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Two-body Casimir energy (Scalar case)

Eir = Eg+ AE1 + AE, + AEy)

o & = E E DAl
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Two-body Casimir energy (Scalar case)

Eir = Eg+ AE1 + AE, + AEy)

@ Theorem: Two-body interaction energy, AEj», is finite and negative
for two disjoint objects. (Kenneth and Klich, 2006)
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Two-body Casimir energy (Scalar case)

Eir = Eg+ AE1 + AE, + AEy)

@ Theorem: Two-body interaction energy, AEj», is finite and negative

for two disjoint objects. (Kenneth and Klich, 2006)

1 [ d¢

AE12 = = — Trln [1 — Go Tlco Tg]
2 ) _2m

Gp — free Green's function, e_4’12/47rr12, divergent for rip — 0.

T;'s — single-body transition operators, effective potential.

Log expansion, multiple scattering, closed paths.
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Two-body Casimir energy (Scalar case)

Eir = Eg+ AE1 + AE, + AEy)

@ Theorem: Two-body interaction energy, AEj», is finite and negative
for two disjoint objects. (Kenneth and Klich, 2006)

1 [ d¢

AE12 = = — Trln [1 — Go TlGo Tz]
2 ) _2m

Gp — free Green's function, e‘<’12/47rr12, divergent for rip — 0.

Ti's — single-body transition operators, effective potential.

Log expansion, multiple scattering, closed paths.

o Significance: Two-body interaction energy for disjoint bodies is free
of divergence from the start. Explicit calculation for various
non-trivial geometries has been achieved in the last decade. General
statements possible without detailed calculation.
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Irreducible three-body Casimir energies

Irreducible three-body contribution to (scalar) Casimir energy is finite and
positive even as two-body contributions diverge.

Eip3 = Eg+ AEL + AEy + AEs + AE1p + AEys + AE3y + AE;s.
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Irreducible three-body Casimir energies

Irreducible three-body contribution to (scalar) Casimir energy is finite and
positive even as two-body contributions diverge.

Eip3 = Eg+ AEL + AEy + AEs + AE1p + AEys + AE3y + AE;s.

A formal expression for AEjo3 is

1 (>~ d o oo o on N omomom
AEis; = 5/ 2—7§Trln [1 +X12{T1 ToTaXos + TiTs ToXss — TiTo T T3
—0o0
~TiT3TaTsXos — T1 T2 T3 TaXao }X13] ;
where :I',- = GoT;, and Xj;'s are solutions to the integral equations,

[1-T:T]X; =1.
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Outline

@ Many-body Green's functions

© Examples
o Catalytic dissociation (scalar analog)

@ Weak triangular-wedge on a Dirichlet plate
® Weak parabolic-wedge on a Dirichlet plate

© Casimir hammock
@ Cutting and pasting objects

© Anomalous repulsion
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Many-body Green's functions
The free Green's function of a massless scalar field satisfies

[- V2 + ¢ Go(x,x) = 6()(x — X)).
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Many-body Green's functions
The free Green's function of a massless scalar field satisfies

[- V2 + ¢ Go(x,x) = 63 (x — X)).
The one-body Green's function, G;, satisfies

[-V2+ ¢+ Vi(x)] Gi(x,x') = 63 (x — ).
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Many-body Green's functions

The free Green's function of a massless scalar field satisfies
[—V? + ¢?]Go(x,x') = 6 (x — x).
The one-body Green's function, G;, satisfies
[-V2+ ¢+ Vi(x)] Gi(x,x') = 63 (x — ).
One obtains a formal solution in the form
Gj = Go — Go T;Go,

where the transition matrix T; is given by

Ti = Vi(1+GoVi) ™! = (14 ViGo) Vi = Vi = ViGoVi+ Vi Go ViGo Vi ...
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Many-body Green's functions

The free Green's function of a massless scalar field satisfies
[—V? + ¢?]Go(x,x') = 6 (x — x).
The one-body Green's function, G;, satisfies
[-V2+ ¢+ Vi(x)] Gi(x,x') = 63 (x — ).
One obtains a formal solution in the form
Gj = Go — Go T;Go,

where the transition matrix T; is given by

T = Vi(1+GoVi) ™! = (14 ViGo) Vi = Vi = ViGoVi+ Vi Go ViGo Vi —.

