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Weak parabolic-wedge on a Dirichlet plate

z=
α
(y

+
a
)2

z =
β(y− b)2

(−a, 0) (b, 0)

(0, h)
y

z

x

1.0

2.0

3.0

−1.0

−2.0

−3.0

ã

E(ã, b̃)

A = h2

|b̃ − ã| = 3

0.5-2.5-3.5 -0.5

b̃ = 0 ã = 0

E(ã, b̃)
|ãb̃|
Reflections
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Casimir hammock
Two-body Casimir energy of a surface weakly interacting with a Dirichlet
plate:

∆EW
i3

Lx
= −

1

32π2

∫

d2r
Vi(r)

|z |2
.
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Casimir hammock
Two-body Casimir energy of a surface weakly interacting with a Dirichlet
plate:

∆EW
i3

Lx
= −

1

32π2

∫

d2r
Vi(r)

|z |2
.

z = 0

z = −R

y

z

h(y)

(0,0) (0, a)

Potential:
Vi(r) = λiδ(z − h(y)), h(0) = h(a) = 0.

Dirichlet plate at z = −R .
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Casimir hammock
Two-body Casimir energy of a surface weakly interacting with a Dirichlet
plate:

∆EW
i3

Lx
= −

1

32π2

∫

d2r
Vi(r)

|z |2
.

z = 0

z = −R

y

z

h(y)

(0,0) (0, a)

Potential:
Vi(r) = λiδ(z − h(y)), h(0) = h(a) = 0.

Dirichlet plate at z = −R .
Casimir Hammock: Surface of fixed y -length (perimeter) that encloses
minimum volume (area) between the surface and plate.
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Casimir hammock
Two-body Casimir energy of a surface weakly interacting with a Dirichlet
plate:

∆EW
i3

Lx
= −

1

32π2

∫

d2r
Vi(r)

|z |2
.

z = 0

z = −R

y

z

h(y)

(0,0) (0, a)

Potential:
Vi(r) = λiδ(z − h(y)), h(0) = h(a) = 0.

Dirichlet plate at z = −R .
Casimir Hammock: Surface of fixed y -length (perimeter) that encloses
minimum volume (area) between the surface and plate.
Perimeter:

P =

∫ a

0
ds =

∫ a

0
dy

√

1 + h′2
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Casimir hammock
Two-body Casimir energy of a surface weakly interacting with a Dirichlet
plate:

∆EW
i3

Lx
= −

1

32π2

∫

d2r
Vi(r)

|z |2
.

z = 0

z = −R

y

z

h(y)

(0,0) (0, a)

Potential:
Vi(r) = λiδ(z − h(y)), h(0) = h(a) = 0.

Dirichlet plate at z = −R .
Casimir Hammock: Surface of fixed y -length (perimeter) that encloses
minimum volume (area) between the surface and plate.
Perimeter:

P =

∫ a

0
ds =

∫ a

0
dy

√

1 + h′2

Equation:

dỹ =
dh̃

√

p̃2
(

1−
E0

|1−h̃|2

)2 − 1

h̃ = h(y)
R

ỹ = y
R

p̃ = P
a

E0 =
λ

32π2R2
1
p̃
1
γ

Solution close to a parabola.
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Two-body → One-body

E12(λ1, λ2, a12) = E0 +∆E1(λ1) + ∆E2(λ2) + ∆E12(λ1, λ2, a12),
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Two-body → One-body

E12(λ1, λ2, a12) = E0 +∆E1(λ1) + ∆E2(λ2) + ∆E12(λ1, λ2, a12),

Limit a12 → 0

E12(λ1, λ2, a12 → 0) = E0 +∆E(1+2)(λ1 + λ2)
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Two-body → One-body

E12(λ1, λ2, a12) = E0 +∆E1(λ1) + ∆E2(λ2) + ∆E12(λ1, λ2, a12),

Limit a12 → 0

E12(λ1, λ2, a12 → 0) = E0 +∆E(1+2)(λ1 + λ2)

∆E(1+2)(λ1+λ2) = ∆E1+∆E2+∆E12
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Two-body → One-body

