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Mo4va4on	  

•  Perfectly	  conduc4ng	  parallel	  plates	  -‐>	  
	  	  	  	  Casimir	  force	  is	  always	  aGrac4ve.	  

•  Technological	  problems:	  NEMS	  &	  MEMS.	  

•  Atom-‐plane	  with	  a	  hole	  -‐>	  Levin	  et	  al.	  (2010)	  	  
– Aim:	  Get	  the	  analy4cal	  result.	  



SeRng	  the	  problem	  

•  Atom	  in	  the	  presence	  of	  a	  surface.	  

•  Non-‐retarded	  regime	  (d<<	  λ):	  
– Only	  the	  atom	  is	  quan4zed.	  

•  Eberlein-‐Zietal	  method	  (2006)	  



•  Non-‐retarded	  regime	  -‐>	  EM	  field	  is	  not	  
quan4zed.	  

•  Force	  between	  an	  atom	  of	  dipole	  momentum	  
operator	  d	  and	  an	  arbitrary	  perfectly	  
conduc4ng	  surface.	  

• 	  Enables	  to	  change	  a	  QM	  problem	  in	  an	  
electrosta4c	  one.	  

Eberlein-‐Zietal	  Method	  



Eberlein’s	  Method	  
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• 	  If	  our	  problem	  admits	  an	  image,	  GH	  will	  be	  
the	  poten4al	  generated	  by	  the	  image.	  	  

• 	  Energy	  of	  interac4on:	  

€ 

V =
1
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Eberlein’s	  Method	  
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• 	  Atom	  without	  permanent	  dipole	  and	  
orthonormal	  basis	  

• 	  First	  order:	  
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• 	  Appropriate	  coordinate	  system	  for	  Levin’s	  
problem	  -‐>	  Peripolars:	  	  

• 	  Symmetrical	  axis	  in	  the	  plane	  ∆APB.	  	  

C.Neumann’s	  Peripolars	  
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The	  solu4on	  of	  Sommerfeld	  

•  Charge-‐Plane	  with	  a	  hole	  (Davis-‐1971)	  

• 	  Conduc4ng	  surface:	  	  	  	  	  	  	  	  	  	  ,	  	  	  	  	  
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•  Discon4nuity!	  

•  Two	  fold	  space:	  

The	  solu4on	  of	  Sommerfeld	  

1º)	  REAL	  -‐>	  

2º)	  IMAGINARY	  -‐>	  
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0 ≤θ < 2π
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2π ≤θ < 4π



The	  solu4on	  of	  Sommerfeld	  

•  Poten4al	  of	  a	  single	  charge	  at	  r’:	  
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•  That’s	  wrong	  in	  the	  double	  space!	  

•  It	  correspond	  to	  two	  charges:	  
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The	  solu4on	  of	  Sommerfeld	  

• We	  must	  recognize	  in	  V	  the	  superposi4on	  of	  
the	  poten4al	  of	  two	  charges!	  

•  Cauchy’s	  theorem:	  

• We	  choose	  the	  variable	  
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The	  solu4on	  of	  Sommerfeld	  

• We	  may	  write	  

•  	  	  	  	  	  	  	  must	  be	  analy4cal	  in	  the	  contour.	  
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The	  solu4on	  of	  Sommerfeld	  

•  Therefore:	  
€ 

coshγ = coshρcoshρ'−sinhρ sinhρ'cos(ϕ −ϕ')
• Where	  
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Rα
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•  Those	  are	  branch	  points!	  



The	  solu4on	  of	  Sommerfeld	  

• We	  choose	  the	  circuit:	  



The	  solu4on	  of	  Sommerfeld	  

•  This	  must	  be	  the	  decomposi4on	  we	  seek!	  

•  Hence,	  



The	  solu4on	  of	  Sommerfeld	  

•  Sommerfeld	  has	  shown	  that	  the	  first	  term	  	  

1.  Uniquely	  defined,	  finite	  and	  con4nuous	  except	  at	  

2.  Obeys	  Laplacian	  equa4on,	  except	  at	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
and	  the	  conduc4ng	  surface.	  

3.  Vanishes	  at	  infinity	  
4.  It’s	  bivalent	  at	  ordinary	  space	  with	  a	  separate	  

branch	  for	  each	  winding	  of	  Riemann	  space.	  	  	  
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The	  solu4on	  of	  Sommerfeld	  

•  Poten4al	  of	  one	  charge	  in	  the	  double	  space:	  
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•  Summing	  it	  with	  the	  poten4al	  of	  a	  charge	  
at	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  we	  obtain	  the	  newtonian	  
poten4al.	  	  
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Image	  



•  The	  homogeneous	  Green	  func4on	  is	  
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• 	  It	  obeys	  BC!	  

Image	  



•  	  We	  can	  use	  the	  method	  of	  the	  images	  by	  
introducing	  images	  in	  the	  imaginary	  space!	  

• We	  must	  put	  it	  at	  

•  The	  solu4on	  is	  
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The	  Homogeneous	  Green	  func4on	  



•  From	  Eberlein-‐Zietal	  method:	  

Dispersive	  interac4on	  
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∑ ∂i '∂iGH (r,r') r=r0 ;r'=r0 .

•  Atom	  at	  the	  symmetry	  axis,	  polarizable	  in	  z:	  



•  Graphically	  

• 	  There	  is	  
repulsion!!	  

Dispersive	  interac4on	  
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Atom-‐Disc	  



•  Same	  procedure	  yields:	  

Atom-‐Disc	  
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Non-‐addi4vity	  

•  Force	  exerted	  on	  atom	  by	  the	  disc:	  

€ 

Fdisc = −∂zEdisc

•  Force	  exerted	  on	  atom	  by	  the	  plane	  with	  hole:	  

€ 

Fah = −∂zEhole

•  Generally,	  

€ 

F := Fah + Fdisc ≠ F0



Non-‐addi4vity	  



Non-‐addi4vity	  

•  For	  z=a	  the	  force	  is	  addi4ve.	  

• Maybe	  the	  existence	  of	  a	  point	  to	  which	  the	  
force	  is	  addi4ve	  is	  a	  general	  proper4es	  for	  
plane	  complementary	  surfaces.	  



Final	  Remarks	  

•  Image	  method	  together	  with	  Eberlein-‐Zietal	  
method	  is	  a	  powerful	  method	  to	  treat	  non-‐
retarded	  dispersive	  interac4on.	  

• We	  could	  treat	  analy4cally	  non-‐trivial	  
geometries	  employing	  Sommerfeld’s	  
extension.	  



Final	  Remarks	  

•  Analy4cal	  solu4ons	  allow	  careful	  studies	  of	  
finite-‐size	  effects,	  non-‐addi4vity,	  …	  

• We	  intend	  to	  study	  Sommerfeld’s	  extension	  to	  
the	  Helmholtz	  equa4on.	  
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