We practically set Gy = 1 using the notation:
G,' — G,'Go_l, \~/, — GoV;, and T,- — GoT;.
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Many-body Green's functions: Transition matrix
N-body Green's function satisfies the equation

[1+ \~/1+ \72+—|— VN]GI...N:]--
The solution may again be written in the form
G..n=1-Tin,

where the N-body transition matrix 7_1...N satisfies the equation

[1+(\71+\72+“‘+VN)]TI...N:(\71+\72+"'+\~/N).

11 %12 =N
Toow Tisn - Tiln
521 422 22N
- NN = jj - - Tl...N Tl...N Tl...N
Ti.n= Z E T/ y=5Sum[Ty n]; Tiwn=
i—1 j—1
N1 N2 = NN
Tin Toon - Tiow
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Many-body Green's functions: Faddeev's equations
In matrix notation the transition matrix satisfies

[1 + \N/diag + é}/N] : -i-l,..N = \Nldiag7

where we have introduced general matrix symbols

0 A A - A A1 0 0 -~ O
A 0 Ay -+ A 0 Ab 0 ---

@f..N: A3 A3 o --- A3 , Adiag: 00 A3”‘
Ay Ay Ay -+ 0 000 - Ay

Using these definitions we have
[1+ Vgiag| - Tdiag = Vg~ and (14 Ving] - O]y =07 y,
which leads to the Faddeev's equation:
[1+6] p] Tinv = Taing.
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Catalytic dissociation (scalar analog)

o a
1

NO

Consider atom-like potentials on a Dirichlet plate:
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Catalytic dissociation (scalar analog)

o a
1

NO

Consider atom-like potentials on a Dirichlet plate:

)\1/\2 . /\i
B Abp = - a2
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Catalytic dissociation (scalar analog)

o a o
Consider atom-like potentials on a Dirichlet plate: p|1 2
A1 A Aj A1 A
AEp=——Y2 AEz=——i . AFp = +2122 g(),
12 64733’ 3 397212 123 +647r3a3 g(3)
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Catalytic dissociation (scalar analog)

o a
1

NO

Consider atom-like potentials on a Dirichlet plate:

AEp = —%, Eiz = —327;\7;}72, AE3 = +% g(8),
" &() = army — 5
0.25 + /B 1 N (2h/ )2
= a

0.20 +
0.15 +
0.10 +
0.05 +

0 1 | | 1 W

0 2.0 4.0 6.0 8.0
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Catalytic dissociation (scalar analog)

o a o
Consider atom-like potentials on a Dirichlet plate: p|1 2
AEpp = —%, AEjz = —327;\7;}72, AEjp3 = +% g(B),
9(8) g(8) = ﬁ _ % e
0.25 + /B 1 + (2h/a)2
0.20 +
0.15 +
0.10 04 |
0.05 + 0.2 :;
0 : : : 1 a0 4 : : : : s
0 2.0 4.0 6.0 8.0 0 2.0 4.0 6.0 8.0
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Weak triangular-wedge on a Dirichlet plate

(0,h)
L R
Y
z a
l
(@0) ©.0)

o & E DAl
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Weak triangular-wedge on a Dirichlet plate

21In x

Zlfz = (3uy — EU2)2 +1—w|+]1- u2|]2,
ufz = (3u; — buz)2 + (1 — u2)2.
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Weak triangular-wedge on a Dirichlet plate
£(@a,b)

a
AEY, TA1 ) -1 0— ;(& b)
E(a,B) = 123 [—] i B
( IB) X 327{.3 S e ‘P({lef"lectlons

2 ...
— \ab|/ / dUIduz (1;1_12-2>’
“12 L) \

Q(x) = _2Inx _q

1—x

Zlfz = (3u; — EU2)2 +1—w|+]1- u2|]2,
ufz = (3u; — buz)2 + (1 — u2)2.
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Weak parabolic-wedge on a Dirichlet plate

