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Euler-Heisenberg

• Optical theorem.

• Loops → trees.

• Schwinger pair production.

S = −i log Det(i /D −m)

=⇒ Trees and scattering.
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Outline

1. Scattering in background fields.

2. Pair production and the effective mass.

3. Trident pair production.
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Intensity in QED

• Modern laser pulses: short, focussed.

. Pulse duration: 30− 100 fs.

. Focal width: 10−6 m.

. High intensity: ∼ 1021 − 1024 W/cm2

• Radiography, hadron therapy, attosecond imaging....

• High intensity/low energy QED.

• Theory: QED + background (laser) field.

I How to calculate.

I What to calculate.
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Processes in background fields

• Intensity parameter: eAcl ∼ a0 ≡
eEλ

mc2
∼
√
I.

• Energy gain of e− over a laser wavelength.

• a0 > 1 relativistic. Modern optical lasers: a0 � 1.
T. Heinzl, A. Ilderton, Opt.Commun. 282 (2009) 1879

1. Background fields: ψ /Aψ −→ ψ
(
/A+ /Acl

)
ψ

2. Dressed fermion propagators. [i/∂− e /Acl−m]−1 =

3. Interactions: ordinary QED vertices. ieψ /Aψ
W. H. Furry, Phys. Rev. 81 (1951) 115.
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Loops . . .

• Vacuum birefringence
Toll, PhD thesis, 1952

Heinzl et al., Opt.Commun. 267 (2006) 318.

Heinzl and Schröder, J.Phys.A A39 (2006) 11623

• Photon emission/splitting/scattering
Adler, Annals Phys. 67 (1971) 599

Lundstrom et al., Phys.Rev.Lett. 96 (2006) 083602

• Schwinger pair production
Schwinger, Phys. Rev. 82 (1951) 664.

Dunne, Gies, Schützhold, Phys.Rev.Lett.101 (2008) 130404,

Dunne, Gies, Schützhold, Phys.Rev.D80 (2009) 111301
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. . . and trees.

• Nonlinear Compton scattering
Periodic fields: Nikishov and Ritus, Sov.Phys.JETP 19 (1964) 529

Pulses: Mackenroth, Di Piazza, Phys.Rev. A83 (2011) 032106

Seipt, Kämpfer, Phys.Rev. A83 (2011) 022101

• Stimulated pair production
Periodic fields: Nikishov and Ritus, Sov.Phys.JETP 19 (1964) 529

Pulses: Heinzl, Ilderton, Marklund, Phys.Lett. B692 (2010) 250

• Cascades
Fedotov, et al. Phys.Rev.Lett. 105 (2010) 080402

Sokolov et al. Phys.Rev.Lett. 105 (2010) 195005

Elkina et al, Phys. Rev. ST Accel. Beams 14 (2011) 054401.
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Laser field models

• Periodic plane waves.
Nikishov, Ritus, Narozhny 1964

• Pulsed plane waves: finite size effects.
Heinzl, Ilderton, Marklund, Phys.Lett. B692 (2010) 250

Mackenroth, Di Piazza, Phys.Rev. A83 (2011) 032106

• Gaussian beams, other exact solutions.
Davis Phys. Rev. A19 (1978) 1177

Bulanov et al, Phys.Lett. A330 (2004) 1

. Furry picture: essentially only plane waves.

k × x

FΜΝ

Fµν ≡ Fµν(k.x) , k.x ≡ k+x
+.

• ‘One dimensional’. Lightfront.
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Stimulated pair production

e−

e−γ

γ

e−e+

γ

e−e+

• Incoming photon creates a pair.

γ(k′) −→
laser

e−(p) + e+(p′)

• Background energy puts particles on shell:

k′µ + (background) = pµ + p′µ

• Periodic vs. short pulse backgrounds.

step
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Old results: very long pulses.

• Periodic waves. Infinite duration.
Niksihov, Ritus, Sov.Phys.JETP 19 (1964) 529

• Charges: rapid quiver motion.

→ Quasi-momentum qµ = 〈pµ〉.
k × x

FΜΝ

• S-matrix element: k′µ + nkµ = qµ + q′µ

• Shifted mass: q2 = m2
∗ ≡ m2(1 + a20).

• Basic intensity effect. Sengupta, 1952

? Pair production threshold: n >
2m2
∗

k.k!
.

• ELI optical laser: m∗ ∼ 102m! Extreme Light Infrastructure
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The role of the shifted mass

Periodic wave:

• Line spectrum.

• Shifted threshold.

• k.k′ > 2m2(1 + a20)

• Differential cross-section.

• (arb. units)

• Energies: 0 ∼ m and 1 ∼ m∗.
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The role of the shifted mass

Wavetrain:
few cycles

• Substructure.

• Sub-threshold behaviour

• Peaks = resonances.

• Resonance condition: (lightfront momentum transfer):

• Average = multiple of driving frequency ω.

• Looks like: enough energy to produce m∗ pairs.
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The role of the shifted mass

Wavetrain:
one cycle

• Different structure.

• Clear signal between

m and m∗.

=⇒ Mass ↔ shifted mass dominance.

• m∗ not ‘in control’.

• Smooth pulses: new m∗(k.x) effects.
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Some higher order processes

e−

γe−

γ

• Strong field Compton.
V.P. Oleinik. Sov. Phys. JETP 25 (1967) 697

Ya.B. Zeldovich. Sov Phys JETP 24 (1967) 1006

• Two-photon pair production.
A. Hartin, PhD thesis, 2006

e−

e−e+ e−

γ

γ

γ

γ γ

γ

• Trident pair production.
H. Hu, C. Müller, C. H. Keitel, Phys. Rev. Lett.