E12(λ1, λ2, a12) = E0 +∆E1(λ1) + ∆E2(λ2) + ∆E12(λ1, λ2, a12),

Limit a12 → 0

E12(λ1, λ2, a12 → 0) = E0 +∆E(1+2)(λ1 + λ2)

∆E(1+2)(λ1+λ2) = ∆E1+∆E2+∆E12

Limits: a12 → 0 and λi → ∞

∆E(1+2)(∞) = ∆E1 +∆E2 + lim
λi→∞

lim
a12→0

∆E12

Note: Order of the limits matters.
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Three-body interaction

aij ajk

i j k

E123 = E0 + (∆E1 +∆E2 +∆E12) + ∆E3

+(∆E23 +∆E13 +∆E123)

∆Eij : Irreducible two-body part of energy.
∆E123: Irreducible three-body part of energy.
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Three-body interaction

aij ajk

i j k

E123 = E0 + (∆E1 +∆E2 +∆E12) + ∆E3

+(∆E23 +∆E13 +∆E123)

∆Eij : Irreducible two-body part of energy.
∆E123: Irreducible three-body part of energy.

Limit a12 → 0

E123 = E0 +∆E(1+2) +∆E3 +∆E(1+2)3

∆E123 = ∆E(1+2)3 −∆E23 −∆E13
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(Scalar) atom on a Dirichlet plate

h

λiδ
(3)(r− ri )
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(Scalar) atom on a Dirichlet plate

h

λiδ
(3)(r− ri )

[G0T3G0](ri , ri) =
e−2h|ζ|

8πh

Interaction energy between a (scalar) atom and a Dirichlet plate is

Ei3 =
1

2

∫

dζ

2π
Tr ln [1− G0TiG0T3]
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(Scalar) atom on a Dirichlet plate

h

λiδ
(3)(r− ri )

[G0T3G0](ri , ri) =
e−2h|ζ|

8πh

Interaction energy between a (scalar) atom and a Dirichlet plate is

Ei3 =
1

2

∫

dζ

2π
Tr ln [1− G0TiG0T3]

=
1

2

∫

dζ

2π

∞
∑

n=1

(−λi )
n

n

[

[G0T3G0](ri , ri)
]n
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(Scalar) atom on a Dirichlet plate

h

λiδ
(3)(r− ri )

[G0T3G0](ri , ri) =
e−2h|ζ|

8πh

Interaction energy between a (scalar) atom and a Dirichlet plate is

Ei3 =
1

2

∫

dζ

2π
Tr ln [1− G0TiG0T3]

=
1

2

∫

dζ

2π

∞
∑

n=1

(−λi )
n

n

[

[G0T3G0](ri , ri)
]n

=
1

4πh

∞
∑

n=1

1

n2

(

−
λi

8πh

)n

=
1

4πh
Li2

(

−
λi

8πh

)
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(Scalar) atom on a Dirichlet plate

h

λiδ
(3)(r− ri )

[G0T3G0](ri , ri) =
e−2h|ζ|

8πh

Interaction energy between a (scalar) atom and a Dirichlet plate is

Ei3 =
1

2

∫

dζ

2π
Tr ln [1− G0TiG0T3]

=
1

2

∫

dζ

2π

∞
∑

n=1

(−λi )
n

n

[

[G0T3G0](ri , ri)
]n

=
1

4πh

∞
∑

n=1

1

n2

(

−
λi

8πh

)n

=
1

4πh
Li2

(

−
λi

8πh

)

0

1

−1

−2

−3

1 2 3

x

E(x)

x = 8πh
λi

, E(x) = 1
2λiEi3,

E(x) = 1
x
Li2

(

− 1
x

)
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Transition from Casimir-Polder to London

h

λiδ
(3)(r− ri )

E(x) =
1

x
Li2

(

−
1

x

)

x =
8πh

λi

=

{

1− 1
2x

[

π2

3 + ln2 x
]

(x ≪ 1),

− 1
x2

(x ≫ 1).
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Transition from Casimir-Polder to London
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Anomalous repulsion
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