(=a,0) (6,0
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Weak parabolic-wedge on a Dirichlet plate

U — 1:,L,2)2 (1= )+ (1 — )P,
ui, = (3 — buz)2 +[(1- u1)2 —(1- u2)2]2.
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Weak parabolic-wedge on a Dirichlet plate

(=a,0) (6,0

—3.0 - -+ -+ Reflections
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Casimir hammock

Two-body Casimir energy of a surface weakly interacting with a Dirichlet
plate:

AEY _ 1 /dz Vi(r)
Ly 3272 |z]?
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Casimir hammock

Two-body Casimir energy of a surface weakly interacting with a Dirichlet

plate: (0,0)

AEY 1 /dzrv,-(r)_ [-- \/\/———z—o
Ly 3212 2|2 h(y)

Potential: —k

Vi(r) = Aoz — h(y)),  h(0) = h(a) = 0.
Dirichlet plate at z = —R.
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Casimir hammock

Two-body Casimir energy of a surface Weakly interacting with a Dirichlet
plate: (0,0)

AEW H i ———z—O
B o= ! /dzrv'(r). \/\/(
Lx 32772 |Z|2

Potential: —F
Vi(r) = Xid(z — h(y)),  h(0) = h(a) = 0.
Dirichlet plate at z = —R.

Casimir Hammock: Surface of fixed y-length (perimeter) that encloses
minimum volume (area) between the surface and plate.
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Casimir hammock
Two-body Casimir energy of a surface Weakly interacting with a Dirichlet

plate: (0,0)

AEY . ——— ———z =0
B3 —_ ! /d2rvl(r). W
Ly 3272 |z|?

Potential:

—F
Vilr) = Nid(z — h(y)).  h(0) = h(a) =o.
Dirichlet plate at z = —R.

Casimir Hammock: Surface of fixed y-length (perimeter) that encloses
minimum volume (area) between the surface and plate.

Perimeter: ; 5
z/ ds:/ dyV1+ h?
0 0
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Casimir hammock
Two-body Casimir energy of a surface Weakly interacting with a Dirichlet

plate: (0,0)

AEW H i ———z—O
B o= ! /dzrv'(r). \/\/(
Lx 32772 ‘Z|2

Potential:

—F

Vi(r) = Xid(z — h(y)), h(0) = h(a) = 0.
Dirichlet plate at z = —R.
Casimir Hammock: Surface of fixed y-length (perimeter) that encloses
minimum volume (area) between the surface and plate.

Perimeter: ; 5
P:/ ds:/ dyV'1+ h?
0 0
Equation: - -
i i h="g B=1
- -~ A 11
dy = y = l EO 322 R2 E”Y

Solution close to a parabola.
"~ 1—h|2
Many-body Casimir energies
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Two-body — One-body

E12(A1, A2, a12) = Eo + AE1 (A1) + AEx(A2) + AEi2(M1, A2, a12),

o & = E E DAl
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Two-body — One-body
E1o(A1, A2, 312) = Eo + AE1 (A1) + AEx(N\2) + AE1a(A1, A2, a12),

Limit a;p — 0

E12(A1, A2, 2120 — 0) = Eo + AE42)(M1 + A2)

aij—>0
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Two-body — One-body
E1o(A1, A2, 312) = Eo + AE1 (A1) + AEx(N\2) + AE1a(A1, A2, a12),

Limit a;p — 0

Elg()\l, Ao, a1p — 0) = Ey + AE(1+2)()\1 - )\2)

AE(1+2)()\1+)\2) = AE+AE+AE;

a,-j—>0
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Two-body — One-body

E1o(A1, A2, 312) = Eo + AE1 (A1) + AEx(N\2) + AE1a(A1, A2, a12),

Limit dip — 0

E12(A1, A2, 212 = 0) = Eg + AE(112)(A1 + A2)

AE(1+2)()\1+)\2) = AE+AE+AE;

Limits: a;o — 0 and \; — o0

AE(1+2)(OO) =AEF +AE + lim lim AE;

)\,'—>OO a;p—0

Note: Order of the limits matters.