105, 080401 (2010).

• Møller scattering.
F. Ehlotzky, Rep. Prog. Phys. 72 (2009) 046401.

skip
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• Complicated external field dependence.

• Lowest order perturbative: messy but straightforward.
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• Higher orders and nonperturbative: divergent.

• Use trident to illustrate.
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Trident pair production: physics

• Intermediate photon: on- or off-shell.

1

k2
→ 1

0
_̈

• Two different processes contributing.
e−

e−e+ e−

γ

γ

γ

γ γ

γ

1. One step: e− + (laser)→ e− + e− + e+

2. Two step:
Nonlinear Compton scattering: e− + (laser)→ γ

Stimulated pair production: γ + (laser)→ e− + e− + e+

• Physics: no problems here.

• SLAC E144. Bamber et al., Phys.Rev.D60 (1999) 092004
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Poles and imaginary parts

• Internal lines ‘usually’ off-shell.

• When not.... the pole prescription tells us what to do.

lim
ε→0

1

k2 + iε
=
P

k2
− iπδ(k2)

• Real/ imaginary parts → off/on-shell.

• Unitarity: intermediate on-shell states.

¨̂ The divergence was never there.
A. I., Phys.Rev.Lett. 106 (2011) 020404
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Looking for new physics

• Birefringence: what’s in the loop?

• Axions....? Minicharges?
See talk by F. Karbstein.

e−

e−e+ e−

γ

γ

γ

γ γ

γ

? Spacetime noncommutativity? [xµ, xν ] = iθµν

• Photon is self-interacting.

• Deviations from standard model:

∆ = a0 kµθ
µνk′ν

• Intensity + noncommutative effects.

18 A. Ilderton, J. Lundin and M. Marklund

Figure 5. Stimulated NCQED pair production in a background field.

where γ is the Euler constant. Thus, the pair production threshold is lowered by the contri-
bution of a virtual, suitably dressed, photon at one loop, and we have our first strong field
noncommutative correction. We now go on to consider processes with a real photon.

4.4 Stimulated pair production

There is no Schwinger pair production in (near) null fields, even at high energies. In order
to assist, or stimulate, pair production, a high energy probe photon is introduced into the
background, and pairs are created through the channel shown in Fig. 5. The equivalent diagram
in vacuum, i.e. with undressed propagators, vanishes in both QED and NCQED by momentum
conservation, in just the same way as the Schwinger amplitude vanishes in a plane wave. As
with our classical calculations, it is easiest to work in background covariant gauge, in which the
necessary amputated propagators in Fig. 5 are given in Sections 2 and 3.

The S-matrix element is

Sfi = −ie

∫
d4x ψ̄−

p (x) # /̃Bk′(x) # ψ+

p′(x),

where B̃µ is a Fourier mode of (24), i.e. a noncommutative photon wavefunction, and ψ± are
noncommutative positron and electron wavefunctions, respectively. The star products above are
easily evaluated for arbitrary plane wave backgrounds since each function is univariate in k ·x,
up to exponential, translating terms. The resulting expressions are somewhat complicated in
general, so we give here the simplest case, that of a circularly polarised plane wave of infinite
extent. One finds in this case that the S-matrix element, mod squared and summed over spins
and polarisations, takes the form of a delta comb [24, 76],

∑

spins
pols

|S2
fi|

V T
=

∑

n>nnc
0

δ4(l′ + nk = q + q′)Jn. (29)

Consider first the delta functions (we consider the amplitudes Jn in a moment). It is the quasi
momenta of the particles which are conserved by the delta functions, since

l′µ ≡ k′
µ +

2a2
0m

2 sin2(k∧k′)
k ·k′ kµ, qµ ≡ pµ +

a2
0m

2

2k ·p kµ, q′
µ ≡ p′

µ +
a2

0m
2

2k ·p′ kµ,

just as in (25) and (6) respectively. Thus, our delta comb corresponds to a sum of processes
γ′

∗ + nγL → e+
∗ + e−

∗ , in which a dressed probe absorbs n laser photons to produce a heavy pair.
Squaring the quasi momentum relations, we obtain the threshold for this process. In QED, the
threshold is n > n0 = 2m2

∗/k·k′, as discussed in Section 1.1, whereas here we find the threshold
number of photons

nnc
0 ≡ 2m2

∗ − l′2/2
k ·k′ =

2m2
(
1 + a2

0 − ∆2
)

k ·k′ . (30)

Difficult! But possible. A. Ilderton, J. Lundin, M. Marklund, SIGMA 6 (2010) 041

T. Heinzl, A. Ilderton, M. Marklund, Phys.Rev. D81 (2010) 051902
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T. Heinzl, A. Ilderton, M. Marklund, Phys.Rev. D81 (2010) 051902
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Conclusions

• QED + background fields.

• Intensity effects in pair production: mass shift.

• Pair production: threshold blueshift.

• Physics = resonance effect.

• Trident: interesting theory, even at tree level.

I Quantum kinetics: talk by C. Dumlu.

(Also: Hebenstreit, Ilderton, Marklund, arXiv:1109.3712)

I Loop effects: talk by T. Heinzl.



Intro Pair production Trident Outro

Extra slide

Smooth pulse

• Different structure.

• Shifted peaks.

• m∗ →M(k.x, k.y).
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