K. V. Shajesh (Rutgers-Newark) Many-body Casimir energies
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Three-body interaction

i J k
Eixs = Eo+ (AEl + AE, + AE12) + AE3
+(AExs + AE13 + AE123)
AEj;: Irreducible two-body part of energy.
AFEj53: Irreducible three-body part of energy.
ajj djk
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Three-body interaction

i J k

— ———————
ajj djk

i J k

(2% —0 Ak

K. V. Shajesh (Rutgers-Newark)

Eirz = Eo + (AEl + AE, + AE12) + AE;3
+(AE23 + AEq3 + AE123)

AEj;: Irreducible two-body part of energy.
AFEj53: Irreducible three-body part of energy.

Limit ap — 0

Eixs = Eg + AE(H_g) + AE3 + AE(1+2)3

AEy3 = AEq49)3 — AE3 — AEg3

Many-body Casimir energies QFEXT11
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(Scalar) atom on a Dirichlet plate

)\,'(5(3) (r — I‘,')

o & = E E DAl
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(Scalar) atom on a Dirichlet plate

Interaction energy between a (scalar) atom and a Dirichlet plate is

1 [d Aid® (r = r;)
E,'3 = 5 / 2—7§Tr In [1 — GoT,'GoT3] o

h

e—2hlC|

[Go T3Gol(ri, ri) = S5
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(Scalar) atom on a Dirichlet plate

Interaction energy between a (scalar) atom and a Dirichlet plate is

1 )\,'(5(3) r—r;
E,'3 = 5 / gTr In [1 — Go T,'Go T3] o ( )
00 h
1 [d¢
- 5 2_ (rH rl)]

n= —2h\C\

[Go T3 Go(ri,ri) =
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(Scalar) atom on a Dirichlet plate

Interaction energy between a (scalar) atom and a Dirichlet plate is

)\,'(5(3) r—r;
E,'3 = %/?Tr In [1 — GoT,'Gng,] (o] ( )
o0 h
1 ¢
= E/Z (rivri)]"
| o [Go T3 Gol(ri, 1i) = Sgon

1
- 47Thzﬁ

— )\I !
~ 8

o1 A
= axh 2\ 8rh

7N
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(Scalar) atom on a Dirichlet plate

Interaction energy between a (scalar) atom and a Dirichlet plate is

Ei3

K. V. Shajesh (Rutgers-Newark)

1 [d
5/2_7§Tr In[l— GoT,'Gng,]

)\,'(5(3)(I' — I‘,')
(o]
h

—2h\C\

[Go T3 Go(ri,ri) =

i
T =", E(x) = 5/\1E1'3,

E(x) = 1Liy (-2)

-1 +

921

-3 L

S
— n? 8mh N
Liz <_ 8/7\rih 0

Many-body Casimir energies
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Transition from Casimir-Polder to London

E(x) = %Lig (—%) x = 8;:_,7
Ai0G) (r — 1))
:{1—§[%2+|n2x] (x < 1), o
-3 (x> 1). h
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Transition from Casimir-Polder to London

E(x) = ;Lig (—;) X = 8;_,7
)\,'(5(3)(I'— I‘,')
:{1—§[%2+|n2x] (x < 1), o
-3 (x> 1). h
E(x)

E(x) = 3Li2 (—3)

Tz

London-—van der Waals

Casimir-Polder
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Anomalous repulsion

1 . 1 8mh
£(x) = ~Lia (—;) == .
)\,‘5 (I‘—I‘,‘)
=\ x n? h
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Anomalous repulsion

5@):E1b(_l) __8rh

X X

>\f5(3)(l' — I‘,')
i( 1>n+1 1 lo)
1 X n
E(x)
i £(x) = 3Lix (—3)
14+ ' 4, N=2
|
0 E/ x
1
1
—1 ll
1
|
—2 ‘\/
73,,
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